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要 旨

本稿では、マリアバン解析とモンテカルロ法を用い、原資産価格が拡散
過程に従うときのプレーンバニラ、デジタル、アジア型の各オプション
のリスク指標(デルタ、ガンマ)に対する効率的計算方法を検討した。特
に、Fournié et al.[1999]の方法を拡張し、プレーンバニラ・オプション
のガンマなどに対してはより効率的な方法を、アジア型オプションのガ
ンマに対しては新しい計算方法をそれぞれ考案した。また、価格の変動
を記述する確率微分方程式についても、彼らが用いた例(対数正規過程)
と共に、CEV(Constant Elasticity of Variance)過程に対し、我々の方
法の有効性を検証、確認した。さらに、対数正規過程に関する既存の結
果に関しても明示されていなかった証明を示した。
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{

dYt = r(t)Ytdt + σ′(Xt)YtdWt

Y0 = 1
. (16)

P�mI%
Yt

:
“ ��� Y x

D���G�
�E)X
”Zt := ∂

∂x
Yt - %

{

dZt = r(t)Ztdt+ (σ′′(Xt)Y
2
t + σ′(Xt)Zt)dWt

Z0 = 0
, (17)

N�w�m�F%Q
���6D�%

X̃t :=
∫ t

0
Xsds

d>F4G�d�%
X̃t

: ��� Y x
D���G�O'h

Ỹt := ∂
∂x
X̃t - %

Ỹt =

∫ t

0

Ysds, (18)

T s�t��>�HG�Q
XT

:�C�M���� A#O�h - y T�� ���HG�Q
���

3 (Nualart[1995] p.109)

DtXT = YTY
−1
t σ(Xt)1{t≤T}. (19)

T
�4N
YT = DtXTσ(Xt)

−1Yt (t ≤ T )
d x�� ^�����D 1

T

∫ T

0
· dt
N���F_d#%���� - t

D��
��K'a�: T %

YT =
1

T

∫ T

0

DtXTσ(Xt)
−1Ytdt, (20)d�K�G�Q�P�m�%

(20)
��:
���HN

YT T�� ����%

1 = Y −1
T

1

T

∫ T

0

DtXTσ(Xt)
−1Ytdt, (21)N � G�Q

}��
1 ( � ��!#"�$&%('�) ) (Nualart[1995] p.35)

Dom(δ) :=

{

u :
���
*��

;

∣

∣

∣

∣

E

[
∫ T

0

{Dtφ}u(t)dt

]
∣

∣

∣

∣

≤ C(u)‖φ‖1,2, ∀φ ∈ D
1,2

m�iH^
C(u) - u

D��
+�FHG�n�X }

,

5



d�F4G
Q
u ∈ Dom(δ)

:��������Vr�� D h δ(u)
N/%
	�`�:

φ ∈ D
1,2
d�	�`�:�n�X

T > 0
D

L ^6b�%�yHN�w�m)F�7�:Hd�^6b�n
8�FHG�Q
E [φδ(u)] = E

[
∫ T

0

{Dtφ}u(t)dt

]

. (22)

u(t) � ��
�*�� TI] G�d�����������r�� D h -�����D h d�����FHG�Q
�������;r�� D h - ��
 *�� T K��
b�7�n�8�F4G�T�d ��T ��G � %)e�:���
�D - %�X�YZ�[ ��T ��K�a�Q�e�T T %�y�:/d�e � ��J�D�K�G�Q

���
4 (Nualart[1995] p.40)

u
NW����*�� T u ∈ Dom(δ)

%
F ∈ D

1,2
N

FT C >�K
��� x X d'^�mHd��
%
δ(Fu) = Fδ(u) −

∫ T

0

{DtF}udt. (23)

3 ���  ! " ( # $ %'& ( ) * ) + , -
. ��/���E�X � φ(XT ) (∈ L2(Ω)) T L	���4G2w �10 T :32#)��Ar54 ��6�.�798 :�:�; u

-�y Y�C�<�<�A�=I)�<�>�@HN6��a�b
u(x) = Ex[φ(XT )], (24)

D�� � L �>�HG6Q�y�D�% X̃t =
∫ t

0
Xsds

d�^�b�% . �>/���E�X � φ(X̃T ) T L �>�HG)��?��
� /IqI*�+�A'NA@Ht�G Q�T�:Hd��9%�/�qI*N+�A�:�B�C � w �D0 T

D�EH�>� GA��
�:F:�;
u - % y/z D�%

u(x) = Ex[φ(X̃T )], (25)D � � L	� �4G�Q z�:}T�- %�qs(#)BA
��G� %�;�?B=
< %���?�� ��H /1q�*V+¬A�:�;}<4= %?�A�C�D�E4^�b�X�Y�Z�[ =/o ��K�L}M4N�s�t�G
Q'KR`�%6w S :�n�o %%p}:�q�r -�IKJ D�Pd�_'m�Q

3.1 L M�NPO�QPRPS T�UPL1V W�O3X1YPZ1[3\ T5UP]1V W�^3_1Y1\P[
`�a

1 b�c�d>e�f�g�h φ(XT ) i�j1kmlon�p�q�rFs�t3u�v�r
u′(x) =

d

dx
u(x) = Ex[φ′(XT )YT ] (26)

6



= Ex

[

φ(XT )
1

T

∫ T

0

σ(Xt)
−1YtdWt

]

(27)

= Ex
[

Φ(XT )
1

T 2

{(

∫ T

0

σ(Xt)
−1YtdWt

)2

Y −1
T

−
(

∫ T

0

(σ(Xt)
−1Yt)

2dt
)

Y −1
T

+
(

∫ T

0

σ(Xt)
−1YtdWt

)(

∫ T

0

σ(Xt)
−1YtDtYTdt

)

Y −2
T

}]

. (28)

����� r (26) � v�r φ(z) h��	�>i�
���
��������������������>i	� n��	� ����n"!$#��
p�qFr%
��%
��&���%�	�	�%'>f�g�h	(%)Dkmlon*��i	+�l�� φ′(z) p-,on�!.	� r Φ v Φ(z) =

∫ z

0
φ(y)dy ��/102(%)Dk�l>r (28) �>v Φ(XT ) ∈ L2(Ω) �%�	�1����n2!

3	4
576%8 r φ(z) = (z −K)+ �op�q φ′(z) = 1{z≥K} (z = K i&��9>v%:�;�<���i�=	�����
<�n�/?>-�%@	A ) !
<�B�r Ex[φ′ · · ·]((26) � ) r Ex[φ · · ·]((27) � ) r Ex[Φ · · ·]((28) � ) � 3 C&D���j	E>h	��n
��v�r�b�c�d�e�fFg φ ���	�1�%�	F���/%G	�*H��%��I�J�lon&/?>K�%,on �	L i&��n2!
M

1 Xt h�N�OKP�s�t�r%,�<�Q�R
{

dXt = rXtdt+ σXtdWt

X0 = x
, (29)

�%ST>�p�q U �&��� r r r σ v&(Fg	V r
u′(x) = Ex

[

φ′(XT )
1

x
XT

]

(30)

= Ex

[

φ(XT )
1

xσT
WT

]

(31)

= Ex

[

Φ(XT )
1

xσ2T 2

1

XT

(W 2
T + σTWT − T )

]

. (32)

3.2 ] W&XP^1Y[Z[\ T�UP]1V W�^3X1YPZ1[3\ T5UP]1V W�^3_[]1^$^
`�a

2 b�c�d>e�f�g�h φ(XT ) i�j1kmlon�p�q%_�`%a�v�r
u′′(x) =

d2

dx2
u(x) (33)

7



= Ex
[

φ′′(XT )Y 2
T + φ′(XT )ZT

]

(34)

= Ex

[

φ′(XT )

{

1

T

(
∫ T

0

σ(Xt)
−1YtdWt

)

YT

−
1

T

∫ T

0

DtYTσ(Xt)
−1Ytdt+ ZT

}]

(35)

= Ex
[

φ(XT )
{ 1

T 2

(

∫ T

0

σ(Xt)
−1YtdWt

)2

−
1

T 2

∫ T

0

(σ(Xt)
−1Yt)

2dt

+
1

T

∫ T

0

(

−σ(Xt)
−2σ′(Xt)Y

2
t + σ(Xt)

−1Zt

)

dWt

}]

. (36)

�&�$� r (34) ��v φ(z) h C1 � i*
 �*
1�&�1�*�&�&� 2 �*�&�1�*��i&��n �&�1��r (35) �
v φ(z) h*�	�>i%
��%
��&���%�	�	�%���1�%��i	��n��	����r	+�l���l���n !
3	4
u′′(x) = Ex[Φ · · ·] �>u c��	�Fj�E>v�r�#����?����� �	��
�� < g	9 �	
�� ����<?02�������� ��� ��� � � i	<	� �&L	���?�2� !.�� r����1<%�&�?�%�&��� (35) ��� ��� ��v YT �&a��! �"?` �	� DtYT �!# L n�$%�h	�>n2!?#Al�v�&�'�� ��� i>q*��r	(�)��!*on ( +�,.-0/	1 [2004]) !

DtYT =

∫ T

t

r(u)DtYudu+

∫ T

t

σ′(Xu)DtYudWu

+σ′(Xt)Yt +

∫ T

t

σ′′(Xu)σ(Xt)Y
2
u Y

−1
t dWu. (37)

M
2 Xt h�N�OKP�s�t��%S >Fp�q�r

u′′(x) = Ex

[

φ′′(XT )
1

x2
X2

T

]

(38)

= Ex

[

φ′(XT )
1

x2σT
(WTXT − σTXT )

]

(39)

= Ex

[

φ(XT )
1

x2σ2T 2
(W 2

T − σTWT − T )

]

(40)

= Ex

[

Φ(XT )
1

x2σ3T 3

1

XT

(W 3
T − (3T + σ2T 2)WT )

]

. (41)

3.3 2PZ325456P]57 W�^3_1Y1\P[
`�a

3 X̃t =
∫ t

0
Xsds p-,on2!�b�c�d�e�f�g>h φ(X̃T ) i�jDk�l3n�pFqAs�tou�v�r
u′(x) =

d

dx
Ex[φ(X̃T )] = Ex[φ′(X̃T )ỸT ] (42)
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= Ex
[

φ(X̃T ) · 2δ
(

σ(Xt)
−1Y 2

t Ỹ
−1
T

)]

(43)

= Ex

[

φ(X̃T ) · 2

{

Ỹ −1
T

∫ T

0

σ(Xt)
−1Y 2

t dWt

+

∫ T

0

σ(Xt)
−1Y 2

t Ỹ
−2
T

(
∫ T

t

DtYsds

)

dt

}]

. (44)

�	��� r (42) ��v φ(z) h%�	��i%
��*
��	���%���	�*�	���%�>i	��n �	������n2!
M

3 Xt h�N�OKP�s�t��%S >Fp�q�r
u′(x) = Ex

[

φ′(X̃T )
1

x
X̃T

]

(45)

= Ex

[

φ(X̃T )

{

2

xσ
X̃−1

T

∫ T

0

XtdWt +
1

x

}]

. (46)

3.4 2PZ325456P]57 W�^3_[]1^$^
`�a

4 X̃t =
∫ t

0
Xsds p-,on2!�b�c�d�e�f�g>h φ(X̃T ) i�jDk�l3n�pFq%_�`%a�v�r
u′′(x) =

d2

dx2
Ex[φ(X̃T )] (47)

= Ex
[

φ′′(X̃T )Ỹ 2
T + φ′(X̃T )Z̃T

]

(48)

= Ex

[

φ′(X̃T )

(

2

∫ T

0

σ(Xt)
−1Y 2

t dWt + Z̃T

)]

. (49)

�&�$� r (48) ��v φ(z) h C1 � i*
 �*
1�&�1�*�&�&� 2 �*�&�1�*��i&��n �&�1��r (49) �
v φ(z) h*�	�>i%
��%
��&���%�	�	�%���1�%��i	��n��	����r	+�l���l���n !
M

4 Xt h�N�OKP�s�t��%S >Fp�q�r
u′′(x) = Ex

[

φ′′(X̃T )
1

x2
X̃2

T

]

(50)

= Ex

[

φ′(X̃T )
1

xσ

∫ T

0

XtdWt

]

. (51)

4 � � � � � �
��� i�v�r s�t3u�r _1`%a&��g&9 ��
%� ��f � r
	 � �	(�� -�
&���	�1p r ( )�i����
,on
b�c�d�e�f�g��*������������� r*P?`�����t����$����� ���! �� ��� �?�"��#&,on2!
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� � ��r Rd 9��  ���� Xu(0, z) (0 ≤ u ≤ T, z ∈ Rd) h��  �� ��	 � �
Xu(0, z) = z +

∫ u

0

V0(Xs(t, z))ds +

∫ u

0

V (Xs(t, z))dWs.

��
 � ,
�%�op � � 5 r&�>n�f�g f ��� � � E[f(XT (0, z))] ��P$`�����t �����1/�0����
,3n&#�p*��� 6 n ! .�� r d�c
��� -��
� �1�1/�0 �%��� � n �&� � ��r # ���  �&��	� ���������	,3n�!	,�<	Q�RFr

X̄u = z +

∫ u

0

V0(X̄η(s))ds+

∫ u

0

V (X̄η(s))dWs.

�	��� r η(s) = [ns/T ]T/n i	��0 r [y] v y �� 6 <���!�"���# g?�Aj	, !?#%� pFq�r��$&%('�) � N � � ) � ��* J�l � P�`�����t ������/�n����	9>v�r
1

N

N
∑

j=1

[

f(X̄T )
]

j
,

i�j1k�l3n ! # #�i�r [U ]j (j = 1, ..., N) v��  �* g U � j +-, � $&%�'�) ��.�/�i&��n !
0 ��rAb�c�d�e�f�g �*��� �1��1%� �2� 6 n !�b�c�d�e ����� p v�354��$� �1� � �6�7�8 �?��9	,�!�: 3

� i�v�;&<���=?>&@ � �?�!�1�	��r
u′(x) = Ex[φ× weight],

u′′(x) = Ex[φ× weight],

��u c �&��j E$��A 6 � ! � � � r�#*� . . P$`�����t � �$�21%� ,3n�p r(B � � �&�
C
D c E (weight) ��F����%����h�" q ��G�H�h�I��%!�+�#�i�r φ �

• φ = φ1 + φ2

• φ1 J s�t3u�i�v%�	�>i%
1�%
��	���%�	�	�*�	���%�
_�`*a�i�v C1 � i%
��%
����1�%�	�	�LK!�%�&���%�

• φ2 J <�`2MLNOE <�P���Q�R

p-�!� US3�4��	V �2� > 6 i�r φ1 ��� � ��v��	� (s�t u%<?J 1 ��r�_1`�a�<?J 2 � )
�

�UT�V	9?�"P?` �!��t���� ��/�0 ��� � r φ2 �U� � ��v�;W<��U=
>&@ � �7��������b�cd eFf�g?�"�	��X � �(T�V�9��2P7`����Ft��"����/ 0 ��� ,on�!$#��opFq�r φ1 F����(R
����vFb c>d eFfFg7����� ��� pFq��YC D c E ����� h���� � <��opFq��(Z�[ �(\ k!�
< n�! � 	>r φ2 F��L�
b�c�d>e�f g�h&<�`�M?NOE <�P��]Q�R ��L ���>h�" q �2< n	#>p

5V0 ^ V _a`cbcdcecfcgihkjalcmknaocpcqkrtscukvcwcnaxkyczt{c|k}a~c�kra�kva���a{5���k�a�
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h%���1k�l3n ! �%
 � ��v�r b�c�d�e�f�g1���1��/ G � (�)&� 2 R1��uAc ��h&�$0 r s�t
u%��f � ��r

Ex[φ′(XT ) · · ·] = Ex[φ′
1(XT ) · · ·] + Ex[φ2(XT ) · · ·], (52)

Ex[φ′(XT ) · · ·] = Ex[φ1(XT ) · · ·] + Ex[Φ2(XT ) · · ·], (53)

��n���v	_�`%a&��f � ��r
Ex[φ′′(XT ) · · ·] = Ex[φ′′

1(XT ) · · ·] + Ex[φ′
2(XT ) · · ·], (54)

Ex[φ′′(XT ) · · ·] = Ex[φ1(XT ) · · ·] + Ex[Φ2(XT ) · · ·], (55)

<���p ��� ,on&#>p2��/�0 r k	J2��G�H?��� L n	#�pAh�i�q�n2!

4.1 φ(z) = (z −K)+ _P[��P]
	 � � .�/ ������q g 9 � � � ) >�p rAb�c�d�e f�g6F&�1�6P�h <&` M
N E i&< � � L
���>h�"oq �2<�n�!�+�#�i�rFs�tou%��R�����v φ = φ1 + φ2 �

• φ1 h*����i%
��%
��&���%�	�	���	�1�%�
• φ2 h <�`�MLNOE <�P1��Q�R

p2<>n	/?>-�
	 L r
Ex[φ′(XT ) · · ·] = Ex[φ′

1(XT ) · · ·] + Ex[φ2(XT ) · · ·], (56)

p-, n2!�_�`%a&�(� � ��v�r
• φ1 h C1 � i*
��%
��	���%��q 2 �%�����*�
• φ2 h*����i%
��%
��&���%��q2�����*�
• φ′

2 h <�`�MLNOE <�P1��Q�R
p2<>n	/?>-�
	 L r

Ex[φ′′(XT ) · · ·] = Ex[φ′′
1(XT ) · · ·] + Ex[φ′

2(XT ) · · ·], (57)

p � ��g 9 � � ,�l 8 G�H�h�� � <�n ! � 
 � �Kv%�
�c�1` "�� � - d ����� ` ��sKt3u�r
_�`�a	��R��	��r 0 ��/?>-�Fb�c�d�e�f�g��2��� �2� ( ��j�� )!

φ = φ1 + φ2, (58)
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φ1(z) =











0 for z ∈ (−∞, K − ∆)
1

4∆
(z − (K − ∆))2 for z ∈ [K − ∆, K + ∆)

z −K for z ∈ [K + ∆,∞)

, (59)

φ2(z) =























0 for z ∈ (−∞, K − ∆)

− 1
4∆

(z − (K − ∆))2 for z ∈ [K − ∆, K)

− 1
4∆

(z − (K + ∆))2 for z ∈ [K,K + ∆)

0 for z ∈ [K + ∆,∞)

, (60)

.	� r� ��� ���d�� ���%`%���&��v��%��� z � 1
T
z̃ ��� q�� 6 � �*������� � 6 !

4.2 φ(z) = 1{K≤z≤K ′} _ [��P]
s�� u t - d � � ��` �9f � �9v rmb c d e f g h < `cM N E < PKi � n �9i	� �k	 � �

� � n $ � v < � ! � � r�K C D � � � h * J l � � n �9i9r + ��
 � �5F � ��� f�
 g �
� � ��G H � � � i q n � � F h � n ! � 
 � � v r s�� u t - d � ��� ` � s9t u�rK_ ` a
� � � � σ2

1 = V ar[φ(XT ) · · ·] r σ2
2 = V ar[Φ(XT ) · · ·] r σ12 = Cov [φ(XT ) · · · ,Φ(XT ) · · ·]

�����	��r
α =

σ2
2 − σ12

σ2
1 + σ2

2 − 2σ12
, (61)

p-, n2!?#%�op�q���r�s�tou�r&_�`%a��
u′(x) = αEx[φ(XT ) · · ·] + (1 − α)Ex[Φ(XT ) · · ·], (62)

u′′(x) = αEx[φ(XT ) · · ·] + (1 − α)Ex[Φ(XT ) · · ·], (63)

� /�0 # L�� ! ����� r (62) ����=����(: 1 �>v (31) �>r�: 2 � v (32) ��i���0mr (63)

���(: 1 ��v (40) ��r�: 2 ��v (41) ��i	��n�!$#Al�v�r
φ = φ1 + φ2, (64)

φ1(z) = αφ(z), (65)

φ2(z) = (1 − α)Φ(z), (66)

p ��� �%�	����� � r�#�#�i ��� � α v�r�s�tou>p2_�`�a���r	+�l��Fl (62) ��r (63) �
���!���	�%P?`��!��t ����i # L n��	��r�� � ���?��!�\��%,on��%��i	��n2!

6 1
T

z̃ _�����������r���� 0 �� ���� T n�!�"$#�%'&av�(ancr�)c� �

12



5 � � � � � ��� � � � �

� � i v r�	 � i #	� � � g�9 � � � � �!� q � � � `!" � �.- d�� ����`Fr�s �>u
t�r  �% ����d%� �
� `*��s�t3u�r�_1`*a���g&9 5 � ���&,3n ! � ��r�

�
� �
� ��� P�s�t1p � ��r N1O P�s�t1p��
���*P�s�t$� �1� � ! N1O P�s�t�v�: 3

� ��
 1 i�� �� /�>-��r�
��
� ��� X h��������	�����������! �"�#�$�%
{

dXt = rXtdt+ σXtdWt

X0 = x
, (67)

&�')(+*�, ��$
-	.0/�1�2435% x = 100 % r = 0.1 % σ = 0.2 6874.5/9�:<; *�, ��=
%<>�?�@�A�B X C�D<�������E��F!G����� �"!#
$�%
{

dXt = rXtdt+ σXγ
t dWt

X0 = x
, (68)

&�')(+*�, ��$
-	.0/�1�2435% x = 100 % r = 0.1 % σ = 0.2 % γ = 0.5 60H4IJ/
K 1�%�L�M�N
O!"�P�Q�R�S<T�U�=�%�V�WYX�Z T = 1[[ ] 6�30\!%

• ]4^0G��5_�`�acbdR�]!e4f��hg φ(XT ) = (XT −K)+ % K = 100

•
,�i�j � b+R�]
e4f��)g φ(XT ) = 1{K≤XT≤K ′} % K = 100 % K ′ = 110

• k i k�l	R�]�emf<�ng φ(X̃T ) = ( 1
T
X̃T −K)+ % K = 100

6o7p.0/
q
rEs
t U
�
uwv &�xEy \
=
% (67) zE% (68) zE"�{
|
}
~
�
�
z�Z�R�Qma�G�b��m��� &��������� 30% , � j %!�E����Z “ �
~�� ”( ��W��	"����4Z ε = 0.1 6�351 ) %<� 3 ��"�����	�
� $����m301 “Ex[φ′ · · ·]” % “Ex[φ · · ·]” “Ex[Φ · · ·]” " j QE]�"����E%wH � � � 4 �
$��E�m3�1 P
QERES T�UE"�~w¡
�E%!Z£¢
¤�3�\ * ��¥
¦ �m§�� & � .�em¨�©ª^�Gwe«f¬�
Z­�® 301�/�1�2m35%c¯+[4Z 1000 ~!°�301�/
�±�!� 7².�³	6 & ��� Xt Cµ´ & t .¶{!|�C±-�.<C!% Xt "µ·�¸ � & max(Xt, 0) Z¶¹4º
.�»µ"46o7².0/ K 1�% 9�:�; *±, � & H y \!= σ(z) = z = 0 " K ¸ � $<¼!U�½!¾4Z5V	1¿ t y C
% C∞ T�UE$�À
Á
7p.
³E60$
Â�Ã�7m.�/w7 t ¸EÄ�% g(z) Z�Å
~ &�Æ ¿ y ε

&�Ç 3
\ z ≥ ε $!= g(z) = σ(z) 6 t . � ( t C∞ T<U�6�35%
È±" g(z) Z σ(z) "µ·�¸ � & ¤ y
.0/ t H
% ÉEÂ�"�Ê!ËE% X0 "�Ì!ÍEC�ÎmIÏ%wÐ�Ñ�~�°m»0ÒEÓpI
301
1�Ô
% Xt < 0 6 t .
³
60= t Ó�Õ�1�/
³¬" � (Ö& {Xt} Z �×� ÀØÁÙ3Ú\¬ÛÝÜßÞà1à»�"á" N âª"äãªåäæáçà"�è×é«Z {X

(j)
t }j=1,2,···,N

(t = 1
1000

, 2
1000

, · · · , T = 1) 6£7Ù.¬/ {Yt} % {Zt}
tëê &áÇ 3¬\ì» �í� ÀªÁî3¬1ì»w"ìZ
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{Y
(j)
t }j=1,2,···,N % {Z

(j)
t }j=1,2,···,N $Ø�!7µ/!W����	"���� ~�� ~pZ F $Ø�±7�6±3¶\±% {X

(j)
t }t²ê Z5¤ y \µÀ!Á�351	»	�	Z F (j) $µ�!7 7 /4³	�p6	
<%���
	Z N â��!M ¿�� 1±Ð��±$��

Ex[F ] �������Y6
30\ 1
N

∑N

j=1 F
(j) Z0¤ y .0/

È<Þ���Þ������������������������ ¿ ��� ��6!3�\�%"!�� E[F ]
&�Ç 7p.$#��
|���%'&

%�Í�(��
(

= {
1

N

N
∑

j=1

(
F (j) − E[F ]

E[F ]
)2}

1

2

)

Z5¤ y .5/	1�2435% E[F ] =�)�* *!,�+ ��]p^5G
, _E`�aëb Rw]�e�f , % ,EiEj$+ b R
]
emf , &�Ç 3�\
=�%�¡'- s & ÛcÜ8Þm.$�mZ�¤ y 1
C
%×È�Þ'.'/E$
=
%10�»$���EC�� y 632E¸�Þm.
»�� (

9
:�; *
,'+E& H�4
. ,EiEj5+ b R
]
e�f , � ,'+mj %µ� ,�6 = E[φ · · ·] ���
� 〈

,7+mj g (27) zE%Ø� ,�6 g (36) z 〉 % 9
:�;*�,�+�& H�4±.�k i kµl�R�]�e²f , � ,�+4j = E[φ′ · · ·] ����� 〈(42) z 〉 %�È�Þ�.�/	$!=
� 4 �E$��E�m3�1�8�9�Ë�¸ � � j QE] ) Z ¤ y \ F (j) Z 100 :
Â��
M ¿3� 1m6�
���%'&�;< Z=!��c6�301�/
N Â���
	Z5��M ¿ � 1m6�
���!�� E[F ]

&<Ç 74.5��������>���~ � =

V

[

1

N

N
∑

j=1

F (j)/E[F ]

]

=
1

N
V

[

F (j)
]

/E[F ]2,

$
-E.�/ � Õw\
%!³�ÞmZ�-E.$?�@A��� &�B ¿ º�1 y 6�
�CED'F t ��
'���
MEÂ�Uí=�#
�
|
��%!Í�(���� 2 G & >�H�74.E6 I4º!.0/
J ������>'K���è�éE=�CML�� 2 CAL�� 3 �460H �5N -�.�/ K 1�&'O���0�P & CQ��
����

MíÂ U 6 Ç7R 7�.S%A&T; < ��Z¬]í§�UWV£3 1YXwaáSwZSZT[w1¬/ t H7C J L7� ÌY;Q\í= J�] C
!�� ^ Ò ­ \�_`C�!'� + 1% ^ Ò�a�\�_`C�!�� − 1% ^ Ò�a�\�_����4Z5b�35C�L & T<74.�È
��c���d�e�= J L<� &�f 301</'.�g N =�C J�h G�
 &�x	y \���¹'i4Z=j�k4.0/

5.1 l m'npo�qprps t3uplwv x�o�ywzw{p| ( }1~ 4 � 5 )

)�* *á,�+ C 9µ:¬; *×,�+A� & CJPµQªR SäT¬U Z }Ø~Ù3Ú1 u′(x) = Ex[φ′(XT ) · · ·]((26) z )

�¬�×�ìZ£¤ y 1�uávÙ6ß�á~×� & � .£u×vÙ6 N =A�«6�� ê D��ßèáé & t Õ�\ y . / ¿ Ü & CÖP
QER�S�T�U���}
~�Â�UEC�� � u′(x) = Ex[φ(XT ) · · ·]((27) z ) C u′(x) = Ex[Φ(XT ) · · ·]((28)

z ) 6 t . &<'�y C��'��C��YI t Õ�\ y .0/ K 1'C Fournié et al.[1999] C�)�* *!,�+ N��� 3�1Q�'? � C'C 9
:�; *w,'+í& H y \E»S#
�
|Y��%wÍ'(
��Z$� Ü
33�7�mZ���I87�.�� &��� N -�.�³�6�C<~�Ó�Õ�1�/

7 ����� (26) ������� � F = φ′(XT )YT � F (j) = φ′

(

X
(j)
T

)

Y
(j)
T �
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5.2 l m'npo�qprps t3uplwv x�o�y��wo�� ( }1~ 6 � 7 � 8 )

� ~ � N = �W�ëC���� & � I�C�� 3 � � è é &��
	 I Ex[φ′(XT ) · · ·]((35) z ) �
Ex[φ(XT ) · · ·]((36) z ) � j Q ]×C �A� N - .á³ 6ÚC�~ Óª.Ú/ �M? � & T«3Ú\á=�C
�Ý3ØI bÙ3
1 Ex[φ′(XT ) · · ·]((35) z ) � j Q±]����Ø�«ZÏ¤ y C Ex[φ′′(XT ) · · ·]((34) z ) 6 Ex[φ′(XT ) · · ·]

((35) z ) Z�8�9¬Ëà¸ � .£�á�«Z��×¤Ù3£1×CAC Fournié et al.[1999] � � � 3£1 Ex[φ′′(XT ) · · ·]

((34) z ) 6 Ex[φ(XT ) · · ·]((36) z ) Z58�9�ËE¸ � .0�!�c6 >'K�74.=D�F�C�-E.0/
�7? � ���7C£PwQíRES¬T U�Z�~w¡w7ì. T�UT����Z$d�� &�� Ôí. CAC$Hìº�� (59) z 6 (60)

z & ~×¡Ø7ì.ÚÊ×Ë�C φ2 ������� Z �×7M�«a��ØG j ∆ Z � Ôª. DAF C×-à. /0Èà³ N C �«a��×Gj
∆
&�Ç 3�\�#
�
|���%
Í'(
�mZ��'kE1 ( L�� 6) /�X
a
S�ÓmÜ$C Fournié et al.[1999] ���

��C���3 y �
� �í& ∆ C Æ ¿ y 6Q
 & =��7? � � � éECá-mÜ ¸ Þ! & #
�á|EC�" 
EI t Õ
\ y .á³ª6ÚC¬~àÓª. / K 1�C ∆ C#"�
 y ÊØËª=MC$�Ù3 y �Ø�ªC Fournié et al.[1999] ���×� &
>Akà\�#Ø�á|ªC Æ ¿ I ∆

&¬Ç 3£\ �ª� s N -ª.Ø³ª6£Cä~ªÓà. /µ³£Þà=AC Ex[φ′(XT ) · · ·]((35)

z ) 6 Ex[φ(XT ) · · ·]((36) z ) Z5>'k�1m6�
 Ex[φ′(XT ) · · ·] ����C�#
��|�C Æ ¿ I�C
È���~
�ma%�
G j ∆ C�"�
EI t Õ
\E»�CáÈ�Þ�� ê'&
r ��#��
|EC�" 
EI t Ü t y 1�Ô N -E.�6
2�¸<Þ4.0/

5.3 z�(w|�{ t3uplwv x�o�ywzw{p| ( }1~ 9 � 10 )

)�* *�,�+ C 9!:�; *�,'+��	& ��~�� N = 10 :�Â��*)���u�v�Â�U N =�����=*+mÜoÞ t
ÓµÕ×1 /à³ Þ &�Ç 3SC � 3 ��� Ex[φ(XT ) · · ·]((27) z ) Z£¤ y 1�uwví= �í� � I �A��3 \ y
.0/
P!QER�S�T�U���~!¡
� & Tm30\�='C�, & j'k4.�� ,�6 � ê � � é�=-+mÜ�Þ t Ó
Õ�1�/
³�Þ�='C 2

x �%.
zmZ0¤ y 1�em¨ ©E^0G
e�f , ��#
�
|���~ � ����C�"�
 y 1
Ô�C¬~ � Z
0 ÆE& 7m. α C 0.96 �!)�6 1

& �/� & À�I t � Ex[φ(XT ) · · ·] �'9EZ�¤ y 1�u
v�60"
�ECt y 1�Ô N -�.�/

5.4 z�(w|�{ t3uplwv x�o�y��wo�� ( }1~ 11 � 12 )

,ài j + b RØ]Øeªf , � ,�+ j 6ÚD�1 & C �×~Ø� N = �M� C2+«Ü Þ3 �C K 1MC Ex[φ(XT ) · · ·]

((36) z )
&4�-	 IÏu!v±�	= ��� N - .5/ )�* *±,�+	& H�4!.¶P!Q R	S<TµU���~±¡!� &<xy \
='C ,'+�j 6�=�5 t � CØ-ª.��!) �'� N -E.E63I�º
.�/ t H'C=0!6 t α = 0.63 �!)�C7 T�¼
UE= −0.22 �!) N -áÕw1 / c��
R
]
e f , & Ç 3�\E»á³����
�mZ ¤ y 1
C'C ,EiEj+ b Rá]we f , �á� ,Q6 �79 N �'� N -µÕØ1 /"cT�wRw]
e f , N =7C ,íiíj�+ b Rw]áe f ,
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� ,�+mj ��Ê!Ë�6�D%1 & C 2
x �%.
zmZ�¤ y 1
ep¨¬©E^�G
emf , ��#
�
|���~ � ���EC%"


 y 1�Ô'C�0-6 t α Z���Ô
\�» 1
& �/� & À y � & t Õ�\43 K ( 1�Ô N -�.E6 2�¸�Þ4.0/

5.5 ��(���� t3uplwv x�o�ywzw{p| ( }1~ 13 � 14 )

]�^ G , _í`ªaªb Rá]áe	f , � ,7+�j 6��wÁÙ3 1�èwé 6 t Õ<1 /!³ Þª=AC�PáQíRªS T¬UªC�	� N - .ä1×Ô N -à. / t HMC 9µ:¬; *Ø,M+�
 H 4×. ��? � ��U��×uØv =
���«3Ú1�/�³ÚÞà=�C
Ex[φ(X̃T ) · · ·]

((44) z ) � u
v 
 ='CE�T
��E6 
 2 �'�
~�Z�U'� s 
 �EÔE.$D7FEC�� � CE��
 1 Â'��u
v
 Ð!Ñ�~�°�U�� 2 G��!R�G��
G���Ð!Ñ�Z5Fc3$C ­ ¤ 
�� º t y 1�Ô N ��.5/

5.6 ��(���� t3uplwv x�o�y��wo�� ( }1~ 15 � 16 )

��3
I3b�3�1 Ex[φ′(X̃T ) · · ·] ((48) z ) ���
�mZ�¤ y .
³E6 
 �E� C¶�w~
� 
 >�3�\��'�
C%" � 
 �cI t Õ
1µ/ K 1�C���? � Z�¤ y C Ex[φ′′(X̃T ) · · ·]((47) z ) � j Q�]'� .�z�6 8
9�Ë	¸ � .�³�6 
 ��� C ¿ Ü 
 �cI t .�³	60C�~�Ó
Õ±1�/

5.7 ��������� ���� ( !�" 17 ∼ 20 )

#�$&%�'&(�)�*,+.-�#�/102'�3&465�487�-�#�/90:'�;6<�'8=�>8?�@&A8B�'8C6D8E�F&G�>
H�I�J8K6L8M�N�O 3QP�RS;�T8U�VXW�Y�Z�[�@&\ O�]�^�_ G�Z�`�>8a�b
c�d8e�GSf8g�h6A8ijlknm�o J�p 38Vrqs@�t�u

6 v wyx
zn{ m�|�Z�<�'}=�>�?s@�A

φ
Z
φ′′
m�|n~,�

φ′
V���\nt

u′′(x) = Ex[φ′ × weight], (69)

;��&��#�;8����V&����@&t8u p�� >�����Z�4�5�487�-�#�/102'8;�<�'8=6>�T�@&A�|�Z�� MG����Q���6>8i�j�k�~2B�'8C�D2E�F&G�>�� J&O�]�^�_ f��8��3&~	��t2u����&>�Z}#�$�%�'(�)l*�+�-�#�/�08'8>�T,@&A�|nZ p ;8����V&��\�t8���� lf�Z
Fournié et al.[1999]

;8¡�G
�l�}¢�£ � A�\ Jnp 3�V�qs@rt8u
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� t�Z
Fournié et al.[1999]

;�����V�����k�>�|��l�	��
�3&~ J��
� B���E�V��
������;B��nEl>����,@&Z�� � m���q � � A�\�~��n��t����l¢�q @�t�u
p ;���m�Z�����-� �T O

φ
>�?s@�A
u′(x) = Ex[Φ × weight], (70)

u′′(x) = Ex[Φ × weight], (71)

;��&��#�;8����¢&����@&t8u!� 5��&E + -6#�/90
'�>�T�@&A�|�Z"����-
 8T O f
#�'�$&%
' ~�(6m�o J t�h2���� *) J,+ 
�|6~�\6f�Z p ;
����V&��\6t��6��-
 2T O ; M�- f�.6im�o J�/ clf�o Jnp 3�¢�qs@rt8u
021 > �3� B2�nE 3�425�6}B2�nE Vr��\ A O ]87 V ^n_ @rZ�93:�;�¡nG ;�. i8; V=<

� +?>�@�@&t8u p�p m�|�Z�#�$�%�'&(�)�* + -�#�/�08'�3&4�5�487�-�#�/�02'8;�<�'�=�>?�@&A2B�'8C6D8E�F&G�> H�I6J8K�L2M�N6O 3	A ^�_ G�;8P6R�;6T8U�¢�W�YSZ&[�@&\ O�]6^
_ G�f�i�jlk�m�o J�p 3�V�q @&t�u

B C

D E FHG I J K L

A.1 M&N 1( O P�QSR
TSUWV XZYWO\[ ]^R&_a`Wbdcfe XgYWOd[ ]hR&id`\e
c ) idjdk

��l Z
φ ∈ C∞

0 := {
#�'=$m% ' ~�(n; C ;

C∞
T O

}
m�q�) u��8�l;

φ ∈ L2
>}?s@�A

| 1 m�q�) u

(i)φ ∈ C∞
0

;,3�n
1

h

{

φ(Xx+h
T ) − φ(Xx

T )
}

→ φ′(Xx
T )Y x

T a.s.(h→ 0), (72)

m�o J u t�o,@&Z
Xx

T

Z
Xx+h

T

|qp �
r8�
X0 = x, x+ h

;�3�n8;
XT

V&��)�u
Y x

T

¢�s�tlm
o J u
\ �

φ ∈ C∞
0

�l�
φ′
f�.�ul~�;�mnZ�v�wl|�o J

M > 0
V��l\�A

1

h

{

φ(Xx+h
T ) − φ(Xx

T )
}

≤M

∣

∣

∣

∣

Xx+h
T −Xx

T

h

∣

∣

∣

∣

, (73)
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3����q) J	p 3�f	mhn J ul�	�X>�Z��*w | �qt ��� M m�o J
(
7	��
 Z

Protter[2004]
Z

p.301;
���
37
V����

)
u�����A�Z
u′(x) = E

[

lim
h→0

φ(Xx+h
T ) − φ(Xx

T )

h

]

= Ex[φ′(XT )YT ]. (74)

p�� m
(26)

��f�qs� � t}u
���������������� �!#"�$�%�&�'�(�)�*�+�,�-�.�/�01*�,�2�)�3

• (20) 4�5�6 � (21) 4 %�7�8:9�; DtXT

%�<#*�3
• Dt (φ(XT )) = φ′(XT )DtXT

2�=?>A@�B
1[
 �C�DFE�"HGJI�K

]
%�L�)�;FM�NPO�Q

RFS �FTUKP%
1 V�W	X 0�3

•
 �CYDFEP"ZG[IUK

δ(· · ·) \ %�]�^�_�`��FaYK u
,

FT bFc
d aUK F
-FK
e�;U>

fUg
4
%�L�)�*�3

h
δ(u)

-�i�j�0#*�a�K��
u k ]U^U_U` d �U(�l�m�I�K�-�n�o�p�q�*�3+���r�s���t���@�u�������-�v�)�;�w�x�y�(�z�*�3

(20)
��V�{}|�) J 3�~3#�FY������� M ;��Y�,�l� Z

((74)
�l;Y�8w

) = Ex

[

φ′(XT )
1

T

∫ T

0

DtXTσ(Xt)
−1Ytdt

]

(75)

= Ex

[

φ(XT )
1

T
δ
(

σ(Xt)
−1Yt

)

]

. (76)

δ(· · ·) � |Y�nc
�
�lm�o J ;�m
((76)

�
) = Ex

[

φ(XT )
1

T

∫ T

0

σ(Xt)
−1YtdWt

]

. (77)

p�� m
(27)

��f�qs� � t}u�����>�Z
(21)

�,V
Ex[ · ] � >�| ����


((77)
�

) = Ex

[

φ(XT )
1

T 2

{
∫ T

0

σ(Xt)
−1YtdWt

}

Y −1
T

∫ T

0

DtXTσ(Xt)
−1Ytdt

]

. (78)

~�#nFY������� M ;
�Y�,V���\ ��
 Z
((78)

�
) = Ex

[

Φ(XT )
1

T 2
δ

{(
∫ T

0

σ(Xt)
−1YtdWt

)

σ(Xt)
−1YtY

−1
T

}]

. (79)

;
�
4
����Z

δ{· · ·} = δ
(

σ(Xt)
−1Yt

)

(
∫ T

0

σ(Xt)
−1YtdWt

)

Y −1
T

−

∫ T

0

Dt

(

Y −1
T δ(σ(Xt)

−1Yt)
)

σ(Xt)
−1Ytdt (80)

=

(
∫ T

0

σ(Xt)
−1YtdWt

)2

Y −1
T −

∫ T

0

Dt

(

Y −1
T

)

δ
(

σ(Xt)
−1Yt

)

σ(Xt)
−1Ytdt

−

∫ T

0

Dt

(

δ(σ(Xt)
−1Yt)

)

Y −1
T σ(Xt)

−1Ytdt. (81)
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2 � h�;�����|���;�� M V&��\�t2u Dtδ (σ(Xt)
−1Yt)

|
σ(Xt)

−1Yt

f���cP����m�o J ;�m�~
# F������ � M 3r=��r4 (,'�� M f	��
��s@�on\

σ(Xt)
−1Yt

3r~ J u � tnZ
Dt

(

Y −1
T

) |
c�
�T O ;�� M >��l�

−Y −2
T DtYT

3r~ J ;�m�Z

((81)
�

) =

(
∫ T

0

σ(Xt)
−1YtdWt

)2

Y −1
T +

∫ T

0

Y −2
T DtYT δ

(

σ(Xt)
−1Yt

)

σ(Xt)
−1Ytdt

−

∫ T

0

Y −1
T

(

σ(Xt)
−1Yt

)2
dt. (82)

�
2 � m σ(Xt)

−1Yt

f���c�����m6o J ;6m
δ(σ(Xt)

−1Yt)
|������ M >��&n�� � � ��J u,���>nZ p � |

t
>�����~�\n;�m

t
m�;�� M ;���>��8e J u � t�Z

YT

¢
t
>	�s�&~�\�;�mY�

M ;	�l>���e J ;nm�Z

((82)
�

) =

(
∫ T

0

σ(Xt)
−1YtdWt

)2

Y −1
T + Y −2

T

∫ T

0

σ(Xt)
−1YtdWt

∫ T

0

DtYTσ(Xt)
−1Ytdt

−Y −1
T

∫ T

0

(

σ(Xt)
−1Yt

)2
dt. (83)

p�� V�Z
(79)

�l;
δ(· · ·)

>Y{
|�) ��

(28)

��V�� J u

(ii)φ(XT ) ∈ L2(Ω)
;,3�n

��l
φ
f	���lm�.! �"�;�#�V�$�\�A	� M �8�l~,3�n�>

(26)
�lf�
!%�) Jnp 3�V�q�)�u

φ
> ? @�A .& '"l;(# V�$n\ A

φ′
f}�Y� m3n J u!$	� @�t(# >}?s@�An| )*� M f��(+

� M ��v�+�� M 3,�s@�\,3 ) J ~.-�@�A�/}�!0�>,3 J�p 3�m
R 1�2 m φ′

f
�Y�lm3n J u
{φn} ⊂ C∞

0

V}Z
φn(XT ) → φ(XT ) in L2(Ω)

3�~ J ��3 >,3 J u�3n��>
φ′
f�.! '"l;

#lV	$�\�A����lm�o J ;�m�Z
|φ′

n(x) − φ′(x)| ↓ 0 ∀x ∈ R\{φ′
;	4����5#

}
3�6�W�>�P�R�)

J ��3 >�3���A
|φ′

n(XT ) − φ′(XT )| ↓ 0 in L2(Ω)
3rm n J u

un(x) := Ex[φn(XT )]
3 ) J3

(i)
;�7�83�,�

u′n(x) = Ex[φ′
n(XT )YT ] 9�:5;�<

=�= 9 v(x) := Ex[φ′(XT )YT ] >@?A;�< =�B > n�C φn

B >�D@E5FAG un(x) → u(x) H 
5%
?I;J<'KML C φ′

n N 6�OQPSR�T ?I;MUWV P >,X'Y�Z[;�L�\ 6�O�RMTQ]�^QP U[D u′n(x) → v(x)

H�_&`�?.;�<
K(L C!a�b�c�bedfc!g�h�i&j B�k(l�m P U!D C

|u′n(x) − v(x)|
2
≤ Ex

[

{φ′
n(XT ) − φ′(XT )}

2
]

Ex
[

(YT )2
]

, (84)

>n9&o(;�< εn(x) := Ex
[

{φ′
n(XT ) − φ′(XT )}2] C ψ(x) := Ex [(YT )2] >np�qr< ψ(x) N(s G

F P n
P	t G�u(ZvH C x P(w ?�;�x(y�z{F�G}|v~ B a(����������� K ⊂ R

P	��� Y C x
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P���t G�u�Z�:5; ]�� M 9����5G	�A;�< εn(x) N x̂n H�
�� � Y supx∈K εn(x) = εn(x̂n) >
?.; = >�H�9!o�; B 9 C�
��&C

sup
x∈K

|u′n(x) − v(x)|
2
≤Mεn (x̂n) , (85)

>�u&;�< {x̂n} N a����A� � ��� K � B���� u B 9�� B������ N R�T ?.;�<�� = 9 C � B��������� � q {x̂n} > ��C � B R(T�� � x̂ 9��(?'< =	B >	o C φ′
n → φ′ in L2(Ω) U&D C

|�~ B ε > 0
P�� � Y n0(x̂) H�
�� � Y

n ≥ n0(x̂) ⇒ E
[

{

φ′
n(X

x̂
T ) − φ′(X x̂

T )
}2

]

< ε, (86)

>}?�; = >�H�95o(;�< x̂ N sup >�u!;�U.V P >�X�L B 9
εn(x) ≤ E

[

{φ′
n(X x̂n

T ) − φ′(X x̂n

T )}2
]

(87)

K L C� "!$# B%�&�(' Z(Y |φ′
n(x) − φ′(x)| ↓ 0 > u{; U V P >�X�L B 9 C n ≥ n0(x̂)

B
>�o C

((87)
m!B�)�*

) ≤ E
[

{φ′
n0(x̂)(X

x̂n

T ) − φ′(X x̂n

T )}2
]

(88)

{x̂n} N R�T ?.;(U.V P �����+� >�D-, � Y(Z!; B 9
((88)

m!B�)�*
) → E

[

{φ′
n0(x̂)(X

x̂
T ) − φ′(X x̂

T )}2
]

(89)

< ε. (90)

U�X(Y 0
P�R�T ?.;�<

.0/ U!D C |(~ B a����.��� ��� K
P�� � Y

• un(x) → u(x) ∀x ∈ K (n→ ∞)

• u′n(x) → v(x) (n→ ∞) H K
/�1�2 R�T

H�34��L�<&U�X�Y K
/�5

u′(x) H�
�� � Y u′(x) = v(x) H�_5`�?46�< K N |�~ 5�7 X�L B5 C�
��
x ∈ R

5
u′(x) H�
�� � Y u′(x) = v(x) = Ex[φ′(XT )YT ] >�u06�<

(27)
m P�8 Z�Y N φ(x) = φ+(x) − φ−(x) >:9�; P �=< C {φ+

n } ⊂ C∞
0

C
{φ−

n } ⊂ C∞
0

�
φ+

n ↑ φ+
C
φ−

n ↑ φ− >nu06 U�V P >:�0>%? 2 B(@�A=�CB V = >nH 5 o%6�< (28)
m P�8 Z

Y � Φ(XT ) ∈ L2(Ω)
B >	o Φ(x) = Φ+(x) − Φ−(x) >D9�; P �=< C φn → φ

C
Φ+

n ↑ Φ+
C

Φ−
n ↑ Φ− >�>E�F>5U�Z	<
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A.2 ��� 2( � �����
	��
� ���
��� �������
����� ���
��� �����
 ��
!

) ��"�#
(i)φ ∈ C∞

0

B >�o]	^
1 > ? 2 P%$ � >'&)(�* B%+-,).)/ H�0%1 5�7 6 B 5 C

u′′(x) = Ex
[

φ′′(XT )Y 2
T

]

+ Ex [φ′(XT )ZT ] (91)

= Ex

[

φ′′(XT )YT

1

T

∫ T

0

DtXTσ(Xt)
−1Ytdt

]

+ Ex [φ′(XT )ZT ] (92)

= Ex

[

φ′(XT )
1

T
δ
(

YTσ(Xt)
−1Yt

)

]

+ Ex [φ′(XT )ZT ] , (93)

z)2 4 U&D C

δ(· · ·) = δ
(

σ(Xt)
−1Yt

)

YT −

∫ T

0

DtYTσ(Xt)
−1Ytdt (94)

= YT

∫ T

0

σ(Xt)
−1YtdWt −

∫ T

0

DtYTσ(Xt)
−1Ytdt. (95)

= � � C (93)
m!B

δ(· · ·)
P%3)4 ?��0> (35)

m+�65 6�<]�^
1
B

(27)
m!B 
)7 �68 Z��0> 8

C

u′′(x) =
d

dx
Ex

[

φ(XT )
1

T

∫ T

0

σ(Xt)
−1YtdWt

]

(96)

= Ex

[

φ′(XT )YT

1

T

∫ T

0

σ(Xt)
−1YtdWt

]

+Ex

[

φ(XT )
1

T

∫ T

0

(

−σ(Xt)
−2σ′(Xt)Y

2
t + σ(Xt)

−1Zt

)

dWt

]

. (97)

9
1 : B Ex[φ′(XT ) · · ·] N (20)

m�� 3)4 � Y); a)<>=@?BADC �!B ]>E �68 Z��F> C

Ex[φ′(XT ) · · ·] = Ex

[

φ′(XT )
1

T

∫ T

0

DtXTσ(Xt)
−1Ytdt ·

1

T

∫ T

0

σ(Xt)
−1YtdWt

]

(98)

= Ex

[

φ(XT )
1

T 2
δ

(

σ(Xt)
−1Yt

∫ T

0

σ(Xt)
−1YtdWt

)]

(99)

8(96) FHGHI (97) FKJKLKMONHPKQSR d
dx

∫ T

0
· · · dWt =

∫ T

0
d
dx

· · · dWt TVUXWKY[ZK\K]O^H_a` NbPac ^dTV]^fehgjilkjm>npoHWKqpU Ppr _psjtluwvlvpxjy r(·) zj{p|>}l~ _p�j� N>Pp�j�>� Zj�f�j�p�>xj� P vlT R
σ(·) z 2 �[�O�Kc ^O�S�HxO� P vKT R σ′(·) z��K� xS� P vOT R σ′′(·) z[�O� x R����K�X���[�O� n[�bY N vT Ra�����HRa� �H_ �f� σ−1(·) zp�K� xj� P vlT RKGfI gKijkjm z �j�fxK� P vKThnp� N vjT z xl  P u¡d¢K£ y Ikeda and Watanabe[1989] pp.254-263 ¤S¥ 2.2 R Protter[2004] pp.301-310 �O¦ 39 �X§[z�¨O© _�KP u
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= Ex

[

φ(XT )
1

T 2

{

δ
(

σ(Xt)
−1Yt

)

∫ T

0

σ(Xt)
−1YtdWt

−

∫ T

0

Dt

(
∫ T

0

σ(Xt)
−1YtdWt

)

σ(Xt)
−1Ytdt

}]

. (100)

σ(Xt)
−1Yt N�� ����� 5�7 6�� 5�� δ(σ(Xt)

−1Yt) ����	 C � P�
 o / ��� � 6�
���� �
Dt(

∫ T

0
σ(Xt)

−1YtdWt) � σ(Xt)
−1Yt

P u06�� 5��

((100)
m

) = Ex

[

φ(XT )
1

T 2

{

(
∫ T

0

σ(Xt)
−1YtdWt

)2

−

∫ T

0

(σ(Xt)
−1Yt)

2dt

}]

.(101)

� � � (97)
m � 9 1 : P%3)4�� �F>���� �65 6�


(ii)φ(XT ) ∈ L2(Ω) ����o
(34)

m � φ � C1 � 5  "! # � � �$' ZvY 2 � $ � 0 1 5 7 6�� o � {φn} ⊂ C∞
0

�
φn(XT ) → φ(XT )

�
φ′′

n(XT ) → φ′′(XT ) in L2(Ω)
�
|φ′′

n(x) − φ′′(x)| ↓ 0 ∀x ∈ R\{φ′′ � k x
y � } ��u�6�U�V P �	��> ]�^ 1 � (ii) �C? 2 � @�A � 5 o�6 
 (35)

m �
(36)

m �����"!
� ]	^ 1 � (26)

m �
(27)

m � ?�# 5�7 6$

%

2 &�')(
(38)

m �
(39)

m �
(40)

m �����)!�� (34)
m �

(35)
m �

(36)
m P

r(t) = r
�
σ(Xt) = σXt� 3-4�� �F> 5 �D��6�
* P �

BS +-, i �/. �5P�!�]A� Y�,10 (41)
m4��2"3 � 6 4 (41)

m P15"6�� 6-�-7"� 18�9 � 2)3 ��:-; 5�7 6 � � <�� ]�^ 2
5 �1=)> � Y�ZF6 ?@
 (21)

m �)A"BC+-, i ����o
1 = 1

σT
· 1

XT

∫ T

0
DtXTdt ��uF6�� 5-� (40)

m � Ex[ · ] �)D P�3)4�� ��> �

u′′(x) = Ex

[

φ(XT )
1

x2σ3T 3
·

1

XT

∫ T

0

DtXTdt(W
2
T − σTWT − T )

]

(102)

= Ex

[

Φ(XT )
1

x2σ3T 3
· δ

(

1

XT

(W 2
T − σTWT − T )

)]

, (103)

δ(· · ·) = δ(W 2
T − σTWT − T )

1

XT

−

∫ T

0

Dt

(

1

XT

)

(W 2
T − σTWT − T )dt. (104)

��� 5��
δ(W 2

T ) = W 3
T − 2TWT

�
δ(WT ) = W 2

T − T
�
δ(1) = WT

�
Dt

(

1
XT

)

= −DtXT

X2

T

= − σ
XT

� 3)4E� �F> 9
�

((104)
m � )�* ) =

1

XT

(W 3
T − (3T + σ2T 2)WT ), (105)

9 FHG 4 nJIjU P T R δ(W 2
T ) = W 2

T δ(1) −
∫ T

0 Dt(W
2
T ) · 1dt = W 3

T − 2WT

∫ T

0 DtWT dt = W 3
T − 2TWT uKML _ ¢ q δ(WT ) = WT δ(1) −

∫ T

0 Dt(WT )dt = W 2
T − T u �a�HR δ(1) = WT R DtWT = t _MNKUHqKy R YTMOHPHQ�R�SUTHV [2004] n ¨HW u
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��u�� (41)
m+�65 6�


A.3 ��� 3( � �������
��� �
�������
� ) ��"�#
� � ]'^ ��� s �C? #
	�� 5 � s � �(ZE� � X̃T =

∫ T

0
Xsds

5�7 6/�(\ (19)
m�


(20)m ��� V � ��� 5 o�u�Z�
F� � 5�� ]�^ 3 ��� s � � 6 ��� * ����� ��� � 

���

5

DtX̃T = σ(Xt)Y
−1
t (ỸT − Ỹt), (106)

Ỹ 2
T = 2

∫ T

0

DtX̃Tσ(Xt)
−1Y 2

t dt. (107)

��� &�')(
DtXs = σ(Xt)Y

−1
t Ys1{t≤s}, (108)

5�7 6�� 5���� * � ∫ T

0
· ds

� ��6)�
Dt

(
∫ T

0

Xsds

)

= σ(Xt)Y
−1
t

∫ T

t

Ysds. (109)

X̃
�
Ỹ
�68 Z�Y�����>

DtX̃T = σ(Xt)Y
−1
t (ỸT − Ỹt). (110)

� ��� � (106)
m � 1�� � 6�
 � � � (107)

m � )�* � DtX̃T

� 3)4�� �0>
((107)

m � )�* ) = 2

∫ T

0

σ(Xt)Y
−1
t (ỸT − Ỹt)σ(Xt)

−1Y 2
t dt (111)

= 2

∫ T

0

(ỸT − Ỹt)Ytdt (112)

= 2ỸT

∫ T

0

Ytdt− 2

∫ T

0

ỸtYtdt (113)

= 2Ỹ 2
T − 2 ·

1

2
Ỹ 2

T = Ỹ 2
T .

���
3 &�')(

φ ∈ C∞
0

5 � � 
 1 8 � φ(X̃T ) ∈ L2(Ω) ����o�� ]�^ 1
5 � @�A � ?�# 5�7 6�
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φ ∈ C∞
0 � ��o1� ∂

∂x

�
Ex �"D � 4 � �	�46�� 5-� (42)

m ��_5` � 6 
 (43)
m � � � �

5
� ; a-<%=�?BA C � � ]%E U��

u′(x) = Ex[φ′(X̃T )ỸT ] (114)

= Ex

[

φ′(X̃T )Ỹ −1
T · 2

∫ T

0

DtX̃Tσ(Xt)
−1Y 2

t dt

]

(115)

= Ex
[

φ(X̃T ) · 2δ
(

Ỹ −1
T σ(Xt)

−1Y 2
t

)]

. (116)

z)2 4
� 8 Z�6)� �

δ(· · ·) = Ỹ −1
T

∫ T

0

σ(Xt)
−1Y 2

t dWt −

∫ T

0

σ(Xt)
−1Y 2

t DtỸ
−1
T dt (117)

= Ỹ −1
T

∫ T

0

σ(Xt)
−1Y 2

t dWt +

∫ T

0

σ(Xt)
−1Y 2

t Ỹ
−2
T

(
∫ T

t

DtYsds

)

dt. (118)

� � � (116)
m � 3-4E� �0> (44)

m+� 5 6$
 A BC+�, i 5 � σ(Xt) = σXt

�
Yt = Xt/x

�
ỸT = X̃T/x

�
(116)

m � 3)4�� �0> �

u′(x) = Ex

[

φ(X̃T )
1

xσ
δ
(

2XtX̃
−1
T

)

]

. (119)

�65 6�
 δ(· · ·) ����z�2 4
�68 ZF6"�

δ(· · ·) = 2δ(Xt)X̃
−1
T − 2

∫ T

0

XtDt

(

1

X̃T

)

dt (120)

= 2X̃−1
T

∫ T

0

XtdWt + 2

∫ T

0

XtX̃
−2
T DtX̃Tdt. (121)

��� 5 � (106)
m��68 Z(Y σ(Xt) = σXt

�
Ỹt = X̃t/x

�
ỸT = X̃T/x

� 3)4�� �F>
((121)

m � 9 2 : ) = 2

∫ T

0

XtX̃
−2
T (ỸT − Ỹt)Y

−1
t σ(Xt)dt (122)

= 2

∫ T

0

XtX̃
−2
T (X̃T − X̃t)X

−1
t σXtdt (123)

= 2σ

{

X̃−1
T

∫ T

0

Xtdt−X−2
T

∫ T

0

X̃tXtdt

}

(124)

= 2σ

{

X̃−1
T · X̃T + X̃−2

T ·
1

2
X̃2

T

}

= 2σ(1 −
1

2
) = σ. (125)

� � � (121)
m � 3)4�� �F> (46)

m4�65 6�
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A.4 ��� 4( � �������
��� �
���
 �� ! ) ��"�#
φ ∈ C∞

0

5 � � 
 1 8 � φ(X̃T ) ∈ L2(Ω) ����o�� ]�^ 2
5 � @�A � ?�# 5�7 6�


φ ∈ C∞
0 � ��o1� ∂

∂x
� Ex � +�,4�l.�/ 5 o�61� 5-� (48)

m ��_5` � 6 
 (48)
m � � �

5 � (107)
m�� 3)4�� 6��6; a)<%= ? A C � � ]�E U��
u′′(x) = Ex

[

φ′′(X̃T ) · 2

∫ T

0

DtX̃Tσ(Xt)
−1Y 2

t dt

]

+ Ex
[

φ′(X̃T )Z̃T

]

(126)

= Ex
[

φ′(X̃T )
{

δ
(

2σ(Xt)
−1Y 2

t

)

+ Z̃T

}]

. (127)

δ(· · ·) ��� � ����� 5�7 6/� 5�� ; a�<�=@? ADC � �1��	 C � � 
 o / �)�E�
((127)

m
) = Ex

[

φ′(X̃T )

{

2

∫ T

0

σ(Xt)
−1Y 2

t dWt + Z̃T

}]

. (128)

A)BC+�, i 5 � � � � � Z̃T = 0
�
σ(Xt) = σXt

�
Yt = Xt/x

� 3)4-� �F>
((128)

m
) = Ex

[

φ′(X̃T ) ·
2

x2σ

∫ T

0

XtdWt

]

. (129)

� � � �
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