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I. Introduction

One of the basic approach to estimate the principal features of time series data
with relatively complex structure is to apply a statistical model based on the stochas-
tic process. A premise of stationary process permits the robust modeling of time
series as the established stochastic process theory, which emphasizes the effective-
ness of economic time series analysis. Detrending or differencing of original econo-
mic series are so far widely used for this purpose, because almost all economic series
are nonstationary. In addition to this, if we can apply a sufficiently practical time
evolving model expressing the nonstationary state of time series, then it would be
natural to expect that such a model would produce more implications.

Typical examples of nonstationary economic time series are nonstationary in the
mean, that is the series of which trends are changing, and nonstationary in the
covariance, that is, in which the statistical characteristics of the fluctuation around
the trend are changing over time. The changing pattern of detrended series may
occur slowly or abruptly. Abrupt change may suggest structural changes. According-
ly, to attempt to distinguish whether the series is stationary or nonstationary will be
important in economic analysis when applying a model based on the stochastic pro-
cess. The purpose of this paper is to examine the nonstationarity of detrended
economic time series from the statistical viewpoint.

The approaches used in this paper are based on Kitagawa-Gersch (1984, 1985a)
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as can be seen in II., which aim to estimate stochastic trend and to find changing
statistical evidence detrended time series using time evolving autoregressive coeffi-
cient model. Also we attempt to examine structural changes observing the statistical
abrupt changes in the series. It is often suggestive of a change in the economic
structure.

From III. to V., the application results fitted to the above-mentioned methods
are shown. In III., Japan’s and the U.S. money supply and GNP are examined. In
IV., the movement of Marshallian k of Japan and in V., real money stock for Japan
and the U.S. are treated, respectively. Results are quite suggestive in the following
sense, that first in Japan, since around the year 1975, the range of the fluctuation of
the M,+CD has been decreasing while that of nominal and real GNP have similarly
continued to decrease from nearly the conterminous period, which suggests that
there have been structural changes around that period. This period corresponds
almost to the same period when the Bank of Japan made much account of money
supply. The results obtained here are similar views by Oritani (1981), Okubo (1983),
and Suzuki (1983), though they analysed from another point of view, that in Japan,
the stabilization of money supply brought about the stableness of the growth rate of
real GNP. In contrast to this, the U.S. money supply (M;, M,) and nominal and real
GNP have been continuously showing big fluctuations. These differences between
Japan and the U.S. confirm the assertions of Friedman (1985).

Second, the Japanese real money stock, M; and M,+CD change in the trend
during the 1973-1974 period. This period was so far generally stated that a structural
change seemed to occur. Besides, the time evolving model reveals that changes can
be seen in the detrended series. Noteworthy is that after 1980 there are suggestive
movements of structural changes, especially in M. In this regard, further studies and
observation will be required in relation to the assessment of the effect of financial
innovation and liberalization.

In a strict sense, it is not likely to state clearly whether a detrended series is
stationary or nonstationary on actual data. Naturally, the statistical features of de-
trended series as well as the trend crucially depend upon the sample period.
Although the advantages to analyse economic time series on a stationary assumption
have to be recognized, the results in this paper reveal that it is also necessary to
analyse the series as a nonstationary process in order to obtain further implications.
To capture the relationship among economic variables, a multivariate model will be
necessary. Even in such cases, first of all, comparative statistical analyses of econo-
mic time series of every kind are made. In this sense, the methods presented in this
paper is of great significance to observe the statistical features of economic time
series as a first step in a proper economic analysis.
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II. A Statistical Approach to the Nonstationary Economic Time Series’
1. The Kitagawa-Gersch Approach

As mentioned previously, we examine the statistical properties of the economic
time series that are nonstationary in the mean and the detrended time series that are
nonstationary in the covariance.? The analysis of mean nonstationary series is to
estimate the trend and examine its change. For the nonstationary in the covariance
time series, the series which exclude estimated trend are examined. For this purpose,
we use the Kitagawa-Gersch method in this paper. Critical ideas in their methods are
as follows:

First, trends are estimated stochastically using a smoothness priors-state space
modeling. Trend may vary depending on the object, purpose, and period of analysis.
However, intuitively fitted deterministic trend is not always appropriate when trend
is likely to change over time, particularly when we pay much attention to the fluctua-
tion around the trend.’ If sufficiently practical stochastic trend can be estimated, we
can expect up-to-date implications such as changes in tendencies which were not
realized enough in deterministic trends.*

Second, the covariance structure of detrended time series is examined by means
of time varying autoregressive coefficient model.> As the general assumption, the
statistical characteristics of detrended series may change smoothly over time,

1. Takeuchi (1974) emphasized regarding the stationary and nonstationary state of economic time
series that, though assumption on stationary state often seems unrealistic, we may not be able
to apply the statistical method if we do not assume some ‘repeated observed value’ in a time
change. He also anticipated to proceed concerning this problem with mathematical study and
empirical analysis based on the actual data.

2. The outliers or the missing values are also other examples of nonstationary time series. Discus-
sions based on the unit root are also well known. But, in this paper, we focus mainly on the
changing features of the detrended series, which are used more often in recent empirical
analyses depend on weak stationarity.

3. See, for example, Nelson-Plosser (1982) concerning the problems when deterministic trends
are excluded.

4. There are several attempts concerning the estimation of stochastic trends (for example, Stultz-
Wasserfallen (1984), Watson (1985)). Therefore, an estimation of a stochastic trend is not
enough features of the Kitagawa-Gersch method. Their idea is connected to the use of the
likelihood of a Bayesian model for model selection. See note 6.

5. In this paper we use the term not “varying parameter model”, but “time varying coefficient
model” because, generally, a system in which input-output state does not change with time is
called “time invariant system” and a system which changes with time is called “time varying
system”.
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moreover, step changes or shifts are also considered. The smoothness priors con-
straints are imposed on the evolution of the time varying autoregressive coefficients.

Third, a smoothness priors methodology and the use of the likelihood of a
Bayesian model is used as a measure of the goodness of fit of the model. The ideas
aim at constructing a highly practicable statistical model. As the smoothness priors,
the information with regard to the time series components and their stochastic
changes are used. The best model is selected by using the minimum AIC procedure.®
In addition, the model assuming slow changes over time and the model considered
step shifts at some period are compared.

There are a number of studies regarding the varying coefficient models, but the
examples of the application of the time varying autoregressive coefficient model to
economic analysis are rare. Doan, Litterman and Sims (1984) attempts to apply the
time varying autoregressive model, but their approach is different from the metho-
dology adopted in this paper.” Kitagawa and Gersch aim for a relatively straightfor-
ward method for the modeling of nonstationary covariance data. In their method,
Kalman filter is used to facilitate the likelihood computation. However, it is well
known that reliable estimation cannot be obtained from Kalman filter unless the
model is well defined and also identification of the model is essential. A consequence
of Kitagawa-Gersch’s idea of the use of a smoothness priors and the adoption of
model selection criterion encourages more extensive applications.

The followings are the outline of the methods used in this paper.

2. Nonstationary Time Series in the Mean—Estimating Stochastic Trend®

Observed time series y(n) can be decomposed into trend, stationary factor,
seasonal factor, trading-day factor, and observation noise. Each component is consi-
dered to follow the stochastic process.” Then the trend component satisfies a k-th

6. In this regard, Kitagawa-Gersch (1985-a) state in their survey that “In none of the above
mentioned papers does the concept of the likelihood of a Bayesian model or of a hyperpara-
meter nor anything related to smoothness priors appear.”

7. The so-called time varying models so far tried to apply in economic analysis may be broadly
classified into two types: the one is multivariate regression type and the other is an application
of Kalman filter. Both methods deal with nonstationary time series. Already in the 1940s and
50’s, studies of time varying coefficient models can be seen. For historical brief survey, see, for
example, Pagan (1980), Nicholls-Pagan (1985) and Los-Kell (1985). Concerning the examples
of time varying autoregressive coefficient models, see the references in Kitagawa-Gersch
(1985-a).

8. In detail, see Kitagawa-Gersch (1984), and also on the application to Japan’s economic series,
see Naniwa (1985).

9. For simplification, trading-day factor can be considered deterministically.
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order stochastically perturbed difference equation
Vit(n) = wi(n) : wi(n) ~N(0, 7 %) 1)

where V denotes a difference operator such as Vt(n)=t(n)—t(n—1), and w;(n) is an
1.i.d. sequence. With other components, stochastic trend is represented by a state
space model
x(n) = [F, x(n—1)+[Gy wi(n)
Fz Gz
Fs Gs
F4 G

@

y(n) = [HiH.H3H(n)] x(n)+ e(n) (3)

where (F; G, Hy), (F, G, Hy), (F; G; H3), (F4 G4 Hy(n)) represent coefficient matrix
of trend factors, stationary factors, seasonal factors, and trading-day factors, respec-
tively. x(n) is a state vector which includes each factor and w(n)=(w;(n) (i=1,....,4))’
are assumed to be normal i.i.d. stochastic terms with zero means and unknown
variances t % (i=1,....,4), which correspond to each factor. () denotes transposi-
tion. Observation noise € (n) is assumed to be normal i.i.d. with zero mean and
unknown variance o2,

In Equations (2) and (3), trend factors can be given using the notion of Equation

(1) as
x1(n) = [t(n), tth—1), = , tin—k+1)]

Fi=[Cioeeee Ci-1 Ci),G1 = (1], H; = [1 0--0]
1 o0 0 0

where x;(n) denotes the trend part of state vector components, C; (i=1,.... k) reflects
smoothness constraint determined in difference Equation (1).

The unknown parameters in the state space representation (2) and (3) are order
k in stochastic difference equation, order p in the autoregressive process
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p .
v(n) = 21 ao(n—1)+ wa(n) )
i=

which is represented in F, of Equation (2), variance 72%(i= 1, 2, 3), o ? of stochastic
term and coefficient «;(i=1,...,p) of Equation (4). Recursive Kalman filtering and
smoothing yield the estimates of the state vector x(n) and the likelihood for the
unknown variances. Then

o maximum log number of ) 5
AIC = —2x (likelihood >+2 X (parameters ©)

are obtained. According to Akaike (1974), AIC is used as a criterion for model
selection.

3. Nonstationary Time Series in the Covariance — Time Varying Features of
Detrended Series'’

Let the estimated trend at time n from N observations y(1),...,y(N) be t(n|N),
then the detrended series

z(n) = y(n)—t(n|N) (6)

is assumed to be nonstationary time series in the covariance structure. The detrended
observations z(1),...,z(N) can be expressed as a time varying autoregressive (AR)
coefficient model

2(n) = % ali, n)z(n—1)+ e(n) )

where m is the model order, and ¢ (n) is white noise with mean zero and variance
a 2. Coefficients a(i,n) are assumed to change gradually over time. A useful con-
straint model for time varying coefficients is obtained by the stochastically perturbed
difference equation. If the coefficients behave like a random walk and the successive
values of the coefficients a(i,n) and a(i,n—1) are approximately equal, then the time
varying coefficient can be expressed by the first order stochastic difference equation
with the stochastic term ¢ (i,n) as

a(i,n) = a(i,n—1)+8(,n) (8)

where ¢ (i,n) is a Gaussian white noise with mean zero and variance 7 2. Likewise, if

10. See Appendix I.
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the change of the coefficients is gradual and is approximated by a local linear func-
tion, a second order stochastic difference equation

a(i,n) = 2a(i,n—1)—a(i,n—2)+8(@i,n) 9)

can be considered.

In general, time varying AR coefficient model is obtained by k-th order stochas-
tic difference equation

V¥a(i,n) = ¢(i,n) (10)

where V denotes difference operator defined by Va(i,n)=a(i,n)—a(i,n—1) and

0 (i,n) is assumed to be Gaussian white noise sequence with mean zero and variance
2

Te,

Defining the state vector x(n) by
x(n) = [a(1,n),*-,a(m,n), -, a(l,n—k+1),--,a(m,n—k+ 1]’

(' denotes transposition), then the time varying AR coefficients can be expressed in
the form of a state space model.

x(n) = Fx(n—1)+Gw(n)

(11)
z(n) = H(n)x(n)+ &(n)

In (11), w(n) is the vector w(n)=( & (i,n),..., & (m,n))’, F,G,H(n) are coefficient
matrices and z(n) is the detrended observation.
Using Equations (7) and (10), state space model (11) is defined in general form

as
x(n) = [a(1,n) = P : a(ln—-1) |+ 8(1,n) ]
E C]Im E s E Ck— IIm E CkIm : Im M
a(m,n) P : a(m,n—1) 8(m,n)
a(ln—1) a(l,n—2)
: | 0 0 0
a(m,n—1) a(m,n—2)
a(ln—k-+1) E a(ln—k)
: 0 (- Im : O : 0
a(mn—k+1) | o : a(m,n—k)

z{n) = [z(n—1),----- ,z(n—m),0 -+ 0]x(n)+e(n) (12)
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with m X m identity matrix I, and coefficients C;(i=1,...,k) which constraints the
smoothness of the time evolving AR coefficients determined by order k in Equation
(10).

The unknown parameters in the state space model (12) are the orders m, k and
the ratio of the variances #2= %/ a2 The last ratio can be interpreted as the
trade-off parameter between the (in)fidelity to the difference equation and the (in)
fidelity to the data.

Given the state space representation in Equation (12) for the smoothness priors
constraints on the time varying coefficient AR model, the fitting of the model to the
data z(1),..., z(N) is achieved by maximizing the likelihood

N R _ Nv(n)?
log L{#*lmk) = —%" log 27— 2 log r(n) 225 (n) (13)

by the Kalman filter, specified by the orders m, k and the trade-off parameter #2. In
Equation (13), v(n) and r(n) denote innovation and the covariance of the state
vector.

For the fitted model, the AIC (5) is used, using the maximum likelihood esti-
mate of the parameters of the model which is obtained by maximizing (13). Based on
the fitted model, changing cyclical components are estimated from the instantaneous
spectral density of a time varying AR coefficient process by

p(f,n) = T o*(n) 3’ *%éfé% (14)
1— g}l a(j,n)exp(—2rijf)

where f denotes frequency, i is imaginary unit and ¢ *(n) is time varying variance.

In time varying AR coefficient model (10), the changes of the coefficients are
considered to evolve gradually and smoothly over time. To represent abrupt or step
changes, smoothness constraint of the coefficients which is defined in stochastic
vector w(n) in Equations (11) or (12) are removed. That is, when abrupt change
occurred at time j, the model assumes that the variance 7 2j1 and 7 2]-2 , which are
estimated from time 1 to time j—1 and the rest of time, respectively, are not equal. If
AIC obtained from the abrupt change model is sufficiently smaller than that of the
gradual changing model, then we consider that the model suggests the structural shift
at time j, which reflects the abrupt change of the actual data more naturally.!

11. See Appendix II. Also, in Equation (11) we assume the normality of w(n) and € (n), but there
is a possibility that structural changes can be expressed more clearly by assuming non-
normality. See Kitagawa (1985) concerning this.
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To select the model using the AIC when the abrupt change occurred, we consid-
er three cases. First, the change in the covariance structure is always gradual and
there is no steep shift. Second, there are structural shifts and the time of the shifts are
known in advance. Third, on the assumption that there is shift in the series, the time,
at which the shift occurs, is searched by the model which described abrupt change. In
the last case, we proceed on the assumption that there is the possibility of shift at
each period in a statistical sense. In this paper, we consider the first and the third case
because the time of the structural shift is unknown. The AICs obtained from the
fitted model on the third case are compared with the AIC on the first case. One
criterion we adopt here to assess these models is the AIC. If the AIC on the third
case model is as smaller than the AIC on the first case as the extent of the log value of
the number of samples,'? then we select the third case model.

Traditional approaches via fitting of locally stationary models will also be helpful
to evaluate the nonstationary of the covariance structure. Even in this application,
the use of the AIC is helpful as a criterion for model selection.!?

In the following chapters the analysis of the trend and the detrended series of the
GNP, money supply and money stock of Japan and the U.S. are shown.

III. Application to Money Supply and the GNP

Friedman (1985) asserted that stability in the economy and a steady reduction of
inflation in Japan post-1973 was due to the stable monetary growth, while the unst-
able monetary policy of the U.S. caused instability in the economy. Such assertion
has always been advanced by monetarists and it is also a fact that the observed series
in both countries reflected their insistence.'*

Following is a statistical examination of Friedman’s assertion concerning GNP

12.  If the number of samples is n, then the probability of choosing the one time at which the shift
occurs is 1/n. If this point in time is j, the probability that likelihood L(j) occurs is
P()L()=L(j)/n. When considering log likelihood, then the right hand side is logL(j)—logn.
On the other hand, if we assume the probability without any shift as p(0)=1, then log
likelihood becomes logl(0). So, we consider that, when j=0, difference is about —logn. In
this regard strict statistical procedures will be required which take into consideration concern-
ing the search for outliers. In this paper we use the values introduced above as a yardstick.

13. See Appendix 3.

14. In Japanese case, studies regarding stable money supply and the stability of GNP growth are
shown in Oritani (1981), from the point of “The negative effect of inflation on the economic
growth rate”, and Okubo’s (1983) causality analysis. Based on their works, Suzuki (1983)
furthermore discusses the effects of money supply on prices and the business activities. In the
U.S., on the other hand, the disputes of real business cycles are flourished.
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and money supply of the two countries using the stochastic trends and time varying
AR coefficient models.

1. Japan’s Money Supply and GNP

(1) Changes in trends and in detrended series

Trends of money supply (M,+CD average balance), nominal and real GNP are
shown in Figure 1.1 In order to estimate the trend, the rate of change over the
previous year is used.'® This figure illustrates that, after the rate of change in
M,+CD showed great increase around 1972-74, it declined gradually along with the
declining of the growth rate of the nominal GNP. However, the growth rate of real
GNP has not declined since 1975.

The deviation around the estimated trend, that is, the detrended series of the
rate of change!” is shown in Figure 2. Before 1975, M,+CD showed a wide range of
fluctuation and also the fluctuations in the nominal and real GNP are great and
unstable. However, following around 1975, fluctuations in the rate of change of
M,+CD have become small and, at the same time, the similar pattern can be seen in
the growth of nominal and real GNP. These tendencies suggest a structural change.

The period of the structural change is one of the major concerns to review or to
foresee economic activities and economic policies. The structural change may arise
from institutional, organizational or some economic situation. We try to analyse it
here from the change of the covariance structure using time varying AR coefficient
model. Estimated AICs obtained from the time varying AR coefficient models ap-
plying to the detrended series of M,+CD, nominal and real GNP are shown in Figure
3. A straight line parallel to the horizontal axis in Figure 3 is AIC of Case 1 and
broken line is AIC of Case 2 in Table 1, respectively. Model of Case 1 assumes a

15.  Order k in stochastic difference Equation (1) and p in autoregressive process (4) are given
respectively from 1 to 3 when estimating the trends. The results we adopted here are based on
the minimum AIC. This is the same in the following unless we stipulate otherwise. Orders (k,
p) of M,+CD, nominal GNP, and real GNP on Figure 1 are respectively (2, 2), (2, 3), (3, 2).

16. The method adopted in this paper should be applied to original series which include seasonal
factors. It may not be appropriate to apply it to the rate of change over the previous year in
the strict sense. But here, we use the rates of change according to established usage and they
are observed attentively in actual survey. The periods of the data are 1968 1-1984 IV for
M,+CD, and 1966 1-1984 IV for nominal and real GNP. Also, Friedman (1985) uses the
average of end of quarter. In this paper we use average balance to smooth irregular move-
ments. The latter trend does not greatly diverge from the former.

17. The autoregressive component plus irregular component estimated from Equations (2) and
(3). The same is in the following.



VOL.5 NO.1 DETRENDED ECONOMIC TIME SERIES 227

Figure 1 Rates of change Figure 2 Detrended series of Japan’s
of Japan’s M, +CD and GNP M, +CD and GNP
over previous year and

their trends

—————— rate of change over previous year
trend
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—5- —  —154

1966 1970 1975 1980 1985 1965 1970 1975 1980 19'85
(Year) (Year)

gradual change in the covariance structure and models of Case 2 assume a shift at
each period.!® Figure 3 implies that if AIC in Case 2 is sufficiently smaller than that
of Case 1, the models in Case 2 reflect the actual movements more clearly than the
model of Case 1 and minimum AIC model in Case 2 suggests'® the period of step
change in the covariance structure.

18. AICs of Case 2 in Table are shown in the 1970-82 period for considering to observe the
post-7(0’s movement.

19. To compare AIC in Case 1 and Case 2, we consider the log of the number of samples (See
note 12).
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Figure 3 AICs estimated from time varying AR coefficient models (see Table 1)
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* In charts (b) and (c), and hereafter, the indication of cases 1 and 2 are left out.

Observing each series in Figure 3 from above point of view, the AICs of Case 2
in each period in 70’s are lower than the AIC of Case 1, especially in mid-70’s. These
facts imply that substantial change has occurred in the covariance structure. For
further details, the AICs of money supply in Case 2 are smaller in the period
1973-75, and those of nominal and real GNP are smaller in 1973-76 relative to other
periods and than the AICs in Case 1. When we notice the minimum AIC, nominal



VOL.5 NO.1 DETRENDED ECONOMIC TIME SERIES 229

and real GNP are seen in 1975-76, lagged after M,+CD of which minimum AIC can
be seen in 1973-75. These results suggest the periods of big change in the features of
the fluctuations.

(2) The statistical features of detrended series

On the basis of the previous results, time evolving statistical features can be
more fully expressed by the instantaneous spectral density using the fitted models.
As illustrative examples, the figures of changing spectral analyses can be helpful to
discern the evolving cyclical components.

Figure 4 shows the changing cyclical component based on the fitted model
selected by the AIC.? The horizontal axis represents the cycle (in the figures scale is
shown as frequency: the inverse of the cycle) and the vertical axis shows the relative
strength of the cyclical components (energy of power spectrum). The individual
curves which are laid on a time axis are estimates of the log power spectral density
versus frequency using the time varying AR coefficients and variances. The results of
the estimated model are more fully expressed to reveal changing phase of cyclical
components. Figure 4 portrays that since 1973 power of the cyclical components of
money supply have moved with stability in contrast to changes in pre-1973 and the
peak frequency decreases smoothly. More close inspection reveals that recently not
only the longer term cycles (around 0.1 frequency (about 10 periods)) but also
medium and shorter term cycles (around 0.3-0.4 frequencies (about 2.5-3 periods))
have been stronger in some degree though the changes are gradual. On the other
hand, the powers of nominal and real GNP decrease greatly after the time of shift,
and thereafter, the fluctuations become smaller.

Figure 5 shows changing variance. The models used are the same as those used
in Figure 4. The variance of M,+CD and of real GNP tend to decrease after the shift
period though the variance of nominal GNP does not decrease greatly after shift
period.?!

Above results demonstrate that after the Bank of Japan began to watch the
money supply as an intermediate target in the mid-1970s, there occurred a structural
shift in the direction of the stable monetary growth and, after that, nominal and real
GNP shifted structurally in the direction of stabilization.

20. Figure 4 was based on the model that a shift occurred only once in a period. However, as can
be seen in Figure 3, there are other periods with relatively smaller AIC. When we assume
there were shifts in two periods, AIC of M,+CD does not become so small, and with regard
to nominal and real GNP, the periods which indicate smaller AIC are so close to that we
showed the figures as examples that big shift occurs only once.

21. To modulate the relatively fast wiggles of a nonstationary covariance time series, data are
transformed by the envelope function. See Appendix II.
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Figure 5 Changing variance
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Note: Vertical scale shows the power of ten.

2. The U.S. Money Supply and GNP

(1) Changes in trends and in detrended series

Bearing in mind above results of money supply and GNP in Japan, let us look at
the U.S. series. To measure of money, M, is assigned greater importance in the U.S.
However, noting the correspondence with Japan, M, is examined at first, then M, is
treated. The sample period is the same as in Japan’s case.

Figure 6 shows the rate of change over the previous year of M,, nominal and real
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GNP and their trends. The detrended series are shown in Figure 7.

Comparing with Japanese series, it can be said that the changes of trends and of
detrended series are different from those of Japan. The trends of the U.S. M, and
real GNP continue to move broadly stationary, while the trends of Japan’s monetary

and real GNP growth rate changed from high growth to low growth as a whole. As to
the movement around the trends, each series continues to exhibit wide range fluctua-
tions. It is also contrast to Japanese detrended series which have decreased the range
of fluctuation since mid-1970s as seen in Figure 2.

Figure 6 Rates of change of the Figure 7 Detrended series of the
U.S. M, and GNP U.S. M, and GNP
over previous years and
their trends
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The AICs of the fitted time varying AR model are shown in Figure 8. The AICs
indicate that after big change occurred in M, in the first half of the 1970’s, the
changes of fluctuations seem to be gradual after the mid-1970s. Also, the AICs of
nominal GNP imply in general, that the change does not occur so abruptly though
anges seems to rise after 1980. On the other hand, big changes can be

relatively big ch

DETRENDED ECONOMIC TIME SERIES

seen in real GNP in 1975-76 and after 1980.

Figure 8 AIC estimated from time varying autorégressive coefficient models
(see Table 2)
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(2) The statistical features of detrended series

Changing cyclical components and changing variance are shown in Figures 9 and
10, respectively. As the AIC in Figure 8 implies, M, shows the big change in the
covariance structure in the first half of the 1970s. However, the variance of M, in
Figure 10(a) depicts similar pattern even in the first half of the 1970s. This indicates
that larger fluctuations around the trend have been continuing. In the late 1970s, the
variance of M, has been likely to begin to reduce, but in the 1980s it increases again.
Thus, it may be said that M, in the U.S. did not shift in the direction of stability as
seen in Japan’s M,+CD.?> Meanwhile, as seen in Figure 9(a) the cyclical components
of M, shows the strong power in the longer cycle term (around 0.08 frequency (about
12 periods)) at the early 1970s. However, after 1980 the medium term cycles around
0.12 frequency (about 8 periods) become gradually stronger. Moreover, after the late
1970s shorter term-cycles (around 0.4-0.5 frequencies (about 2 periods)) also be-
come stronger.

In contrast, nominal GNP does not reveal great changes in the pattern of fluc-
tuations as seen in Figure 9(b) but Figure 10(b) imply a gradual increase of variance.
It is also opposite tendency to the decrease of fluctuation as seen in Japan’s nominal
GNP. While, the cyclical components of real GNP shows great changes before and
after the shifts in the two periods as seen in Figure 9(c), and Figure 10(c) suggests the
variance of real GNP also showing increasing tendency.

Above results show more clearly that there seemed to be no structural changes
in the direction of stability of money supply in the U.S., and the range of fluctuations
with regard to actual economic activity also remains bigger. In this respect the results
also accord well with Friedman’s argument.?

22.  Asseen in Figure 5, variance of Japan’s M,+CD has declined to below 10 .. But the variance
of the U.S. M, remains greater than 10° though once the variance decreased at the beginning
of 1980s. It indicates that the fluctuation of money supply is larger than Japan.

23. “Inso far as U.S. policy can be said ever have to been monetarist, it was so solely in rhetoric,
never in performance. Since the Fed adopted temporarily the rhetoric of monetarism in 1979,
monetary growth has been more unstable than in any other postwar period of comparable
length.” (Friedman (1985)).

Also Bombhoff (1983) states concerning the U.S. money supply between 1979-82 as “... in
retrospect it is clear that the Federal Reserve never adopted the monetarist proposal for a
gradual and planned elimination of inflation, but opted instead for policies that were much
more variable and unpredictable than before. Policymakers found the “monetarist” label
convenient, both because it absolved them from direct responsibility for the high interest rates
that could be caused by a more restrictive policy, and because it would help to deffuse any
criticisms from Karl Brunner, Milton Friedman and Allan Meltzer, the three best-known
independent experts on U.S. monetary policy and three advocates of planned money
growth.” (p.219) See, also Meltzer (1986).
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Figure 10 Changing variance
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(3) Changes in the U.S. M,

As a measure of the U.S. money, M, was examined in the previous section to
compare with Japan. Here, we try to observe the U.S. M; movement which is
assigned greater importance in the U.S. and used widely in empirical analyses.

The estimated trend and the fluctuations around trend are shown in Figure 11.
The trend of M; continues to increase monotonically and the change in the trend
itself is not likely to appear. Also, the movements around the trend continues to
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Figure 11 Rates of change over the previous year of M; and its trend (a) and
detrended series (b)
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Figure 12 AIC of the U.S. M, estimated from time varying AR coefficient model
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exhibit wide range fluctuations and its range seems to increase gradually in recent
years. The AIC in Figure 12 implies that the change of the covariance structure is not
so remarkable in 1970s, but some bigger changes are suggested after late 1970s. The
change in the variance in Figure 13 indicates that the variance continues similar phase
which implies that fluctuations of M; continues throughout. Accordingly, the move-
ment of cyclical components shows similar pattern, but it may be noticeable that the
power of the longer term cycles (around 0.1 frequency (about 10 periods)) and the
shorter term cycles (around 0.3-0.4 frequencies (about 2-3 periods)) are gradually
increasing especially after the beginning of 1980s which the AICs in Figure 13 sug-
gested. The changes of the U.S. M; seems to be larger than the U.S. M,.

IV. Application to Marshallian k

Taking the results in III. into consideration, let us observe the fluctuation of
Marshallian k in Japan as one indicator to observe a relation between Japanese
monetary and real economy. The movement around the trend especially noted to
evaluate the level of liquidity in the national economy. In general, the ratio of money
to nominal income is used. We attempt to use here the sum of nominal aggregate
demand and the intermediate transactions. Thus, Marshallian k adopted here can be
expressed as the ratio of M,+CD to nominal aggregate demand plus intermediate
transactions.*

The sample period is from the first quarter of 1967 to the second quarter of 1985.
The series are seasonally adjusted. The estimated results are shown in Figures 15 and
16. The trend has been rising right along and in recent years it shows more upward
tendency. When the trend is estimated by a linear deterministic function, time evolv-
ing change of the trend cannot be examined, but only fitting the local linear trends by
separating the sample periods are examined. The estimated stochastic trend reveals
that the trend analysis is also important in addition to the analysis of the deviation
from the trend. As seen in Figure 15(b), the trend itself shows distinct upswing
post-1980, which suggests a need for the trend analysis as to whether this reflects a
change in the economic structure. Around the trend, a cyclical fluctuation through-
out the sample period can be seen. To interpret this behavior, further examination
will be interesting following the analysis of the movements of both money and actual
economy, but here we shall look into it mainly from the statistical point of view.

Figure 16 shows that the fluctuation seems to be smaller after 1975. In fact, the
fitting result of time varying AR coefficient model in Figure 17 implies that at the

24. The reason for the use of the nominal aggregate demand and intermediate transactions is
described in the special paper of the Bank of Japan (1983).
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Figure 15 Marshallian k and its trend
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beginning of the 1970s there seemed to occur relatively big change, but the biggest
change arose around 1975,and except for those two periods, AIC has been relatively
stable.

Changing cyclical components are illustrated in Figure 18. The estimated model
is considered a shift occurred in the second quarter of 1975, when the AIC became
minimum since 1970. Power of the deviation becomes evidently smaller after the
shift, and subsequently, stable movement can be observed. The changing variance
shown in Figure 19 tend to behave almost in similar pattern since the time of the
shift, but the AICs in Figure 17 suggest some bigger changes after 1980. One example
is seen in 1982. The AIC in Case 2 becomes smaller than that of Case 1 in the third
quarter of 1982. This tendency appears in longer term cycle in Figure 18. In this
regard, also, further examination will be interesting taking into consideration such as
the effect of financial innovation in progress or liquidity in the economy. Assuming
there have been two step changes, inferring from the AIC of Case 2, two shift change
models are estimated. The AICs of the fitted models are shown in Case 3 in Table 3.
The smaller AIC implies that the periods are the fourth quarter of 1971 and the
second quarter of 1975. But, the AIC of this Case (113.6) is greater than the minimal
AIC in Case 2, which suggests that there were no two big changes in the 1970s.

The results of the Japan’s Marshallian k also indicate that in the mid-1970s there

Figure 18 Changing cyclical
components of Marshallian k Figure 19 Changing variance
(a shift assumed in 1975 1II)
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is likely to be a structural shift in the direction of stability as observed in money
supply and real GNP.

V. Application to the Real Money Stock

There have been a number of issues regarding the money stock stability through
the arguments of the demand for money function of which various approaches are
considered.” To argue the factors for the stable real money stock, empirical and
theoretical approach about specifications have to be taken, and to corroborate by
actual data, multivariate model will be helpful. In this section, however, we shall not
treat with these problems further but pay attention solely to the statistical features of
the real money stock behavior.

1. M, and M,+CD in Japan

In Japanese case, Tsutsui-Hatanaka (1982) showed that, first, the real money
stock M;/P (P denotes GNP deflator, hereafter the same) seems to exhibit remark-
able similar behavior to the missing money in the U.S., though as a whole it is more
stable compared with M;/P in the U.S., and the behavior suggests a structural
change. Second, (M,+CD)/P is more stable than M,/P. Hamada-Hayashi (1983) also
state that they noticed a change in the trend of M;/P and M,+CD/P around 1973 and
1974, which is suggestive of a structural change and after those periods movement
become stable. On the other hand, Ishida (1984) examined both the simple sum and
Divisia index of money supply and indicated that the instability of money could be
seen after 1977 in the simple sum by contrast with the Divisia index.?® Kama (1986)
also shows the instability of M,+CD than M, after 1977. Thus, there is divided
assertion on whether there was a shift after 1974.

In the meantime, there are arguments concerning the method used in the ex-
amination of a structural shift. Tsutsui-Hatanaka used the confidence belt ,%’ and
Kama attempts to use the method proposed by Brown,Durbin and Evans (1975).
However, the Chow-Fisher test is used in many cases. Regarding this, for example,

25. See for example, Tsutsui and Hatanaka’s survey (1982) concerning Japan’s demand for money
function and also see Komura (1985).

26. According to Ishida (1984), the year 1977 was the period when the prediction error of demand
for money function using the Divisia Index became larger.

27. Hatanaka (1974)
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Cargil (1985) points out that this test is not always appropriate for the examination of
cumulative movements over a long period of time, particularly in the case of Japan,
where gradualism is generally accepted. Cargil proposes the application of a time
varying parameter model to examine the structural change.?®

Bearing the above points in mind, we shall now examine the statistical features
of the real money stock using a time varying AR coefficient model.

(1) Trend and the fluctuations around the trend

The estimated trends of M;/P and M,+CD/P and their rates of changes over the
previous years are shown in Figures 20 and 21, respectively. Sample periods are from
the first quarter of 1965 to the fourth quarter of 1984 for M;/P, and from the first
quarter of 1976 to fourth quarter of 1984 for M, +CD/P. The figures show that the
upward tendency of M/P began to slow down after 1973, and in 1974 the rate of
change became negative, which indicates that there was a prominent change in the
trend around 1973-74. Further in 1980 the rate of change became negative again
which also shows a big change in the trend.?® On the other hand, the rate of change of
the trend of M,+CD/P, began to decrease since 1975 and became negative in 1976.
But, thereafter, the rate of change increased and continued a stable movement that is
different from the M,/P.

The trend of both M/P and M,+CD/P change rather bigger around 1973-74
that corresponds to the period of structural change according to previous studies.
However, as for the change in the trend of M;/P seen in 1980, further examination
will be necessary whether it was a structural change or not .*

The detrended series of M,/P and M,+CD/P are shown in Figure 22.%! In the
figure, M;/P shows that there is a shorter term fluctuation, while M,+CD/P has
moved stably with a smaller fluctuation after the bigger cycle fluctuation in the 1970s.

The AIC estimated from the time varying AR coefficient model is shown in
Table 4. At first glance, the AIC of M/P suggests that there have been big changes in
1974 and after 1980 as seen in Case 2 of Table 4(1). These years nearly correspond to

28. Cargil’s indication is concerning the demand for money function. In this respect, the analysis
shown in this paper can be regarded as a preliminary study of the issues.

29. The year 1980 is said to be a period when the velocity of circulation of M; changed. In 1980
trend began to rise.

30. There is a view that M, +CD shows similar behavior when applying the Divisia index (see, for
example, Ishida (1984)).

31. Also seasonally factors are removed to stress fluctuating movements. Seasonal factors are
estimated from the method mentioned in II (2).
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Figure 20 Trends of M, /P and M, +CD/P in Japan
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Figure 21 Rate of change of the trend over the previous years
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Figure 22 Detrended series of M, /P and M, +CD/P
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the period of big changes in trend as seen in Figure 21 when the rate of change of the
M,/P was negative. Likewise, the AICs in Case 3, estimated on the assumption that
there were two step changes and the periods of changes were selected from the
smaller AIC in Case 2, imply changes after 1980 are also rather bigger. As to
M,+CD/P, the AIC of Case 3 are greater than the minimal AIC in Case 2, which
suggests that there was no big shift after 1974.

(2) Statistical features of detrended series

Looking at the changing cyclical components in Figure 23, a distinctive feature
for My/P is that a big change occurs even after 1980 by comparison with the periods
before that year. As the sample periods after 1980 are so short that we cannot
conclude definitely. Thus, let us examine it by another way. '

When looking at detrended series of M;/P in Figure 22(a), the fluctuations seem
to be exceptionally larger around 1973 and 1980 than other periods. It may not be so
strange that we assume the behavior in those two periods are unusual caused by some
temporary shocks and except for these periods there were no structural changes as a
whole. One way is to apply a locally stationary model, at first, to the whole period,
after excluding outliers which are the periods of unusual behavior. Next, after ex-
cluding outliers, the series are divided into three periods where dividing points are
the periods of excluding outliers. Then, to each period the locally stationary models
are fitted. If the covariance structures are not changed before and after the shifts, the
stationarity of the fitted model will be similar. For the divided periods we select; (1)
from first quarter of 1965 to first quarter of 1972, (2) from first quarter of 1974 to
fourth quarter of 1979 and (3) from third quarter of 1980 to fourth quarter of 1984.3

The results show that when the model is fitted to the whole period, from the first

32. As to locally stationary AR model used here, see Appendix 3.
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Figure 23 Changing cyclical components
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quarter of 1965 to the fourth quarter of 1984 excluding outliers, the AIC became
—114.4. While when the model is fitted separately to each three periods, the AIC
became (1) —37.8, (2) —38.0, (3) —42.2, respectively. On the latter case, the sum of
the AIC of the three periods is —118.0: This result suggests that the fitted locally
stationary model explains better when the series were divided, which implies that it is
better to think that there were different structural characteristics in the divided
periods rather than that there was not structural change as a whole.*

As to the changing variance of M;/P and M,+CD/P, decreasing tendency can be
seen as a whole since around 1973-74 (Figure 24). A closer look, however, reveals
that M,+CD/P in Figure 23(b) does not show big change as M, after 1974.** Howev-
er, it is noticeable that there are signs of big change such as the gradual expansion of

33. As outliers are chosen by visual inspection, there remains some lack of strictness on statistical
criteria.

34. If there are structural changes in M;, then M,+CD which include M; will be affected. In this
regard, there are views that such changes are hard to come to the fore in M,+CD because
“the share of high-liquid money, such as cash and demand deposits, is exhibiting a declining
tendency” (Bank of Japan, special paper (1985)). Okubo (1983) also traces the differences in
the movements of M; and M,+CD after 1980 from the standpoint of nominal transaction
demand in the actual economic activity.
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Figure 24 Changing variance
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2. Changes by Type of Money

To see more detail of the behavior of Japan’s real money stock, the behavior of
money stock by type are examined.

The rates of changes of the trends over the previous year of cash, deposit
currency, and quasi-money+CD are shown in Figure 25. Series are real base respec-

35. As a reference, the changing cyclical components of My/P and M,+CD/P when the model
assumed no shift, are shown below. The AICs of the models shown in Figure 23(a) and (b) are
larger by 42.4 to M;/P and by 19.6 to M,+CD/P. Thus, the fitted models do seem to be much
inferior to those which assumed there were shifts (see Table 4).
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tively. In each series, great decrease are seen between 1972 and 74, but after 1975,
each of them shows different movement. The rates of changes of cash and deposit
currency continued to increase after 1975 but declined in 1979-80. Especially, the
deposit currency growth becomes negative in early 1980s. In contrast, the rate of
change of quasi-money+CD increase after 1975, but since then it becomes stable.
The decline of quasi-money+CD in 1980 is smaller than that of cash or deposit
currency. As to the detrended series shown in Figure 26, the fluctuations in the 1980s
have become smaller on the whole than the big fluctuations in the 1970s. However,
the movements of quasi-money+CD in the 1980s do not seem to be similar to those
of cash and deposit currency.

In fact, the results of the fitting of time varying AR model reveal, as shown in
Table 5, that cash has shown a big change around 1975, and also a sign of change in
1980 and deposit currency has shown shifts at two periods in 1973 and 80. On the
other hand, quasi-money+CD has changed around 1975, but the changes are not
always clear after 1980. When observing more closely, the trend of quasi-
money+CD shows a slight declining tendency after 1980 as seen in Figure 25, and
also the fluctuation of the detrended series is somewhat different from the one before
1980 as seen in Figure 26. In this point, further analysis will be necessary about the
behavior in the 1980s.

Figure 25 Rate of change over previous years of the trends of
M, +CD by type of money
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Figure 26 Detrended series in M, +CD by type of money
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3. M, and M, in the U.S.

There have been many studies by means of the demand for money function on
the movements of real stock of the U.S. M, on which the U.S. monetary authority
has put more emphasis nowadays. In recent debates, the attention is paid especially
on the instability after 1980.> Here we shall examine the statistical features of the
U.S. M;/P and M,/P. Sample period is from the first quarter of 1959 to the first
quarter of 1985.

The estimated trends are shown in Figure 27. The trend of M;/P had been on the

Figure 27 USM; and M, /P and their trends

(a) M;/P (b) My/P
4.0
3.5
3.0-.?"' , , , : -4k . : : : :
1960 1965 1970 1975 1980 1985 1960 1965 1970 1975 1980 1985

(Year) (Year)

* M, /P is estimated with a log value.

36. On the recent survey, see, for example, Roley (1985), Rose (1985).
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rise until 1974. Subsequently trend began to decline but in 1982 began to rise again.
These times have been so far indicated as the unstable periods for money stock
movements. On the other hand, the changes of trend of M,/P are not so distinctive as
seen in M;/P.

The movements around the trend are shown in Figure 28. Both M;/P and M,/P
continue to show the bigger fluctuations since 1970s, which are similar behavior to
nominal My, M, as noted in III.(2).

Fitted time varying AR model to this series reveals that almost no big change
like a shift can be seen in both M;/P and M,/P in the covariance structure as shown in
Table 6 and Figure 29. In particular, My/P continue almost the same pattern of
fluctuation. The AIC of Case 1 of M,/P, assuming no structural shift, was smaller
throughout the 1970s. On the other hand, M,/P shows rather big changes in 1976.
However, the differences of AIC between €Cases 1 and 2 are not so large. Noteworthy
is that, in both series, the AIC in Case 2 tends to grow smaller after 1981.

The changing cyclical components and changing variance of M,/P reflect above
results, which are shown in Figures 30 and 31. Changing cyclical components show
that relatively longer cycles are continuing to be dominant and its range of fluctua-
tions of longer term cycles are gradually expanding with medium or shorter terms
cycles.

Figure 28 The movements around the trends
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Figure 29 AIC estimated from time varying AR coefficient model (see Table 6)

(a) M;/P

71 AIC=166.2
160- AIC—164.0 79IV \
AIC=162.7 »
82
150~ AIC=154.4
(b) My/P
270- A
260 o AIC=259.8 \ -
= TN \,—
250~ 7611
AIC=252.2
240-
1970 71 72 73 74 75 76 77 78 79 80 81 82 (Year)
Figure 30 Changing cyclical Figure 31 Changing variance

components of the US M, /P of the US M, /P

T T T T T 1
1960 1965 1970 1975 1980 1985 (Year)

0.0 0.1 0.20.30.40.5 f



VOL.5 NO.1 DETRENDED ECONOMIC TIME SERIES 251

The subtle shifting in the 1980s may reflect the era of the financial reform, when
considering about financial innovation and the progress of liberalization, such as
introduction of the new scheme for financial adjustment in October 1979, liberaliza-
tion of deposit interest rates, introduction of new financial commodities, and a
change in the definition of money supply.’’

37. In the 1970s, relatively smaller AIC can be seen in Case 2 of Table 6, for example, the second
quarter of 1971 and the fourth quarter of 1979. Those periods correspond to the times when
the U.S. economy entered a new phase. Therefore, for reference, we estimate the models
assuming there have been shifts in those periods. Changing cyclical components are as follow-
ing figures. However, in both cases, the AIC is not so smaller (see note 12 and Table 6).

(a) Shiftin 19791, b) Shifts in 1971 11 and 1979 IV
AIC=162.7 (b) Shifts in 1371 I an ’

70.00.10.20.30.40.5 f

-3
0.00.10.30.20.40.5 §
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Table 3 Marshallian k (M, +CD/Nominal transactions) in Japan
(period 1967 1-1985 II)

(Case 1 Assuming no structural shift) 124.7

(Case 2 Assuming a structural shift) (one period)

Year/Quarter AIC Year/Quarter AIC Year/Quarter AIC
19701 120.7 19751 130.2 19801 136.5
mn 1170 n 1119 I 1365
I 1199 m 1122 oI 141.8
IV 1199 Iv 119.6 IV 1373
19711 122.8 1976 1 118.4 19811 143.8
Im 1222 I 1220 II 1384
I 1225 nmr 119.7 M 1345
IV 1194 IV 1205 IV 136.2
19721 121.6 19771 1204 19821 132.1
I 1229 I 1223 II 1272
I 1251 I 122.0 I 1219
v 1377 IV 12438 IV 1281
19731 136.3 1978 1 127.1
Inm 1278 I 1276
I 128.5 I 132.2
iV 1348 IV 1304
1974 1 137.0 19791 1345
m 1372 I 1291
I 133.1 I 1274
IV 1276 IV 1344

(Case 3 assuming structural shifts (specified two periods)

Year/Quarter AIC

197011, 1975 11 1123
1971 1v 113.6
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Appendix I. Time Varying Autoregressive Coefficient Model
Let z(1),..., z(N) be detrended time series defined by
z(n) = y(n)—t(nlN) m=1,-N), (A-1)

where y(n) is original series and t(n|N) is the trend estimated from N samples.
The detrended series can be assumed nonstationary in the covariance. Then, the
series can be expressed by a time varying autoregressive (AR) coefficient model,

2(n) = % a(i.n)zn—i)+ &(n) (A-2)

with smoothness constraint on the time evolving AR coefficients a(i,n) which are
assumed to change gradually over time. In (A-2), m is the model order, € (n) is a
Gaussian white noise with mean 0 and variance ¢ 2. A model for time varying AR
coefficient is obtained by a k-th order stochastically perturbed difference equation
constraint model, k

V¥a(in) = 8(,n) (A-3)

where V is the difference operator defined by V a(i, n)=a(i, n)—a(i, n-1), o (i,n)is a
Gaussian white noise such that,

Eo(i,n) =0
(A—4)

2, n=m, i=]

Eé(i,n)-8G,m) = {

0, otherwise

where E denotes expectation. Equations (A-3) and (A-4) show that the coefficient
changes over time stochastically and that its movement depends on parameter 7 2. By
defining the state vector as,

x(n) = [a(1,n),---,a(m,n),*--,a(l,n—k+1),--,a(mn—k+1)]' (A-5)

where (') denotes the transpose of the vector.
The linear difference model for the coefficients (A-3) can be expressed in the form of
a state equation.

x(n) = Fx(n—1)+Gu(n) (A—6)
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For the difference equation orders k=1, 2, 3, the matrices F and G in equation (A-6)
are,

=1:F = (In), G= (In)
k=2:F= [ZIm —Im], G= (In
I 0 0 (A-7)
kZS:F: SIm _3Im Im y G’: ’Im
Im 0 0 0
0 Im O 0

with m X m identity I, and zero matrices 0.
This time varying AR coefficient model has a state space representation,

x(n) = Fx(n—1)+Gu(n)

(A—8)
z(n) = H(n)x(n)+&(n)
where
u(n) = (6(1,n),*+, 6(mn)’ (A-9)
and H (n) is the km dimensional vector.
H(n) = (z(n—1),+,z(n—m), 0, -, 0), (A—10)
The vector u(n) and ¢ (n) are assumed to be independent with time,
u(n)~N(0,Y), e(n)~N(0,0?)
= [2_2 0 } (A—-11)
0 72

In general, state space representation of the time varying AR coefficient model
can be expressed by (12) in this paper. For example, if k=2, Equation (A-8) is as
follows,
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_______________

a(1,n) =2 -1 a(ln—1) |+ 1.. 6(1:,n)
a(m,n) 20 -1 lama-D | | REGEY
a(l,n—1) 1 a(l,n—2)
: R 0 : 0
a(mn—1) 1 a(mn—2)
) (A—-12)
Z(n) = [Z(n—1),--",Z(n—m),0,---,0] (a(l,n) +e(n)
a(n?i‘:l_)_ _____
a(ln—1)
a(mn—1)
where
dLm) |~N(/0\, /2 0
&(m,n) 0 210 (A—13)

e(n) 0 00 | g2

Given the state space model (A-8), the fitting of the model to the data is
achieved by the Kalman Filter, given observations z(1),..., z(N) and initial condi-
tions x(0/0) and V(0/0). Then, the one step ahead predictor x(n|n-1) and its error
covariance matrix V(n|n-1) and filter x(n|n) of the state vector x(n) is computed. For
time update,

x(njn—1) = Fx(n—1jn—1)
V(nn—1) = FV(n—1n—1DF +GQ(n)G’ (A—14)

where F, G are coefficient matrices in Equation (A-8) and Q(n) is derived from
Equations (A-11) and (A-13),

ST e

For the initial values of x(0/0) and V(0|0), zero and a diagonal matrix with large
diagonal values are used. For observation update,

u(n)
&(n)
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K(n) = V(nln—1H(n) [H@)V@ln—1DH@) + 0?17
x(nln) = x(nln—1)+K(n)[z(n)—H(n)x(nln—1)] (A—16)
V(nln) = [I-KmH0)]V(nln—1).

In the above, H(n) is the coefficient matrix of Equation (A-8) and K(n) is the
Kalman filter. Using these estimates, the smoothed value of state vector is obtained
by the smoothing algorithm.

A(n) = V(n|n)F'V(n+1n)~!
x(n|N) = x(n|n)+An)[x(n+1|N)—x(n+1|n)] (A—-17)
V(n|N) = V(nln)+ A@)[V(n+1N)—V(n+1n)]A(n)’

The joint density of the observation is,

£, +,2(n) = 1 fle(D), -, zn—1) (A-18)

with
f(z(n)|z(1), -, z(n—1) = Qar(n) *-exp [— \ZLEI(%;] (A—19)

That yields the log likelihood

N N 2
log L(¢2m)k) = —% log 2%-% lnZ:llog r(n)— nZ‘, %% (A—20)

=1
v(n) and r(n) in Equations (A-19) and (A-20) are,

v(n) = z(n)—H(n)x(njn—1)

(A—21)
r(n) = H(n)V(nn—1)H(n)+ 02
where v(n) is the innovations and r(n) is its variance conditioned on the values up to
time n-1.

The ratio of the variances #%= 7%/ o 2 can be interpreted as the trade-off para-
meter between the (in) fidelity to the linear difference constraint and the (in) fidelity
to the data. The minimum AIC model is then defined by the values of m,k and
trade-off parameter #2, for which the AIC is the smallest.
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In respect of the periods of shifts in the covariance structure, smoothness con-
straints of the stochastic term in Equation (A-3) which assumes the coefficient
changes smoothly over time, are removed. For example, when k=1, the difference
equation

a(i,n) = a(i,n—1)+48(i,n)

depends on the stochastic term one period before because a(i, n-1)=a(i, n-2) +
0 (i, n-1). In estimation, constraint is removed.

Appendix II. Changing Variance and Cyclical Components
1. Changing Variance

To capture the local and global statistical relationships in the detrended time
series, the time varying AR coefficient model described in Appendix I. is used by
imposing priors constraint. In practical data situations, the relatively fast irregular
movements of a nonstationary covariance time series seem to be modulated by a
slowly changing envelope function. That envelope function can be interpreted as a
change of a scale associated with the changing innovations variance of the time
varying AR coefficient model.

The changing variance is estimated in the following way. Consider a realization
of white noises S(n) (n=1,...N) (S(n)~N(0, ¢*(n)) with unknown time varying
variance ¢ %(n).

The stochastic process X *(m) defined by

b ’

2 x2(m) = Sz(zm—1%+ SZ(Zm),(m =1 e ,N) (A—22)

constitutes an independent sequence of chi-square random variables with two de-
grees of freedom. Then, the transformation,

t(m) = Inx 2(m)+7, (m = 1—12\—1) (A—23)

leaves the independent random variable t(m) with distribution that is almost normal
and with the moments E[t(m)]= In ¢ *(m), var[t(m)]= = %/6 and ¥ =0.57721 is Euler
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constant.® To obtain a smooth estimate of the variance ¢ %(n), k-th order difference
equation constraint on the log variance defined by

Vit(m) = w(m) (A—24)
are considered. In (A-24) V is a shift operator defined by Vt(m)=t(m)—t(m—1), and
w(m) ~ N(0, 7-?) i.i.d. Then Equation (A-24) can be expressed with a state space

model,

x(m) = Fx(m—1)+Gw(m) (A—25)
t(m) = Hx(m)+ &(m)

el I

For example, when k=2, then the state vector and the matrices in (A-25) are

where,

(A—26)

x(m) = [t(m) ], (A—27)
t(m—1)
F= [2 —1],G=[1],H=(1 0) (A=28)
1 0 0

Applying the Kalman filter and smoothing algorithms yields the smoothed value
of t(m|N), the logarithm of smoothed estimate of the changing variance,

2(2m|N) = 62(2m—1|N) = exp [t(m[N)] (A—29)

is then smoothed estimate of the changing variance. According to the symbols used
in the paper the smoothed estimate is calculated as,

yA(m) = In[2@m - D+ z2em)/2,(m =1, 5)  (A=30)

38. Concerning the approximation to X2 distribution, the Wilson-Filferty approximation is
known. In the Kitagawa-Gersch method, on account of the stochastic term in the Kalman
method assumes the normal distribution, transformation is done through (2-1) and (2-2) in
consideration of practical use.
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and time varying covariance is estimated by

3?(2m—1|N) = 062(2m|N) = exple*(m|N)+ y],(m = 1,"',%) (A—31)

where

v(m), r(m) in (A-32) are obtained from Equation (A-21).
2. Changing Cyclical Components

In order to examine the time series with irregular movements, analysis of regular
cycles is first necessary.

The power spectrum is a convenient way to see in the frequency domain what
cyclical components are dominant. The power spectrum of the stationary time series
defined by the AR model,

2(n) = i a()z(n—i)+ &(n) (A—33)
is
=15 5 (—tsfsd
g 1_§ﬁ(j)'exp(—27ﬁjf)) < 2 2) (A—34)

Kitagawa-Gersch defines the instantaneous spectrum of a time varying coeffi-
cient AR process by"

p(En) = —g—— ) (-
1~j§é(j,n)°exp(—27rijf)[

m’»—n

<f<ln= 1,---,N) (A—35)

This definition is motivated by the relationship between a stationary AR process
(A-33) and its theoretical spectrum (A-34). The autoregressive coefficient 4(j)(j=1,
..., m) and variance o 2 are replaced by coefficient 4(j,n)(j=1,..., m, n=1,..., N) and
the time varying variance o2 (n) (n=1, ..., N) which are estimated by the maximum
likelihood method.

In (A-35), the time varying AR coefficient a(j, n) is obtained from
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[é(l_,n) ] = [1. 0
a(m,n) 1

where )‘((nIN) is the smoothed estimate of the state vector when z(1),..., z(N) are
given. Their method is particularly relevant for the estimation of the spectral density
with a relatively small amount of data. The use of smoothness priors alleviates this
problem.*

-%(n|N) (A—36)

Appendix III. Locally Stationary Autoregressive Model

The modeling and application of nonstationary covariance time series has been
approached via fitting of locally stationary models. This model assumes that even
though time series are as a whole nonstationary, if the stationary process can be
observed locally, the locally stationary model can be fitted.

Consider a time series being divided into two parts, which we call part 1 and part
2, and the number of samples are N and M, respectively. Each part is assumed
stationary. Then let the autoregressive models applied to each part to be AR; and
AR, respectively, such as,

AR;:x(n) = :leal(i)X(n_i)+€1(n), (n=1,,N) (A—37)
ARz x(n) = §3 as(D)x(n—1)+ &), (n = 1+, M) (A—38)

where, € 1(n) and € ,(n) are Gaussian white noises with covariance S;, and S,, and
P, and P, denote autoregressive order, respectively.

At the same time, we assume stastionary process to whole series with N+M
sample and fit the autoregressive model,

Po
ARo:x(n) = FZ; ao(i)x(n—i)+eo(n),(n=1,---, N+ M) (A—39)
where, € ¢(n) is a Gaussian white noise with covariance Sy, and Py is an autoregres-

sive order.
The estimated models are evaluated by,

AIC = N log|Si|+M log|Ss|+2(P:+P2+2) (A—40)

with regard to Equations (A-37) and (A-38) and by,

39. Kitagawa-Gersch (1985-b).
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AIC, = (N+M) log|Sel +2(Po+1) (A—41)

with regard to Equation (A-39).

From the viewpoint that the best model is selected using the minimum AIC,AR;
and AR; models are adopted when AIC<AIC,, and we choose AR, model when
AIC>AIC,. The former means that the time series is nonstationary as a whole, but
locally stationary, the latter means that time series is stationary on the whole.

In practice it is not easy to find the period of division because there are the
possibilities of divisions for all period. A Bayesian locally stationary autoregressive
model is suggested in this case using prior information to select the best model.*’

40. Kitagawa-Akaike (1978).
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