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1 Introduction

Technological innovation has created new forms of private digital money such as crypto-
graphic digital tokens. These tokens include stablecoins (also referred to as fiat tokens),
which aim to maintain the value of the token and are intended to function as payment sys-
tems.! Technological innovation has also led many central banks to explore central bank
digital currencies. Further progress in these developments may enable pricing in units of any
currency in any country. In such a world, dollarization may ensue, where domestic prices
and wages are set in units of digital money that is denominated in and pegged to a foreign
currency. This phenomenon is termed as dollarization 2.0 by Lagarde (2017) and digital
dollarization by Brunnermeier et al. (2019). Many policy makers have become increasingly
aware of potential negative effects of digital dollarization (Jordan, 2019; Kuroda, 2019; G7
Working Group on Stablecoins, 2019). Among the many potential issues regarding digital
money, digital dollarization poses specific questions for monetary policy. How does digi-
tal dollarization affect the effectiveness of monetary policy? Under what conditions does
digital dollarization deepen? Can monetary policy block or facilitate digital dollarization?

This paper addresses these three questions using a cash-less open economy model with
nominal rigidities, consisting of two countries: Home and Foreign. By considering a cash-
less economy as in Woodford (2003), the paper focuses on the role of money as a unit of
account. In the open economy, there are two units of account: the Home and the Foreign
currencies. The presence of digital money, denominated in and pegged to the Foreign
currency, in the open economy allows Home agents in the Home country to set prices
and wages in units of the Foreign currency in as frictionless a manner as in units of the
Home currency. With nominal rigidities, invoice-currency choices have consequences on the
transmission of monetary policy and other shocks. New open economy macroeconomics
(NOEM) literature, such as Devereux et al. (2004), Engel (2006), and Gopinath et al.
(2010), has already explored currency choices for import and export goods pricing. This
paper considers currency choices for domestic prices and wages and their effects on monetary
policy in a world of digital money that makes such choices possible.

The paper’s main findings are three-fold. First, the Home monetary policy becomes
less effective as digital dollarization deepens. In the case of full digital dollarization in

which all prices and wages are set in units of the Foreign currency, domestic monetary

!For a taxonomy of digital money, see Adrian and Mancini-Griffoli (2019).



policy becomes completely ineffective: it does not have any effects on the real economy.
Second, digital dollarization is more likely to occur in a smaller country that is more open to
trade and has a larger tradable sector and stronger input-output linkages. Third, monetary
policy can discourage or facilitate digital dollarization, depending on its policy stance. In
particular, the numerical analysis shows that a strong stance of the Home monetary policy
on inflation stabilization can block digital dollarization, while its weak stance on inflation
stabilization or a strong stance on real exchange rate and output stabilization facilitates
digital dollarization.

This paper derives these implications for monetary policy both analytically and numer-
ically. The analytical model is based on Corsetti and Pesenti (2009), extended to incorpo-
rate the economic size of a country, the degree of trade openness (home bias), price setting
complementarities (real rigidities), a non-tradable sector, intermediate input (input-output
linkages), and nominal wage rigidities. As stated in the main findings, these additional
ingredients have effects on invoice-currency choices as well as on the effectiveness of mon-
etary policy. In this analytical model, prices and wages are set one period in advance
as in Obstfeld and Rogoff (1995), and monetary policy is assumed to affect the nominal
aggregate in units of the Home currency as in Woodford (2003, Chapter 3). When prices
and wages in the Home country are set in units of the Home currency as in the standard
model such as Corsetti and Pesenti (2009), monetary policy has real effects because of
nominal rigidities in the form of one-period-in-advance price and wage setting. Because
current prices and wages are already set, a sudden increase in the nominal aggregate — an
expansionary monetary policy shock — increases consumption and hours worked.

The first finding on the impact of digital dollarization on monetary policy can be under-
stood intuitively through the lens of the analytical model. In the case of full dollarization,
all prices in the Home country are set in units of the Foreign currency. Because these prices
are set in one period in advance, the current prices in units of the Home currency move in
tandem with the exchange rate in response to a change in monetary policy. In this analyti-
cal model with complete asset markets and log utility, the exchange rate moves one-to-one
with a change in the monetary aggregate and so do the prices in units of the Home currency.
The Home prices fluctuate as if they were flexible, and consequently, monetary policy has
no real effects under full digital dollarization. In the case of partial digital dollarization in
which some prices in the Home country are set in units of the Foreign currency, monetary
policy has some real effects but the effects abate as dollarization deepens.

The second finding on conditions for digital dollarization can be rephrased intuitively



as follows: the Home country that is more connected to and more affected by the Foreign
country is more vulnerable to digital dollarization. Firms in such a country set prices by
paying attention to the Foreign firms’ prices through price setting complementarities that
work through intermediate input and kinked demand curves. The effect of such comple-
mentarities becomes the smaller the country’s economic size, the more open the country is
to trade, and the higher the share of its tradable sector. With the effect strong enough, the
firms’ flexible prices — newly set prices if prices were flexible — become heavily dependent on
the Foreign firms’ prices, which are set in units of the Foreign currency. As a result, choos-
ing the Foreign currency as an invoice currency becomes more profitable than choosing the
Home currency. In such a country, digital dollarization is more likely to occur.

These two results are derived analytically using the model with some simplifying as-
sumptions such as independent and identically distributed (i.i.d.) shocks, linear disutility
of labor, the nominal aggregate as a monetary policy instrument, and subsidies that elim-
inate markup distortions. For robustness, the paper extends the model by relaxing these
assumptions and confirms numerically that these results continue to hold.

The extended model is also used to shed light on the role of monetary policy in digi-
tal dollarization. In the Home country, a Taylor-type monetary policy rule that puts less
weight on inflation stabilization, more weight on output stabilization, or too much weight
on real exchange rate stabilization facilitates digital dollarization. Such a monetary pol-
icy rule makes inflation in units of the Home currency volatile, which in turn makes the
Home currency less attractive as an invoice currency. The Foreign monetary policy can also
influence digital dollarization in the Home country. Its effects mirror those of the Home
monetary policy upside down: a strong stance on inflation stabilization facilitates dollar-
ization, while a strong stance on output and real exchange rate stabilization discourages
dollarization in the Home country.

In this paper, the term “digital dollarization” is used against the background of digital
innovation and digital money, but it is essentially equivalent to dollarization for price and
wage setting. However, this paper differs from the traditional literature on dollarization
and currency substitution (Calvo and Végh, 1992; Végh, 2013).2 While the literature has
focused on developing economies in which currency substitution has occurred under high

inflation and fiscal imbalances, this paper mainly focuses on developed economies with

2Calvo and Végh (1992) and Végh (2013) define currency substitution as the use of a foreign currency
as a medium of exchange and define dollarization as the use of a foreign currency in any of the three
traditional functions of money including a unit of account. This paper follows their terminology.



stable inflation, under an independent central bank, and no fiscal imbalances.

Related literature This paper contributes to the emerging literature on digital money
and monetary policy. Most of the papers in this literature have focused on a medium of
exchange (or liquidity services) as the role of money. Ferndndez-Villaverde and Sanches
(2019), building on the model of Lagos and Wright (2005), argue that currency competition
between private and official currencies creates problems for monetary policy implementa-
tion. Schilling and Uhlig (2019) study an endowment economy with private and official
currencies and show that the value of the private currency forms a martingale, so that it
can be highly volatile. Baughman and Flemming (2020) study a basket-backed stablecoin
and show that overall demand for such a currency is small in their two-country open econ-
omy model. Benigno (2019) studies a world of competing multiple currencies issued by
private agents using the Lucas and Stokey (1987) environment and shows that the nominal
interest rate and inflation are both determined by structural factors in such a world. In a
similar setup, Benigno et al. (2019) consider the global currency in a two-country model
and show that the national interest rates must be equalized.

This paper is also related to the literature on currency substitution — the use of a foreign
currency as a medium of exchange. Considering both domestic and foreign money in utility
functions or shopping costs, Felices and Tuesta (2007) argue that a high degree of currency
substitution makes the domestic economy more vulnerable to foreign monetary policy,
while Batini et al. (2010) and Kumamoto and Kumamoto (2014) argue that a high degree
of currency substitution does not affect the effectiveness of domestic monetary policy.

Differing from the two strands of literature, this paper exclusively focuses on a unit of
account for pricing as the role of money. The model economy is cashless and thus abstracts
away a medium of exchange, but a unit of account for pricing matters because of nominal
rigidities and price setting complementarities.®> The model also abstracts away credit and
its related roles for a unit of account. Such roles are studied by Doepke and Schneider
(2017) and Bahaj and Reis (2020), who focus on the roles of relative price risk and interest
rate risk, respectively.

This paper builds on the NOEM pioneered by Obstfeld and Rogoff (1995). The frame-

work of the analytical model in Section 2 draws on a two-country NOEM model, as studied

3Because the model is cashless, it is free from the issue of exchange rate indeterminacy a la Kareken
and Wallace (1981). The dynamics of exchange rates is determined by monetary policy as in the standard
cashless NOEM models. See, e.g. Benigno and Benigno (2008) and Corsetti and Pesenti (2009).



by Corsetti and Pesenti (2009). The analysis on invoice-currency choices for domestic
prices and wages and resulting possible digital dollarization in Section 3 closely follows
that for import and export prices, as in Devereux et al. (2004), Engel (2006), Gopinath
et al. (2010), and Mukhin (2018). Adopting a similar approach to domestic prices, Castillo
(2006) shows that partial dollarization occurs if there are sector-specific shocks;* but, with-
out such shocks, it never arises, which is a special case of this paper’s model. Unlike Castillo
(2006), however, this paper incorporates ingredients that link firms across countries such
as price setting complementarities and input-output linkages, and derives rich implications
for monetary policy and dollarization both analytically and numerically.

Following the literature on dominant currency pricing, including Goldberg and Tille
(2016) and Gopinath et al. (2020), this paper assumes dominant currency pricing, in which
the Foreign currency is dominantly used for import and export prices, as a starting point for
considering digital dollarization in the Home country. Specifically, for the Home country,

import prices are already set in units of the Foreign currency.

The rest of the paper is organized as follows. Section 2 presents the tractable NOEM
model. Section 3 studies the model analytically and derives implications for the effects of
digital dollarization on monetary policy and conditions for digital dollarization. Section 4
presents the extended model that relaxes key simplifying assumptions of the tractable model
and numerically studies the implications obtained in Section 3 and the role of monetary

policy in digital dollarization. Section 5 concludes.

2 Model

This section presents a cash-less two-country open economy model. Time is discrete,
t =0,1,2,..., and the time horizon is infinite. The world economy, with its population
normalized to unity, consists of Home and Foreign countries with each country populated
by a continuum of households, with population size given by n and 1—n, respectively. Home
and Foreign countries and their own currencies are referred to as H and F, respectively.
The model assumes the availability of digital money denominated in and pegged to
currency F', which allows firms and households in country H to set prices and wages in

units of currency F' as well as in their own country’s currency H. Digital money is assumed

4Relatedly, Loyo (2002) studies multiple monies, including ‘imaginary money,” as a unit of account in a
closed economy.



to be frictionless, so that price and wage setters do not incur any costs by using digital
money as the invoice currency. The model thus exclusively focuses on the unit of account
as a role of digital money in the cash-less economy. In addition, the model assumes the
dominant currency paradigm (Gopinath et al., 2020). Without loss of generality, country
F'is assumed to be the country with a dominant currency, so that export and import prices
are set in units of currency F'.

The model features nominal rigidities in both prices and wages. For analytical tractabil-
ity, one-period-in-advance price and wage setting is assumed. In addition, all shocks are
assumed to be i.i.d. The extended model, modified to incorporate the Calvo (1983)-type
price and wage setting and persistent shocks among others, will be studied in Section 4.
Because of symmetry between countries H and F', the model is presented for country H
only. Variables in country F' are denoted with superscript * following the convention of the
literature. For simple exposition, the complete set of equilibrium conditions is relegated to

Appendix A.

2.1 Households

Households consume a consumption bundle consisting of non-tradable goods and tradable
goods. Tradable goods, produced in countries H and F', are aggregated into a bundle by
a Kimball (1995) aggregator, which gives rise to price setting complementarities among
tradable goods. Households have monopolistic power over their specialized labor and set

wages one period in advance.

Consumption and saving A household j € (0,n) in country H has preferences over a

sequence of consumption bundle C; (j) and hours worked L, (j):

Eiﬁ (lsC) - 520, ()

1+1
where 0 < § < 1 is a preference discount factor, v is the Frisch labor supply elasticity, and
Ey is an expectation operator conditional on information available in period ¢t = 0.

The household j earns wage income W, (j) L; (j), receives net transfers O, (j), which
consist of firms’ profits and government lump-sum transfers net of taxes, and spends P,C; (j)
on consumption, where W; (j) is the nominal wage for specialized labor L; (j) and P, is the

price level. The asset market is complete and the household can trade Arrow securities.



Let @ (s¢11]s¢) denote the price of an Arrow security that pays one unit of Home currency
in state s;y; tomorrow, conditional on being in the state s; today. Then, the household’s

flow budget constraint is written as

P,Cy (]) + ZQ (3t+1|3t) B, (5t+1;j) =W (]) Ly (J) + Bi (St;j) + O (]) ) (2)

St+1

where By (s441;7) denotes the holdings of the state-s;;; Arrow security. The securities
allow households to insure against the risk of wage income fluctuations due to nominal
wage rigidities, so that they can enjoy the same level of consumption across households:
C,(j) = C, for all j in equilibrium. The price of the risk-free bond is given by @Q; =
> sy @(se41]5:) and the risk-free interest rate is given by Ry = @y L

Consumption bundles and expenditure The consumption bundle Cy(j) consists of
the non-tradable consumption bundle C¢(j) and the tradable consumption bundle Cr(5),
given by a Cobb-Douglas aggregator as

The corresponding consumption expenditure is given by P,Cy(7) = PniCnt(7) + PriCre(j)
where Py; and Pr; denote corresponding price indices.

In the non-tradable sector, the non-tradable consumption bundle Cyy(j) consists of a
continuum of non-tradable consumption goods {Cn¢(J, %) }ico,1), given by a constant elas-

ticity of substitution (CES) aggregator as

On,
On—1

oxti) = | [ 1 Cxetii) " ai] " @)

where 6, > 1 is the elasticity of substitution among non-tradable consumption goods.
The corresponding consumption expenditure is given by Py;Cn(j) = fol Pri(1)Cny (4, 4)di,
where Ppy(7) is the price of the non-tradable consumption good i.

In the tradable sector, the tradable consumption bundle Cr; consists of a continuum

of Home goods {Cu¢ (j, ) }ic(g,,) and a continuum of the Foreign goods {Cry (J, i) }icio1_n)»



defined implicitly by a Kimball (1995) aggregator as

S e @) e s e (SE)e o

where 7, = (1 —n)7% and 5 € [0,1] is the degree of trade openness. Specifically, ¥ = 0

corresponds to autarky and 4 = 1 corresponds to perfect integration. As long as the trade
openness lies between the two extremes, i.e. 0 < %4 < 1, the case of n — 0 corresponds
to country H as a small open economy. The aggregator function G (-) has the following
properties: G'(-) > 0, G"(-) < 0, —=G" (1) € (0,1), and G(1) = G'(1) = 1. As will
be studied later, this aggregator gives rise to kinked demand curves and price setting
complementarities for tradable goods in countries H and F. This type of aggregators is
also used in the open economy models studied by Mukhin (2018) and Itskhoki and Mukhin
(2019). The expenditure for the tradable consumption bundle is written as Pr:Cry (j) =
s Pre (i) Cre (5,7) di + fol_n Pry (1) Cpy (j, 1) di, where Pgy (i) and Py (i) are the prices of
the 7-th Home tradable good and the i-th Foreign tradable good, respectively.

Employment agency The employment agency transforms specialized labor { L, ( j)}j c(om)

into the labor package L; using the CES aggregator

L= [(%)é’/onLt(j)%l djr%. (6)

The employment agency chooses the amount of all types of specialized labor {L; ()}

j€(0.n)
so as to maximize profits W,L, — [" Wy (j) Lt (j) dj subject to the aggregator (6), given

Wy and {W; (5)}

specialized labor

The first-order condition yields the demand curve for each type of

L= (BT, G

je(0,n)”

Substituting this curve into the aggregator (6) leads to the nominal wage W; as

W, = E /O WL Gy dy] (®)

Wage setting The household j sets the wage one period in advance in units of either

currency H or F. On the one hand, if currency H is chosen, the household chooses W, (5)



to maximize the relevant expected utility:

By [N ()W (5) Ly (5) —

subject to the demand curve (7), where A; (j) = (P,C;(j))~! is the Lagrange multiplier
on the budget constraint (2). On the other hand, if currency F' is chosen, the household
chooses W[ () to solve

max Ery | A () EWE () Le () — —2 Ly ()

{(WFi} 1+

v

subject to the demand curve (7), where &; is the nominal exchange rate — the relative price
of currency F' in units of currency H. An increase in & means depreciation of currency H.
Let a small letter denote a variable of corresponding capital letter in log-deviations from

its steady state. Then, the wage chosen by the household j is given by

. wy = Ey_q(wy) if currency H is chosen
wi(j) = (9)
wl = w; — E;_1(e;) if currency F is chosen

where w; is the flexible wage in units of currency H — the wage set by the household if the
wage were flexible, given by:

~ 1
wy = ;lt+ct+pt~ (10)

In units of currency F, the flexible wage is given by @} = w; — ;. With nominal rigidities,
the wage is set to the expected flexible wage: @, = Ey_; (@) and @} = E,_; (w]).

Let A, € [0,1] denote a fraction of the Home households that set wages in units of
currency H. The remaining fraction 1 — \,, of the households set wages in units of currency
F'. This fraction A\, can be endogenized by solving a currency choice problem as will be
studied in the next section, but this section treats A\, as being exogenous. Then, the wage
index is given by

we = By () + (1 = A\y) (e — Ey_qey) . (11)

Because a fraction 1 — \,, of wages is set in units of currency F', the wage index (in units
of currency H) is affected by an actual change in the exchange rate. Because all shocks are
assumed to be i.i.d., a surprise change in the exchange rate, (1 — \,) €, is the only factor

that affects the wage index.

10



2.2 Firms

Firms in both the non-tradable and the tradable sectors set prices one period in advance. An
invoice currency — a currency used as a unit of account for price setting — is either currency
H or F. This analytical model assumes subsidies that eliminate markup distortions in
steady state. For simplicity, an invoice currency is exogenously given in this section, but it

will be endogenized in the next section.

Production, costs, and profits The production technologies in the non-tradable and
the tradable sectors are given by a Cobb-Douglas technology that combines labor L. (7)

and intermediate input X,(7):

Yve(i) =4, (%)1_% <X];—7;(Z)> %, 0< o, <1, (12)
Yri(i) =A; (lLi—'f(g)l(ﬁT (X;—i(i))% , 0<o, <1, (13)

where Yn(7) is the output of non-tradable good ¢ € (0, 1), Y7+(i) is the output of tradable
good i € (0,n), and a; = log(A;) is the common neutral technology, which is i.i.d. with
standard deviation o,. The tradable goods bundle, given by equation (5), is used as the
intermediate input.®

The non-tradable goods firm i sells its product Yy;(i) only in country H. The profits
in period ¢, taking into account the households’ demand for the non-tradable good i, are

given by

i) = (Pru(i) = MCo) () (1)

where M C; is the marginal cost faced by the non-tradable goods firm and C'n; = fon Cni(j)dj
is the aggregate non-tradable consumption.

The tradable consumption goods firm i sells its product Y7 (7) in both countries H and
F'. In each country, the product is sold as consumption and intermediate input. The profits

II74() consist of those made in countries H and F', Il (7) and 1T, (i), respectively, given

For example, to use intermediate input Xz4(i), the tradable goods firm i needs to purchase varieties
{XH:(i,7") }ire(o,n) from tradable goods firms in country H and varieties {Xp(i,4’)}irc(0,1—n) from those
in country F.

11



T2, (i) s, (i)

where Yy, (i) and Y}, (i) are the amounts of the tradable good i sold in countries H and
F, respectively, and M C'r; is the marginal cost facing the tradable goods firm. The total

demand for the tradable good i in countries H and F is in turn given by®

Py (1)\ 1 — 1,
Yo (1) = g( ;;t(z)> n7 (Cre + X7t + X)) (16)
Tt
* ; P* Z T * *
Yi (i) = g (—Ht*( ))2/1 (CF + X7 + X31) s (17)
Tt

where Pr; is an auxiliary variable for the price index of the tradable goods and Cp; =
fon Cri (J) dj, Xp¢ = fo X1 (1) di, and Xny = n fo Xt (i)di are the aggregate consumption,
the aggregate intermediate input used by the tradable firms, and the aggregate intermediate

input used by the non-tradable firms, respectively.

Flexible price benchmark In a hypothetical economy with flexible prices, the non-
tradable goods firm i sets the price Py;(i) to maximize the profits (14). The optimality
condition is simply Pyy(i) = ZSNt(Z') = MCyy. The tradable goods firm i sets prices Ppy (7)
and Py, (1) to maximize the profits (15) subject to the demand curves (16) and (17). Log-
linearizing the first-order conditions of the problem around a symmetric steady state yields

the flexible prices pgy; (i) and pj, (i), given by

P (1) = (1 —a)mer + apry, (18)
P (1) = (1 —a) (mepe — ) + apry, (19)
where a =T/ (141) € [0,1], ' = — (/9/51)1) + ZTH and 6, (1) /g (1) is the demand

elasticity at the symmetric steady state.” Parameter a governs the degree of price setting

6Equations (16) and (17) are derived from these two equations, respectively:

Y (i /CHtj, dj+/ X (7 zdz—|—n/ Xne(i',9)

1—-n

Y5, (i) = ; CHt(]7 )dj+ X5 (@) di' +(1—n / X (@' 0)di'.

“For the derivation of the steady state, see Appendix A.4.
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complementarities. In the case of a constant demand elasticity, there are no complemen-
tarities, a = 0, so that the optimal price depends only on the marginal cost. But if the
elasticity is increasing in the relative price around the steady state, the demand becomes
more sensitive to a price increase than in the case of a constant demand elasticity. Fac-
ing this increasing demand elasticity, the tradable goods firms become more sensitive to
changes in the prices of other goods, and thereby the flexible prices depend not only on the
marginal cost but also on the tradable goods price indices as shown in equations (18) and

(19).

Nominal rigidities Both the non-tradable and the tradable goods firms set prices one
period in advance using either currency H or F' as the invoice currency. First, consider the
price setting problem of the non-tradable goods firms. The log-linearized price set by such

a firm ¢ in terms of currency H is given by

» Ei—1 (pne(7)) if currency H is chosen
pe(i) = (20)
E, 1(pni(i) — ;) + €, if currency F' is chosen

where py.(i) = mcyy is the flexible price — the price set by the firm in a fully flexible
environment. In the case of currency H pricing, the price py; is preset at the expected
flexible price. In the case of currency F' pricing, the price is preset in terms of currency F'
at Ei_1(pni(i) — e;), so that in terms of currency H the price is changed one-to-one with
the exchange rate. In other words, an exchange rate path-through — the effect of a change
in the exchange rate on the non-tradable goods price py(i) — is zero under currency H
pricing, but it is unity under currency F' pricing.

Next, consider the price setting problem of the tradable goods firm ¢ that sets prices
Py (1) and Pjy, (7) in countries H and F', respectively. Similar to the case of the non-
tradable goods firms, the log-linearized price in country H in terms of currency H is given
by

Ey 1 (pui(3)) if currency H is chosen

pmi(i) = (21)
Ey 1(pui(i) — e;) + €, if currency F' is chosen

where pgy(7), given by equation (18), is the corresponding flexible price. The log-linearized

13



price of the tradable good 7 sold in country F' in terms of currency F' is given by

. Ei 1 (p,(i) + e;) —ep  if currency H is chosen
(i) = (22)
Ei (1)) if currency F' is chosen

where pj, (i), given by equation (19), is the corresponding flexible price in country F.
Under the assumption of dominant currency pricing in this model, all prices are set in
units of currency F' in country F. Hence, the exchange rate path-through to the flexible

price Py, (7) is always zero in country F.

2.3 Price Indices

Let A\, and Aj denote a fraction of firms that employ currency H pricing in countries H
and F, respectively, for non-tradable goods firms (h = N), tradable Home goods firms
(h = H), and tradable Foreign goods firms (h = F).

The price index P, for the consumption bundle is given by the weighted sum of the non-
tradable goods prices (20), the tradable Home goods prices (21), and the tradable Foreign
goods prices in country H. Because of the assumption of i.i.d. shocks, the prices set one
period in advance are at their steady state values. Hence, only a surprise change in the

exchange rate appears in the log-deviation of the price index, given by

P = {1 = An) + (1 = %) [(1 =) (1 = Ag) + 9 (1 = Ap)]} e (23)

If the prices are set in currency F', a depreciation of currency H — an increase in e; —
increases the price index p;. The coefficient on e; in equation (23) captures the degree
of an exchange rate pass-through. The more the Home firms or Foreign firms set prices
in units of currency F' in country H, the more the exchange rate affects the price index.

Symmetrically, the price index for the Foreign consumption bundle is given by

pi = —A{mmAN T (1= 9) [(T = 7) Ak + A%} e

Under the assumption of dominant currency pricing, no firms use currency H as an invoice
currency in country F, i.e., \y = A\ = A} = 0, which yields pj = 0: a change in the

exchange rate does not have any impact on the Foreign price level in units of currency F'.
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2.4 Equilibrium

Monetary policy For analytical tractability, as in Corsetti and Pesenti (2009), a simple

monetary policy that targets the per capita nominal aggregate is considered:

An unexpected change in M; can be interpreted as a monetary policy shock. The log of
My, my = log (M,), is assumed to be i.i.d. The monetary policy in country F' is symmetric,
given by M} = PrC;.

Exchange rate The combination of the complete asset market, log-utility, and the mon-

etary policy rule (24) gives rise to the exchange rate, given by

M,
E = —e™, 25
=3 (25)
where z,; is an i.i.d. shock to the exchange rate with standard deviation o.. A monetary
expansion in country H — an increase in M,; — depreciates the exchange rate, while a
monetary expansion in country F' — an increase in M; — appreciates the exchange rate from

the viewpoint of country H.

Market clearing In the labor market, the labor supply L, is equated to the labor demand
Jo L (i) di + [ Lyy(i)di. In the non-tradable goods market, the demand [;* Cny(j)dj is
equated to its supply n fol Yni(i)di. In the tradable goods market, from equations (16) and

(17), the total demand is given by aggregating the good i sold in both countries over i as
-7 (P [ (HinY

Y = —(C +X/ — | di+— (C}, + X/ ——= | di, 26

Tt o (Cre t) ; 9( Pry L n( Tt ‘) . 9 P L (26)

where X; = Xp,+ Xy, and X; = X7, + X},. This total demand is equated to the aggregate
supply fon Yri(i)di. Finally, the aggregate output Y; is defined as Y; = (Pr Y7+ PniYne) /P

Competitive equilibrium A competitive equilibrium for this economy consists of allo-
cations for aggregate variables {C’t, {Cst, Ysr, Xt Lst}se{ N,T}} for country H, corresponding
variables for individual households and firms for country H, and corresponding aggregate

and individual variables for country F' such that, given prices, wages, interest rates, ex-
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ogenous shocks, and monetary policy (24), for both countries, (i) the allocations solve the
household problem presented in Section 2.1, (ii) the allocations solve the firms’ problems
presented in Section 2.2, and (iii) markets for labor, non-tradable goods, and tradable

goods clear.

3 Analytical Implications

This section derives analytical implications for digital dollarization and monetary policy.
Specifically, it first studies the impact of digital dollarization — the use of digital money,
denominated in and pegged to currency F', in country H— on the transmission of monetary
policy in the country. Next, it analyzes under what conditions digital dollarization can

deepen. All proofs and derivations of equations can be found in Appendix A.

3.1 Monetary Policy Transmission

The use of digital money (i.e. currency F) in country H can affect monetary policy trans-
mission, and its effect on consumption in particular. The simple monetary policy (24)
suggests that the impact of monetary policy on consumption, ¢; = m; — p;, depends on
how the price level responds to the monetary policy, where m; is a monetary policy shock
in country H. By using equations (23), (25), and 7, = (1 —n)?¥, the consumption response
can be written as

¢ = (1= xp) mu + Xpmy, (27)

where

Xp = V(1= AN) + (1 =) [(1=(1=n)7) (1= Ax) + (L =n)y(1 = Ap)]

Equation (27) shows that an increasing use of currency F' as an invoice currency — decreases
in the ratios Ay, A\g, and Ap — weakens the impact of the Home monetary policy m; on
consumption, while it strengthens the impact of the Foreign monetary policy m;. As more
prices are set in units of currency F', the exchange rate path-through becomes stronger
and thereby monetary policy has a greater impact on the price level, resulting in a weaker
response of consumption.

Under the paradigm of currency F' as a dominant currency, imported goods are priced

in units of currency F: Arp = 0. In this case, the impact of the Home monetary policy
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on consumption becomes smaller as (i) trade openness 7 € [0, 1] increases, and (ii) given
4 > 0, the economic size of country H, n, becomes smaller.® This would also be the case
in a milder environment where some imported goods, though a smaller fraction than that
of domestic tradable goods, are priced in units of currency H, i.e. \p < Ag. In addition,
given that the exchange rate path-through is greater for tradable goods prices than non-
tradable goods prices, i.e. 1—=Ay < (1 — (1 —=n)%) (1 —Ag)+(1—n)¥ (1 — Ar), an increase
in the size of the tradable sector relative to the non-tradable sector — an increase in 1 — 7,
— decreases the impact of the Home monetary policy on consumption.

The impact of the Foreign monetary policy is exactly the opposite. Whereas the impact
of the Home monetary policy is summarized by 1 — x,, that of the Foreign monetary policy
is summarized by x,. Under the assumptions made above, as more firms use currency F'
as an invoice currency, as the Home bias decreases so that trade openness increases, as the
economic size of the Home country becomes smaller relative to the Foreign country, and
as the relative size of the tradable sector becomes larger, the Home monetary policy will
become less influential and the Home consumption will be more affected by the Foreign
monetary policy.

The effects on monetary policy can be summarized in the following proposition.

Proposition 1 [Monetary policy transmission] Consider the model presented in Sec-
tion 2. The impact of Home monetary policy m; on Home consumption c¢; decreases and

that of Foreign monetary policy m* increases as:
a) More firms use currency F as an invoice currency (as Ay, Ay, and g decrease);
b) The economic size of country H becomes smaller (as n decreases) if \p < A\p;
c) Country H becomes more open to trade (as 7 increases) if A\p < Ay;
d) The tradable sector becomes greater (as 7y, decreases) if Ay > (1 — (1 —n)y) Ay +

3.2 Invoice-Currency Choices

The analysis in Section 3.1 has shown that an increasing use of digital money, denominated

in and pegged to currency F', in country H attenuates the impact of Home monetary

8 Although parameter n denotes the relative size of population in country H, it also captures the relative
economic size of the country since production technologies are symmetric between countries H and F'.
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policy on consumption. Then, what determines the use of such digital money as an invoice
currency? This section considers the issues involved for firms or households when they
make the choice between currency H or F for price and wage setting — an invoice-currency
choice problem. By doing so, light is shed on the conditions under which private agents
are more likely to use currency F' as a unit of account.

For analytical tractability, the linear disutility in labor, v = oo, is assumed. In addition,
following Mukhin (2019), an exogenous i.i.d. shock to the exchange rate is considered as a
main shock while monetary policy shocks are shut down.? In this case, the volatility of the

exchange rate is exogenous, denoted as 2.

Approximated problem Consider the model presented in Section 2. Let I1% (i) denote
profits when the Home firm 4, which is in either the non-tradable sector (s = N) or the
tradable sector in the Home market (s = H), chooses currency h € {H, F'} as the invoice

currency. Then the firm’s currency choice problem is formulated as

hen{lg,};} Etletfl,tHZt () -
In the case of a tie, the firm is assumed to choose its own country’s currency. To the
first-order approximation, the pre-set price is given by equations (20) and (21) for s = N
and H, respectively. In the tradable sector in the Home market (s = H), for example, in
period t, the deviation of the preset price from the flexible price in terms of currency H
is i1 (Pue (1)) — pae (2) if currency H was chosen and E; 1 (D (i) — ) — (Pre (1) — €4)
if currency F' was chosen. In period ¢ — 1 when the firm chose the invoice currency, the
firm would prefer a currency with which the second moment (or volatility) of the deviation

from the flexible price is smaller. This intuition can be formalized in the following lemma.

Lemma 1 [Invoice-currency choice problem]| Consider the model, presented in Section
2, with v = 0o. To the second-order approximation, an invoice-currency choice problem for
firm i in sector s € {N, H}, maxpeqm, E; Q1107 (i), is equivalent to Minge (g, r) VI (i),
where VI (i) =V (psr (1)), VE () =V (pst (1) — 1), V(+) is a variance operator, and pg s

the firm’s flexible price.

9 Appendix B discusses the case of monetary policy shocks instead of an exchange rate shock and shows
that with nominal wage rigidity the two cases lead to the same results regarding currency choices for price
setting.
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No complementarities and no intermediate input The approximated invoice-currency
choice problem can be solved analytically. As a benchmark, consider the case where there
are no price setting complementarities, & = 0, and no intermediate input, ¢, = ¢, = 0. In
this case, the flexible price for the Home tradable goods firm i is given by pgy (i) = mepy
from equation (18), and the marginal cost is given by mcr; = w; — a;. Without nominal
wage rigidity, the wage is given by equation (10) with v = oo as w; = p; + ¢, = my, where
the last equality holds from the monetary policy (24). Then, under the assumption of
no monetary policy shocks and an exogenous volatility of the exchange rate, the approx-
imated problem is reduced to min {0, 02}, where the former and latter correspond to the
expected profits under the choices of currencies H and F', respectively. Hence, currency
H is chosen as the invoice currency. This result holds irrespective of other firms’ invoice
currencies, i.e. independent of the fractions, Ay, Ar, and Ay. In other words, in the case
of a = ¢, = ¢, = 0, invoice-currency choices exhibit no complementarities.

With nominal wage rigidity, the invoice currency for wages affects invoice-currency
choices for prices. Since the wage is given by equation (11) as wy; = (1 — \,) e, the
approximated problem is reduced to min{(1 — \,)%02, A\2072}. This problem implies that
currency H is chosen as long as A, > 1/2, i.e., no less than half of wages are set in
units of currency H. This result underlines the effect of the invoice currency for wages on
invoice-currency choices for prices. Such an effect is exerted when wages are sticky.

Under the assumptions of o = ¢,, = ¢, = 0, a currency choice problem is exactly the
same for the Home non-tradable goods firm ¢ as it is for the Home tradable goods firm.
Hence, currency H is chosen without nominal wage rigidity; with such rigidity, currency H

is chosen if no less than half of wages are set in units of the same currency.

Complementarities and intermediate input With either price setting complemen-
tarities, a > 0, or intermediate input, ¢,, ¢, > 0, the approximated problems of tradable
and non-tradable goods firms are changed dramatically. Now their flexible prices py; (i)
and py¢(i) depend on the tradable price index pp; because strategic complementarities
make tradable goods firms sensitive to the tradable price index as shown in equation (18),
or because both tradable and non-tradable goods firms use the tradable consumption goods
bundle as an intermediate input.

Let us consider the case of nominal wage rigidity, because it includes the case of no
nominal wage rigidity as a special case of A\, = 1 as shown in Appendix B. Solving the

approximated problem for the Home tradable goods firm ¢ shows that the firm chooses
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currency F'in the Home market if and only if

=1-a)(l—=0:)(1 =)+ (1 =)o +a) (1= (1 =) Ag —7:Ap) > 5, (28)

N | —

where 7, = (1 —n)¥. The left-hand-side of inequality (28), denoted as (y, corresponds
to the exchange rate pass-through to the flexible price pg;, consisting of the weighted
average of the pass-through to the wage, 1 — A, and the path-through to the tradable
goods price index, 1 — (1 — v-)Ag — 7-Ap, with weights given by (1 — «)(1 — ¢,) and
(1—a)p, +a=1—(1—-a)(l— ¢,), respectively. Condition (28) is equivalent to saying
that a 1 percent depreciation (appreciation) in the exchange rate causes the flexible price
to increase (decrease) by more than 0.5 percent.

Condition (28) clarifies the effects on the invoice currency choice of invoice-currency
complementarities for price and wage setting, price setting complementarities and interme-
diate input, trade openness, and the economic size. First, as more tradable goods firms,
both Home and Foreign, set prices in units of currency F, i.e. as Ay and A\r become lower,
condition (28) becomes more likely to hold. Due to price setting complementarities and/or
tradable goods as an intermediate input, a single firm’s currency choice is affected by that
of other firms in a similar way to the effect of other firms’ price setting decisions on the
single firm’s price setting. This invoice-currency complementarity implies that all tradable
goods firms will choose currency F' as an invoice currency if condition (28) is satisfied for
some Apy. In short, condition (28) is satisfied for Ay = 0 (full dollarization in the tradable
sector) if it is satisfied for some Ay > 0 (partial or no dollarization in the sector). In
addition, as in the case of no price setting complementarities and no intermediate input,
with nominal wage rigidity the Home tradable goods firms are more likely to set prices in
units of currency F' as more wages are set in units of currency F, i.e., as A\, becomes lower.

Second, an increase in the degree of price setting complementarities, a, or an increase in
the intermediate input share, ¢,, makes condition (28) more likely to hold so that tradable
firms become more likely to set prices in units of currency F' if the pass-through to the
flexible price ppyy, exerted through the tradable goods price index pry, is greater than that
exerted through the wage wy, i.e., if 1 — [(1 — v)A\g + 7-Ap] > 1 — A, holds. As is clear
from condition (28), an increase in « or an increase in ¢, puts more weight on the pass-
through to the tradable goods price index, as both the price setting complementarities
and the intermediate input share make the flexible price sensitive to other tradable goods

prices. Given that 1 — [(1 — v;)Ag + v-Ar] > 1 — A, holds, an increase in the weight on
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the pass-through to the tradable goods price index increases the overall pass-through to
the flexible price, making condition (28) more likely to hold.

A third situation that makes condition (28) more likely to hold is an increase in trade
openness v or a decrease in the Home country’s economic size n, if the Foreign tradable
goods firms set prices in units of currency F more often than the Home tradable goods
firms, i.e., A\r < Ag. In other words, in a small open economy n = 0 with no home bias
4 = 1 and with dominant currency pricing A\r = 0, the Home firms are more likely to set
prices in units of currency F'.

Similar to the tradable goods firms, the non-tradable goods firms set prices in units of
currency F'if and only if the pass-through to the corresponding flexible price py; is greater

than 1/2:

W= =¢n)(1 =)+ n (1= (1 = 9)Au — 1 Ar) > % (29)

This condition coincides with condition (28), with v = 0 and ¢, replaced by ¢,. Hence, the
three implications about an invoice currency choice for the tradable goods firms, mentioned
above, also apply to the non-tradable goods firms, except for that regarding price setting
complementarities o. Because of the CES aggregator for the non-tradable goods bundle
(4), there are no price setting complementarities in the non-tradable sector.

The main results on Home firms’ invoice-currency choices for price setting are summa-

rized in the following proposition.

Proposition 2 [Invoice-currency choices for price setting] Consider the model, pre-
sented in Section 2, with no monetary policy shocks and v = co. Both the Home tradable
and the non-tradable goods firms choose currency F' as an invoice currency if and only if the
exchange rate pass-through to their corresponding flexible price is greater than 1/2, where
the pass-through is given by (g in equation (28) and (y in equation (29) for the tradable
and the non-tradable firms, respectively. These firms are more likely to set prices in units

of currency F as:

a) More tradable goods prices are set in units of currency F' (as Ag and Ap decrease);
b) The economic size of country H becomes smaller (as n decreases) if \p < Ay ;

c¢) Country H becomes more open to trade (as 7 increases) if A\p < Ap;

d) More wages are set in units of currency F (as A, decreases);

e) The intermediate input shares ¢, and ¢, become higher;
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f) The degree of complementarities « increases (for the tradable goods firms only).

Conditions a)-c) in Proposition 2 are broadly consistent with conditions a)-c) in Propo-
sition 1 regarding the impact of monetary policy. Hence, the Home firms are more likely to
start using the digital money (i.e. currency F’) in an environment where the impact on the
Home consumption of the Home monetary policy becomes smaller and that of the Foreign

monetary policy becomes greater.

Invoice-currency choices for wage setting As shown in Proposition 2-d), an invoice
currency for wages has complementarities for an invoice currency for prices, and therefore
it is also worth studying an invoice currency choice for wage setting. Similar in spirit to
Lemma 1, the individual wage w;(j) is set in units of currency H if and only if V(w;) <
V(w; — e;), where w; is the flexible wage, given by equation (10), and V() is a variance
operator. Under the continued assumption of ¥ = co and no monetary policy shocks, the
variance of the flexible wage is zero, V (w;) = 0, so that the wage is set in units of currency
H irrespective of the country’s economic size and the degree of trade openenss.

To derive richer implications, let us drop the assumption of ¥ = co. But, for analytical
tractability, let us consider the economy with no non-tradable sector. In this environment,
as shown in Appendix B.2, given currency F' as a dominant currency so that prices and
wages are set in units of currency F' in country F', the Home wage is set in units of currency
F' if and only if the path-through to the flexible wage, (,, is greater than 1/2:

VL= (1 =)oy — (1= 9)pr + (1 =7 —77)82] 2

G

where the trade openness is assumed to be symmetric between countries H and F' so that
v = (1—n)7y and v = ny. Because the denominator of the left-hand-side of the inequality
(30) is positive, a necessary condition for satisfying the inequality (30) is vy, +¢,(1—~F) > 1,
that is, (1 —n(1+¢,)) + ¢, > 1. As a special case, in a small open economy (n = 0) with
no use of currency F' for wage setting (A, = 1) and with more use of currency F' for import
goods than domestic tradable goods (Ag > Ar), condition (30) is more likely to hold as
the trade openness 7 increases. Intuitively, in the small open economy with a high degree
of trade openness, a depreciation in currency H (an increase in e;) stimulates labor supply
l; and positively affects the flexible wage W, = [;/v, so that the path-through (, becomes
high.
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Trade openness brings similar implications for invoice-currency choices, for price setting
and for wage setting. But, unlike an invoice currency for prices, that for wages does not
feature complementarities. Contrarily, an increasing use of currency F for wages (i.e. a
decrease in \,) makes condition (30) less likely to hold. Intuitively, as more wages are set
in units of currency F', a depreciation in currency H raises the nominal wage and dampens
labor supply, so that the pass-through becomes smaller, making condition (30) less likely
to hold.

4 Numerical Analyses

This section presents the extended model, which relaxes four critical assumptions of the
analytical model presented in Section 2 and examines the robustness of the model’s impli-
cations for digital dollarization and monetary policy, especially Propositions 1 and 2. First,
staggered prices and wages a la Calvo (1983) and Erceg et al. (2000) are introduced instead
of one-period-in-advance price and wage setting. Second, shocks are extended to allow for
persistence as opposed to i.i.d. shocks. Third, a monetary policy rule for the short-term
interest rate is introduced in place of the nominal aggregate as a monetary policy instru-
ment. Fourth, the labor supply elasticity of v = oo is relaxed to be v < co. In addition, as
the extended model does not assume subsidies, markup distortions remain.

In what follows, Section 4.1 presents the detail of the first three extensions. Section 4.2
parameterizes the model to numerically analyze the extended model. Using the extended
model, Section 4.3 examines the implications of digital dollarization on monetary policy
transmission (Proposition 1). Section 4.4 examines under what conditions digital dollar-
ization can deepen (Proposition 2). Section 4.5 analyzes whether monetary policy, Home

and/or Foreign, can block or facilitate digital dollarization.

4.1 Extensions

Nominal rigidities Staggered prices and wages a la Calvo (1983) and Erceg et al. (2000)
are introduced in place of one-period-in-advance price and wage setting. Specifically, in
every period, firms can reset prices with probability 1 — &, with 0 < £, < 1 and households
can reset wages with probability 1 — &, with 0 < &, < 1. In these staggered price and
wage settings, either the Home or the Foreign currency is used as the invoice currency.

As considered in Section 3.2, an invoice-currency choice problem is formulated such that a
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currency, either Home or Foreign, that delivers a higher expected discounted sum of profits
or utilities is chosen. The price and wage settings in country F' are symmetric to those in
country H. The description of the price and wage setting problems and the derivation of
the equilibrium conditions including those of the currency-choice problems can be found in

Appendix C.

Persistent shocks As in the model presented in Section 2, there are three shocks: pro-
ductivity, exchange rate, and monetary policy shocks. These shocks were assumed to be
i.i.d. in Section 2, but in this section the first two shocks are extended to allow for persis-

tence. Specifically, the productivity a; = log(A;) is assumed to follow the AR(1) process:
a; = Pali—1 + €4, with 0<p, <1,

where €,; ~ i.i.d.N(0,02). Similarly, the exchange rate shock z is assumed to follow the
AR(1) process:
Zet = Pelet—1 T €Eet, with 0 < Pe < 17

where €. ~ 1.i.d.N(0,02%). The shock processes for country F' are symmetric to those of

country H.

Monetary policy rules The monetary policy for the nominal aggregate, (24), is replaced
by a simple interest rate rule that responds to the current inflation and the lagged interest

rate, given by

R R,_
log (Et) = p, log < ;%1) + (1 — pp)rylog(m) + €, with 0 < p, <1, (31)

where R is the interest rate in steady state and €,; ~ i.i.d.N(0,02) is a monetary policy

shock. A monetary policy rule for country F' is symmetric to that of country H.

4.2 Baseline Parameterization

The objective of baseline parameterization is to numerically examine how robust the digital
dollarization and monetary policy implications, namely Propositions 1 and 2, are in the

extended model. To parameterize the model, the functional form of the consumption
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aggregator G(-) is specified by following Dotsey and King (2005) as

Or—1—¢

0 € g | o= 0,
- |(1-= < 4 2
G) 97—1—5[( 97)“97} 1 ¢ (32)
In this aggregator, parameter 0, = —g¢'(z)x/g(x)|,=1 corresponds to the elasticity of

substitution among tradable goods, evaluated at x = 1, where g(x) = G'(z); parame-
ter ¢ = 0/ (x)x/0,(x)|,=1 corresponds to the superelasticity evaluated at x = 1, where
0.(x) = —¢'(z)x/g(x). If the superelasticity is zero, € = 0, the aggregator G(-) is collapsed
to a CES aggregator.

There are three sets of parameters: standard parameters and shock parameters, which
are fixed in the numerical analysis, and key parameters, which are varied in the analysis.
Although baseline values are set for key parameters, the central focus of the numerical
analysis is how implications for digital dollarization and monetary policy change, if at all,
in response to changes in these parameter values. Hence, for these key parameters, baseline
values should be interpreted as reference values. Table 1 summarizes all parameter values.

The unit of time in the model is quarterly. Regarding standard parameters, the pref-
erence discount factor is set at 8 = 0.98%/4, implying an annual real interest rate of two
percent in steady state. The Frisch labor supply elasticity is set at ¥ = 1, which is within
standard parameter values used in the business cycle literature. The parameter governing
the disutility of labor, ), is set in such a way that the labor is normalized to unity, L = 1,
in steady state. The elasticities of substitution for non-tradable goods and specialized labor
are set at #,, = 0,, = 11, implying a corresponding markup of ten percent. The elasticity of
substitution for tradable goods is set at 6, = 3, which is consistent with the empirical evi-
dence of Feenstra et al. (2018). The degree of nominal rigidities for prices and wages is set at
&y = & = 0.75, implying an average duration of prices/wages of one year. In the monetary
policy rule, the coefficient on inflation and the persistence parameter are set at ¢, = 2 and
pr = 0.8, respectively, which are within standard values estimated in the literature such as
Justiniano et al. (2010). To focus on the use of digital money (i.e. currency F) in country
H and to reflect the empirical fact reported by Goldberg and Tille (2016) and Gopinath
et al. (2020), the dominant currency pricing is assumed so that currency F' is exclusively
used for exports and imports as well as in country F: Ay = A\ = Ap = A, = Ap = 0.

Regarding shock parameters, the persistence of shocks is assumed be relatively high:

Pa = pPe = 0.95. The standard deviations of productivity, exchange rate, and monetary
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Table 1: Parameters

Parameter Value Parameter description Value source/description
Standard parameters
B8 0.98'/%  Preference discount factor Annual real interest rate of 2% in SS
v 1 Frisch labor supply elasticity Standard
) 0.424 Disutility of labor L=1inSS
0, Oy 11 Non-tradable goods/labor elasticity Markup of 10%
0, 3 Tradable goods elasticity Feenstra et al. (2018)
&ps Sw 0.75 Nominal rigidities Average duration of 1 year
o 2 Monetary policy rule, inflation Standard
Or 0.8 Monetary policy rule, persistence Standard
ANy Ay A A, AR 0 Currency choice Dominant currency pricing
Shock parameters
Pas Pe 0.95 Shock persistence High persistence
Oa, Oc 0.01 SD of productivity and exchange rate shocks 1% SD quarterly
o 0.0025  SD of monetary policy shocks 0.25% SD quarterly
Key parameters (baseline values)
AN, AH, Aw 1 Currency choice Dominant currency pricing
n 0.01 Size of the Home country Small country
Yn 0.44 Share of non-tradable goods Lombardo and Ravenna (2012)
Pn, Or 0.33 Share of intermediate input Lombardo and Ravenna (2012)
~ 0.433 Trade openness Trade-to-output ratio of 0.5
«a 0.6 Tradable goods pricing complementarities Gopinath and Itskhoki (2011)

Note: SS and SD denote steady state and standard deviation, respectively.

policy shocks are set at 1%, 1%, and 0.25%, respectively.

Although the three shocks

are simultaneously considered in using the second-order approximation of the model, it is
worth emphasizing that the main results of such an analysis, to be presented in Sections 4.4
and 4.5, are driven mainly by the productivity shocks, which are also main shocks in the
standard NOEM literature such as Obstfeld and Rogoff (1995) and Corsetti and Pesenti
(2009).

Regarding key parameters, as a baseline, the Home currency pricing is assumed in
country H: Ay = Ay = A\, = 1. Given that most countries in the world are relatively
small, with a few ‘large’ exceptions, the economic size of country H is set at n = 0.01 as
the baseline. The share of non-tradable goods is set at =, = 0.44, the average value of
OECD countries reported in Lombardo and Ravenna (2012). The share varies from 0.25 in
relatively small countries to 0.8 in relatively large countries. Given that the intermediate

input share is 0.54 on average over OECD countries and the average tradable input share
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Figure 1: Impulse responses to monetary policy shocks
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Note: Consumption and hours worked are measured in percentage deviation from the steady state. The
interest rate is measured in annual percent difference from the steady state.

of consumption is 0.66 according to Lombardo and Ravenna (2012), the intermediate input
share is set at ¢, = ¢, = 0.36 (= 0.54 x 0.66). The intermediate input share ranges from
0.41 to 0.67 according to the OECD input-output tables, while the tradable input share
of consumption ranges from 0.3 to 0.8 according to Lombardo and Ravenna (2012). Trade
openness is set at ¥ = 0.433 in such a way that the trade-to-output ratio in steady state
is equal to the average value of 0.5 among OECD countries, given other parameter values,
where the trade-to-output ratio is defined by the sum of export and import divided by the
total output. The OECD input-output tables show that the trade-to-output ratio ranges
from less than 0.2 to over 1. Finally, instead of the superelasticity ¢ in the aggregator (32),
a value is assigned to a = 0.6, which is consistent with the evidence reported by Gopinath
and Ttskhoki (2011).1°

4.3 Monetary Policy Transmission

How does digital dollarization — the use of currency F' in country H — affect the effec-
tiveness of the Home monetary policy? Figure 1 plots the impulse responses of the Home
consumption Cy, inflation 7, and the interest rate R; to the expansionary monetary policy
shocks of the magnitude of one standard deviation, originated in countries H (top panels)
and F' (bottom panels) for three cases: no dollarization (Ay = Ay = A, = 1); partial dol-

larization (Ag = Ay = A, = 0.5); and full dollarization (Agy = Ay = A, = 0). Consistent

0Parameter o can be derived as a function of € as a = ¢/(0, — 1 +¢€).
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Figure 2: Cumulative effects on the Home consumption (%, over 8 quarters)
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Note: The vertical axis of each panel denotes percentage deviation from the steady state. The two dashed
lines in each panel represent the cumulative effects of the Home and Foreign shocks, respectively, under
the baseline parameter values.

with Proposition 1 for the simple model, a deepening in dollarization weakens the effect of
the Home monetary policy on the Home consumption and strengthens that of the Foreign
monetary policy. In particular, when all agents set prices and wages using currency F,
the Home monetary policy becomes completely ineffective, i.e., the responses of the Home
consumption, hours worked, and the nominal rate become zero. The nominal rate does not
move in spite of the Home monetary policy shock because the inflation response cancels
out the effect of the policy shock. In this case, in the system of the equilibrium conditions,
the Home inflation m; appears only in the consumption Euler equation and the monetary
policy rule in country H. The Home inflation becomes de-facto flexible so that the Home
monetary policy has no real effects. The inflation is determined simply because the central
bank continues to be able to control the short-term interest rate in units of currency H.
The effects of the other shocks are also affected by the degree of dollarization in country
H. The left three panels of Figure 2 plot the cumulative responses over the first eight
quarters of the Home consumption to monetary policy shocks (top), productivity shocks
(middle), and an exchange rate shock (bottom), as a function of the degree of dollarization
(Ag = Anx = Ay). The shock magnitude is one standard deviation for all shocks. Similar to

the effects of monetary policy shocks, as dollarization deepens (as Ay = Ay = A, decreases),
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the effects of the Home productivity shock is weakened and those of the Foreign productivity
shock are strengthened (left middle panel); and the effects of the exchange rate shock is
strengthened (left bottom panel). In other words, country H becomes more vulnerable to
the Foreign shocks, including the exchange rate shock, as dollarization deepens.

Figure 2 also shows the roles played by the country’s economic size (n), the trade
openness (7), and the share of the non-tradable sector (v,,) in the effects of the three shocks.
Consistent with Proposition 1, the effect of the Home monetary policy shock becomes
smaller and that of the Foreign monetary policy shock becomes larger as the country’s
economic size becomes smaller (second-left top panel), the country becomes more open to
trade (second-right top panel), and the share of the non-tradable sector gets smaller (right
top panel). These implications also hold for the Home and Foreign productivity shocks
(middle panels) and the exchange rate shock (bottom panels). To summarize, the analysis
implies that a smaller and more open country is more susceptible to shocks originating

from foreign countries and foreign exchange markets.

4.4 Invoice-Currency Choices

The previous subsection showed that the effects of the Home monetary policy weaken
as dollarization deepens in country H. Then, under what circumstances do the firms
and households choose currency F' as an invoice currency? This subsection addresses the
question numerically using the extended model.

An invoice-currency choice problem is formulated for the extended model as for the sim-
ple analytical model studied in Section 3.2. Let I1%, denote the expected present discounted
value of choosing currency h = H or currency h = F', conditional on the initial state be-
ing the steady state, for the Home tradable goods firm (s = H), the Home non-tradable
goods firm (s = N), and for the Home household (s = w). Then, the invoice-currency
choice problem is formulated as maxyc(m,ry [1%,. In solving this problem, the value II%,
is approximated around the steady state by using the second-order approximation as in
Schmitt-Grohé and Uribe (2007). The derivation of equations for 1% can be found in
Appendix C.

Dollarization in the tradable sector Figure 3 plots the net benefits of choosing cur-

rency H, (T —T14,) /TI x 100, where 1" is the corresponding value in steady state.!! By

"The value of choosing currency H coincides with that of choosing currency F in steady state: 117 = I1F.
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Figure 3: Net benefits of choosing currency H
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H and that of choosing currency F', divided by the value of choosing currency H in steady state. A solid
horizontal line denotes the net benefits of choosing currency H under the baseline parameter values.

construction, the positive (negative) value means that currency H (F) is preferred by firms
or households.

Figure 3 provides four implications for dollarization. First, the left three panels of the
figure show the roles of invoice-currency complementarities for invoice-currency choices and
possible dollarization. The panels plot the net benefits of choosing currency H as a function
of Ay — the share of currency H pricing in the Home tradable sector — for three types of
private agents: the tradable goods firms (top), the non-tradable goods firms (middle), and
the wage-setting households (bottom). For all these panels, the net benefits are increasing in
Am, implying that as more tradable firms start using currency F' it becomes less attractive to
choose currency H. Such complementarities affect the tradable sector particularly strongly:
currency F' would be chosen, i.e., the net benefits sink into negative territory (shaded area
in the top left panel) if more than 40 percent of the tradable goods firms use currency F'.

Second, the country’s economic size n (middle panels) and degree of trade openness 7
(left panels) also affect the invoice-currency choices and possible dollarization. For all three
types of agent, the net benefits of choosing currency H decrease the smaller the country’s

economic size and the greater the degree of trade openness. In a smaller country that is
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more open to trade and has more tradable goods firms that set prices in units of currency
F, the firms and households have a higher incentive to choose currency F' as an invoice
currency. This observation is consistent with Proposition 2 for the simple model presented
in Section 2.

Third, dollarization in the tradable sector may not be far from reality. The top right
panel of Figure 3 shows that even when all the other tradable goods firms use the Home
currency, every single Home tradable goods firm has an incentive to switch from currency
H to F if the trade openness is higher than 4 = 0.6. Such a relatively high trade openness is
not unrealistic: in the calibration presented in Section 4.2, 4 = 0.6 corresponds to the trade-
output ratio of 0.69. Such a level is not uncommon for small open real-world economies.
In addition, because of the currency choice complementarities mentioned above, as more
tradable goods firms start using currency F', currency F would be preferred increasingly.
Then, as indicated by the negative net benefits at Ay = 0 in the top left panel, once
dollarization occurs in the tradable sector, it is stable, as all the tradable goods firms
continue to prefer currency F.

Fourth, although dollarization can occur in the tradable sector, under the parameter
values considered, it is unlikely in the non-tradable sector or the labor market. As shown
in the middle and bottom panels of Figure 3, the net benefits are all well above zero. As
discussed in Section 3, the tradable goods prices are affected by price setting complemen-
tarities (o) and input-output linkages (¢,), while such complementarities are absent in
the non-tradable sector and both the complementarities and the input-output linkages are
absent in the labor market. In other words, because the Home tradable goods prices are
heavily affected by the prices of imported Foreign tradable goods under the complementari-
ties and input-output linkages, the Home tradable sector is more vulnerable to dollarization

than the non-tradable sector and the labor market.

Dollarization in the non-tradable sector Consider the case of high trade openness
of 4 = 0.7 where full dollarization occurs in the tradable sector (Ag = 0). In this situation,
can dollarization ensue in the non-tradable sector as well?

Figure 4 shows the net benefits of choosing the Home currency in the non-tradable
sector in the case of Ay = 0 and 4 = 0.7. In the case of baseline parameter values, denoted
as “Uncorrelated shocks,” the net benefits of choosing H decline as more non-tradable
goods firms start using currency F' (as Ay decreases), the intermediate input shares, ¢,

and ¢,, increase, and the non-tradable share v,, decreases. These results are consistent with
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Figure 4: Net benefits of choosing currency H when Ay =0 and 7 = 0.7
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Note: “Uncorrelated shocks” corresponds to the model presented in Section 4.1 and “Correlated shocks”
corresponds to the same model but with the Home productivity shock given by (eq: + €,)/2. A solid
horizontal line denotes the net benefits of choosing currency H under the baseline parameter values but
with Ay =0 and 7 = 0.7.

Proposition 2 for the non-tradable sector. Still, the net benefits are all positive, implying
that the non-tradable goods firms continue to prefer currency H. However, if the Home
productivity shock is correlated with the Foreign productivity shock, given by (eq + €;)/2
in place of €4, the net benefits shift down, and they become negative when the intermediate
input shares are relatively high (middle panel of Figure 4). By making the Home economy
co-move with the Foreign economy, such a correlated productivity shock makes currency
H pricing less attractive and can induce a shift to currency F' pricing. It is worth noting
that in all cases shown in Figure 4, currency F' continues to be preferred in the tradable
sector (so that Ay = 0 is rationalized) but not in the labor market.

To summarize, the numerical analysis in this subsection suggests that in a smaller
country that is more open to trade and has a greater tradable sector and stronger input-
output linkages, dollarization is more likely to occur in the tradable and the non-tradable
sectors, if not in the labor market. In addition, if the Foreign productivity shock has a
global impact so that it also drives the Home productivity to some degree, the likelihood

of dollarization increases further.

4.5 Roles of Monetary Policy in Dollarization

Thus far, the analysis on dollarization has assumed a fixed monetary policy rule, but in
practice, a central bank may consider trying to counter dollarization. Depending on the
monetary policy stance on inflation and other target variables, monetary policy may be

able to block dollarization. To illustrate the role of monetary policy in dollarization, the
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Figure 5: Roles of monetary policy in dollarization:
net benefits of choosing currency H in the tradable sector when ¥ = 0.7
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Note: In each panel, a solid horizontal line denotes the net benefits of choosing currency H under the
baseline parameter values but with 4 = 0.7.

Home monetary policy (31) is modified to incorporate output growth and the real exchange

rate:

R\ Ry Y &
log (E) = pr <T) +(1—p) [Tw log(m;) + 7y log (E) + rerlog (g)} + 6, (33)

where parameters 7, r,, and rg- govern the central bank’s stance on the stabilization of
inflation, output, and the real exchange rate, respectively. The rule (33) is classified as a
simple and implementable monetary policy rule (Schmitt-Grohé and Uribe (2007)) as it
depends only on a few variables that are observable in practice.

Consider the model economy with the monetary policy rule (33) and baseline parameter
values with 7, = 2 and r, = rgr = 0 except that the trade openness is set at 7 = 0.7. In
this economy, the net benefits of choosing currency H are negative in the tradable sector
as shown in the top right panel of Figure 3, so that the tradable goods firms prefer to
switch to currency F. A question is how the monetary policy stance on inflation, output,
and exchange rate stabilization affects the firms’ incentive to use currency F' as an invoice
currency.

The upper panels of Figure 5 show the effects of the Home monetary policy on the in-
centive of using currency H in the tradable sector in the cases of no dollarization (Ay = 1)
and full dollarization (Ay = 0) in the sector, respectively. As the coefficient on infla-

tion, r,, increases, the incentive to use currency H increases (the upper left panel). At
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rr = b, the net benefits become positive in both cases of Ay = 1 and Ay = 0, implying
that dollarization can be ruled out by such a monetary policy rule. However, a positive
stance on output stabilization (r, > 0) and a strong positive stance on real exchange rate
stabilization (rer > 0.3) are counterproductive: such policy rules facilitate dollarization
instead (the upper middle and right panels). Intuitively, monetary policy that strongly
focuses on inflation stabilization restrains nominal disruptions in units of currency H by
stabilizing the Home inflation rate, which makes setting prices in units of currency H more
attractive.!'? Stabilizing the real exchange rate contributes to stabilizing import prices in
units of currency H, which ceteris paribus makes currency H more attractive. But, a too
strong stance toward real exchange rate stabilization undermines inflation stabilization and
thereby facilitates dollarization. Actually, when the stance is strong enough (rg» > 0.5), the
incentive to use currency H becomes negative for price setting in the non-tradable sector
and wage setting as well, so that the whole economy would switch to full dollarization.

The result of the Home monetary policy suggests that the Foreign monetary policy can
also affect dollarization in country H. The lower panels of Figure 5 show such effects in
the cases of Ay = 1 and Ay = 0, respectively. Overall, the effects of the Foreign monetary
policy mirror those of the Home monetary policy upside down: a strong stance on inflation
stabilization facilitates dollarization in country H, but a strong stance on output and real
exchange rate stabilization discourages it. In particular, a strong stance on real exchange
rate stabilization of rgr > 0.3 completely blocks dollarization in country H.

The monetary policy analysis in this subsection suggests that monetary policies, both
Home and Foreign, can have significant impacts on dollarization in country H. Although
optimal monetary policy and welfare implications are beyond the scope of this paper, the
incentive to use currency H in the tradable sector continues to be negative even under the
cooperative Ramsey policies with the policy instruments being the interest rates R; and
R} in the economy with 4 = 0.7.1% This observation suggests that in spite of the potential
capacity of monetary policy to block dollarization, such a policy may conflict with other

objectives from a social welfare perspective.

12 A similar implication is derived by Ize and Yeyati (2003), who consider financial dollarization in which
domestic agents hold foreign assets and show that inflation targeting helps reduce financial dollarization.

13The Ramsey policy chooses R; and R} to maximize the weighted sum of the average household utilities
of countries H and F with equal weights, subject to the competitive equilibrium conditions except for the
monetary policy rules. The problem is solved by the matlab toolbox developed by Bodenstein et al. (2019).
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5 Conclusion

Against the background of digital innovations and possible further progress in digital money,
this paper considers monetary policy in a world economy in which prices and wages can
be set in units of any currency in any country. Building a two-country open economy
model with nominal rigidities, the paper exclusively focuses on a unit of account as the
role of money by considering a cash-less economy. It then explores, both analytically and
numerically, the implications of digital dollarization — price and wage setting in units of
digital money, denominated in and pegged to a foreign currency — for monetary policy and
under what conditions digital dollarization can occur. The findings are three-fold. First,
the capacity of monetary policy to affect the real economy weakens as digital dollarization
deepens in the country. Second, digital dollarization is more likely to occur in a country
with a smaller economic size, with less home bias, and with a greater tradable sector and
stronger input-output linkages. Third, depending on their stance on the stabilization of
inflation, output, and the real exchange rate, monetary policies, both domestic and foreign,
can have significant impacts on digital dollarization.

The paper is concluded with some caveats regarding the three findings. First, the
paper has exclusively focused on a unit of account as the role of money, in line with the
New Keynesian literature such as Woodford (2003), and has abstracted away other roles
of money such as a medium of exchange and a store of value. In this respect, this paper
complements the emerging literature on digital money as a medium of exchange, including
Fernandez-Villaverde and Sanches (2019), Schilling and Uhlig (2019), and Benigno (2019).
Second, this paper has considered frictionless costless digital money without specifying
its detail. For example, if digital money takes the form of stablecoins, an increase in
the circulation of such digital money would increase the demand for safe assets, including
government bonds and central bank digital currencies, if any, that back up the value of the
digital money, which may have some consequences for monetary policy. Finally, this paper
has considered digital money in units of a single currency. However, in practice, digital
money can be denominated in and pegged to a synthesized currency, backed up by safe
assets in units of multiple currencies. The creation of a synthetic currency could affect
the international monetary system, as argued by Carney (2019), and taking a synthetic
currency into account in currency choice problems may carry different implications for

monetary policy.
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Appendix

A Model and Analytical Results

This appendix presents the analytical model discussed in Section 2.

A.1 Households

Consumption and saving problem The Lagrangean representation of the household problem — max-

imizing the utility (1) subject to the budget constraint (2) — can be written as

1 1+l

+A: (7)) [ We (4) Le (5) + Bi1 (5435) + 04 (§) — PCy (4 ZQ (st+1l8¢) Ben (St4157) ,

St+1

where A (j) is the Lagrange multiplier on the budget constraint. Here the assumption of log-utility is
related. The log utility in (1) corresponds to the case of o = 1. The first-order conditions with respect to

Cy (j) and By (s¢41;J) are given by

1

AP = Ci(j) 7, (A1)
At () Q (st41lst) = BPr(sev1lse) Aeta (7)), (A.2)

where Pr (s;4+1|s:) denotes the probability of the state s;41 in the next period conditional on the current

state s;. Combining the first-order conditions yields

Ci (5) )i P,
s st) = BPr(s s - . A3
Qsenlsn) = 3Pr(seals) ( od ) (A3)
A similar equation holds for country F"
@ (senlst) = 3P (sealso) (0 ) i (A1)
1 (U%) Pt+1
Because the asset market is complete, the following arbitrage condition holds:
Eip1 P
g, Q (st41lse) = Q" (s141lse) - (A.5)

Combining equations (A.3)-(A.5) yields

5t+1(Ct(j) >’ P, (C*(j*))” Py (A.6)
& \Ci1(j)) Py Cra (")) Py
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Let Q; denote the price of the risk-free bond that pays one unit of the Home currency in the next period.

The price of such a bond is given by Q; = Zstﬂ Q (st+1]s¢), so that the following Euler equation holds:

C (j) )i P,
b <Ct+1 () Pt+1Rt

1= 5, : (A7)

where Ry = Q; ! is the risk-free gross nominal interest rate.

Demand and price indices There are three types of consumption bundle: the total consumption
bundle C;(5), the non-tradable consumption bundle Cn¢(j), and the tradable consumption bundle Cr(5),
where index j denotes the j-th household. First, consider the choice of the composition of C;(j). The
household j chooses Cn¢(j) and Cr¢(j) to minimize the expenditure P,Cy(j) = Pn:Cnt(j) + Pr:Cr:(j)
subject to the consumption aggregator (3). The first-order conditions and the envelop theorem lead to the

demand functions for Cn¢(j) and Cr4(j) as

Onilf) = (Pg) mCi), (A8)
1
Cru(j) = (PPT) (1 =) ). (A.9)

The expenditure shares of non-tradables and tradables are constant and given by ~,, and 1—+,,, respectively.

Substituting equations (A.8) and (A.9) into the aggregator (3) leads to the price index as
P, = Pn P, (A.10)

Next, consider the choice of the composition of the non-tradable consumption bundle Cn(j). The
household j chooses {Cn¢(j,%)}ic(0,1) to minimize the expenditure Pn;Cn¢(j) = fol Pnt(2)Cne (g, )di sub-
ject to the non-tradable consumption aggregator (4). The first-order conditions and the envelop theorem

lead to a demand function for Cn(j,%) as

AN —On
Cni(j,1) = (W) Cne(j)- (A.11)

Substituting equation (A.11) into the CES aggregator (4) yields the non-tradable goods price index as

1 =
Pyy = (/ PNt(i)l_‘g“di) . (A.12)
0

Finally, consider the choice of the composition of the tradable consumption bundle C7:(j). The
household j chooses consumption varieties {Cr ¢ (j,7)};c (o) 2nd {Crye (j,i)}ie[o 1_py to minimize the

expenditure
n 1-n
PreCry (i) = [ Pus () CursGui)dic+ [ Pen (i) o () i,
0 0

subject to the consumption aggregator (5). Let p (7) denote a Lagrange multiplier on the constraint (5).
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Then, the expenditure minimization problem can be written in a Lagrangean form as

1—n

PrCr(j) = min/ Py (2)Cre(g, ) di +/ Pry(i)Cre(4,1)di
0 0

The envelop condition is given by

wo = e (2585005) (G57) =+ e (S (667) ]

Define Pr: = p(5)/Cri(j). Then, the above condition can be written as

-1

Pri
Pry
1

<[ o (@) (G ) [ e (S ) (G o] - e

The first-order conditions with respect to C+(j,4) and Cpe(j,4) are

U)o nCd)
P = 5L ¢ ((1—’77)0Tt(.7'))’

pe(3) o (1 =n)Cri(j,9)
CTt(j)G( Y7 Crt(5) )

Pry(1)

By using Pr: = ut(j)/Cri(j), these conditions can be rewritten as

Cmlii) = g(ljgtf)l;%cﬂ(j), (A1)
Cre(j,1) = Q(P;;(:)) 117”0:”(].)7 (A.15)

where g (-) = G'~1 (+) satisfies g (1) = 1 and ¢’ (-) < 0. Substituting these demand curves into the aggregator

(5) yields
o) () e

This equation implicitly defines the auxiliary price index Prs. In a symmetric steady state where individual
prices are identical, the auxiliary price index becomes equal to the price index for the tradable consumption

bundle: Pr; = Pr¢. The ratio of expenditure for Home goods is calculated as

Jo Pre@Cri(ji)di 1 (™ Pay(i) ( Pa(i) ;
PriCri(j) = %)”/o Pry g( Pri )d'

The ratio is reduced to a constant, 1 —v,, in a symmetric steady state. Substituting equations (A.14) and

(A.15) into the expenditure identity yields

Pry = L /On Pui(i)g <P’”(i)> di+ /Oln Pra(i)g (P”(i)) di. (A17)

PTt 1—n PTt
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Let a small letter variable denote a log deviation of the corresponding capital letter variable from its

steady state value. Log-linearizing equation (A.16) around a symmetric steady state yields

0= I_T% /” G'(g(1)) ' (1) (pre (i) — dlog Pry) di + 17:” / h G'(g(1)) g' (1) (pre (i) — dlog Pry) di,
0 0

or

1-—- T " . . T t=n . .
dlog Pr; = n7 / pae (1) di + 17 n/ pre (1) di. (A.18)
0 —nJo

Log-linearizing equation (A.17) around a symmetric steady state yields
1- Y

pre = n /On lg (V) pme (i) + g (1) (pre (i) — dlog Pry)] di

Y
1—n

1—n
+ t/' 9 (1) pre () + g/ (1) (pie (i) — dlog Pre)] i
0

Let 6, denote the demand elasticity at a symmetric steady state, that is, 8, = —¢'(x)x/g(x)|z=1. Then,

the above equation can be written as

1 - T " B . T 1=n . .
0-dlog Pri — pre = (6, — 1) [ b / prt (4) di + i / pre (1) dz} ) (A.19)
n 0 1—-nJ,
Substituting equation (A.18) into equation (A.19) leads to
1- Vr " . . Vr tn . .
pr = dlog Pry = / e (1) di + / pry (3) di. (A.20)
n 0 1—-nJ

Wage setting problem It is useful to derive the CES aggregator (6). Consider the following CES

0w
n By —1 G —1
u:P/mewﬂ .
0

In a symmetric equilibrium where L; (j) is identical for all j € (0,n), this equation is reduced to

aggregator with parameter 9.

0w )
Ly = (9n) %=1 Ly (j) -

Here, Ly (j) is the per capita labor supply, while L; is the aggregate labor supply. Since the population is

€ (0, 1), the aggregate labor has to be Ly = nL; (j). Hence, parameter 9 is pinned down as 9 = (1/n)1/9w.

The profit maximization problem of the employment agency is

0w
! Ow—1
1Y) n O —1 w n
max W |~ /Ljewdj —/Wijdj.
{Lt(j)}je(o,n) t [(n) 0 t( ) ] 0 t( ) t( )

The first-order condition leads to the labor demand curve

Lo (j) = % <thv(j)> L

43



In the case of the H-currency wage setting, the problem is

; : . Y .1+1>
max Fy; 1 (A W, L — L v
dps o (M OWG) 2 ) - 1 G)

subject to the demand curve. The first-order condition leads to

e B (L))
Wl = o A B T ML)

Substituting the labor demand curve into this condition yields
0, (1+1 1
1 Et—l (Wt ( +D)Li+u>

T s

w=1 g, (At () Wteth)

Keep in mind that A; (j) is given by equation (A.1) and Cy = nCy (j)

equation yields
0,\ " O 1 1
) Ei 1 (wt + -+ —c +pt) .

wt(j):(1+w
v v v' oo

In the case of the F-currency wage setting, the problem is

max Et—l |:At (]) gtWtE (]) Lt (j) - 1 :lf lLt (])1+111:| ,

{WEu}

subject to the labor demand curve
L wE G

L, (j) = — Ly,

¢ (4) n (gt_lwt) t

where W[ (j) = & "W, (j). The first-order condition leads to

e ey B (L0
t (]) - ew —1FE; 4 (At (]) gtLt (]))

Substituting the labor demand curve into this condition yields
— 1 1 1
_1 B (‘St o1t )thw(H ’ )L:+ U >
WF (j)lJr% o 9w¢n v
f =
O —1 By (At () & e Lt)

Log-linearizing this equation yields

. 0,\ " 0 1 1
wf (j) = (1 + ;) Ei 1 (;th + ;lt + e +pt) —Eyi_1e

If there were no nominal wage rigidity, the optimal wage would be given by

0t L)
Wt(])*ew_l At(]) .
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Then, log-linearizing the above

(A.22)

(A.23)

(A.24)



Substituting the labor demand curve into this equation yields

Ow 1

- 0w Oppn~v W,” LY

W, (i +3 _ Yw t .t )
f(]) Gw—l At(])

Log-linearizing this equation yields
o 0w\ " [ O 11
Wy (j) = |1+ — —wpt —li+ —cp e
v v v o
Because Wy (j) = w; in the flexible-price economy, the optimal price w; (j) can be written as
_ 1 1
Wy (§) = =l + —ct + py (A.25)
v o

A fraction A,, of households set wages in units of currency H and the rest of the households set wages

in units of currency F. Then, the wage index (8) can be written as
1
N 1— 10,7 T
W= Wi ()" + (=) (W )]
where W, (j) is given by (A.21) and W[ (j) is given by (A.23). Log-linearizing this equation yields
wy = Apwy (5) + (1= A (e +wf (7)) - (A.26)
Substituting equations (A.22) and (A.24) into equation (A.26) yields
O O 1 1
(1 + ) wy = ApEi (wt + -l + —c +pt>
v v v o
O O 1 1
+ L =A) | (14— ) (et = Eyre) + Eroq | —we + b+ —co+pi | )
v v v o
By taking expectation in period ¢ — 1, this equation can be written as
1 1
Eiqwy=FE 1| —le+ —ct +pe |-
v o

Substituting this into equations (A.22) and (A.24), respectively, yields

1 1
By (lt + —c +pt> ;
v o

g
B
—
.
~

I

) 1 1
wi (j) = Eia (lt + = +pt> — Eiqey.
v o
Substituting these two equations into equation (A.26) yields equation (11) as

1 1
wy = By (Vlt + P +pt) +(1—=Xy) (et — Er_1ey).
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A.2 Firms

Factor prices and marginal costs Cost minimization in the non-tradable and the tradable sectors

yields factor prices W; and Pr; as

Wi =MCne(1 — ¢n)YNe(i)/Lne(3), (A.27)
Wi =MCr(1 — ¢7)Y7e(i)/ L1+ (i), (A.28)
PTt :MCTt(bTYTt(i)/XTt (2)7 (A?)O)
where marginal costs are given by
1
MCyy =—- W, =" Ppy, (A.31)
t
1
MCry :Xth’d’*P;’;. (A.32)
t

Flexible price benchmark There are two types of firms: non-tradable goods firms and tradable goods
firms. First, consider the flexible-price setting problem of non-tradable goods firms. Such a frim ¢ chooses

Pn¢(7) to maximize its period-t profits (14). The first-order condition is

. s 91’7,

Because this pricing holds for all 7, the price index of the non-tradable bundle is given by Py; = Py.
Next, consider the flexible-price setting problem of the tradable goods firm i. It maximizes its period-t
profits (15) subject to the demand curves (16) and (17). The first-order condition with respect to Pg (4)

leads to
O (xpre (1)
0 (xme (1)) — 1

where 2 (i) = Py (i) /Pry is the relative price and 0 (zg: (4)) = —g' (v pe (0))2me (0) /g(xpe) > 1 is the

Pt (i) = Pry(i) = MCry, (A.34)

demand elasticity. Similarly, the corresponding price set in country F' is given by

Piyy (i) = Piy i) = 5 %(x?ﬁ () MCr

@ (1) -1 &
where x%;, (1) = Py, (i) /Py
Keeping in mind that dlog Pry = pr¢, log-linearizing equation (A.34) around a symmetric steady state
yields
prt (i) = mey — T (pae (1) — pre) (A.35)
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where ' = 6. (1) / (6, (6 — 1)), and 6/ (1) is given by

poy - (W) e @)oo @l b @)
€ r=1 g (LC) =1
= ("W +g1)g)+g (1)
= (g () =6+ 02
= —¢"(1)+06,(146,).
Solving equation (A.35) for pyy (i) yields
PHt (Z) = ﬁHt (’L) = (1 — a) mcr + apT, (A36)

where « =T/ (1+T) € (0,1). A similar equation can be derived for the price of the Home goods in country
F:
Prie (1) = Py (1) = (1 — @) (mere — eq) + apry. (A.37)

In the case of the CES aggregator, G (z) = 1 + 9:)11 (1:957;1 — 1), the derivatives are given as g (z) =
G (x) =27, ¢ (z) = 0,2~ ) and ¢” (z) = 0, (1 +6,) 2~ +0) Hence, T o 0. (1) = —g¢" (1) +

0, (14 60,) =0 so that & = 0 under the CES aggregator.

Nominal rigidities: Py;(i) and Py,(i) Consider a price setting problem of the non-tradable goods
firm 4 in country H. It sets the price one period in advance by using either currency H or F' as the invoice
currency. First, consider the case of currency H as the invoice currency. In this case, the firm sets the

price Py¢(i) = Ppn¢(i) to solve the following profit maximization problem:

S\ -0
B ) P i n
max Fy_1 |Qi—14 (Pne(i) — MChy) ( e )) Cni
{Pe(i)} Py

where (;—1 is the stochastic discount factor. The first-order condition is
Ey 1 [Qi-1,4(1 = 0,)Cnt 4 Qr—1,10n, MCniCni /P (i)] = 0,
where Py; = Py (i) is imposed. Log-linearizing this condition around a symmetric steady state yields
pi(i) = Ey—1(mene) = Er—1(Pne(9)), (A.38)

where py¢ (i) = meny is the optimal price in a flexible-price environment as implied by equation (A.33).
Next, consider the case in which the non-tradable goods firm i sets its price Pf, (i) using currency F.
In this case, the price in units of currency H is given by Py, (i) = Pf, (i), where the price P, (i) is set

in one period in advance. The firm’s profit maximization problem is

— . pF ZS _gn
{g)%?()g)}Et—l Qt—l,t (PII\;t(l)gt - MCNt) (th’](vt)t> Cne

47



The first-order condition is
By [Qi—1,4(0n — 1)ECNt + Q140 M Cn:Cni /PR, (i)] = 0,
where & PE, (i) = Py is imposed. Log-linearizing this condition yields
P (1) = Er_1(meny — e) = Ey—1(pne(i) — er). (A.39)

A price setting problem of Foreign non-tradable goods firms is symmetric to that of the Home non-

tradable goods firms, so that the log-linearized prices are given by

Pie(i) = Er—1(mciy), (A.40)
PNt (i) = Er_1(mch, + er). (A.41)

Nominal rigidities: Py (i) and Pj, (i) Consider the tradable goods firm i that sets prices in the

Home market. First, consider the case of currency H as the invoice currency. In this case, the tradable

goods firm i sets the price P, (i) to solve the following profit maximization problem:

Pif, (i)
Pri

max Fy |:Qt1,t (P (i) — MCt) g (

{PH.} ) (Cre + Xt)} .

where X; = X7y + X is the aggregate intermediate input. The first-order condition is

By {Qt_l,t (Core + X)) {g (%) 4 (PH, (i) — MCry) ¢ (P %T i”) Pth] } _o. (A.42)

Log-linearizing this condition around a symmetric steady state (Py (i) = P = [0,/ (6, — 1)]MCr) yields

pir (1) = By [T (pir, (i) — dlog Pre) + mer]

where I" = —gfg(;fl_)l) + g:ﬂ, and 6, = —¢' (1) /g (1). From equation (A.20), dlogPr; = pri. Then, the

log-linearized equation can be written as
Pire (i) = Ey—1 [(1 = a) mery + apre] = By (P (4)) (A.43)

where « =T/ (14 T') and py¢(7) is given by equation (A.36).
Next, consider the case of currency F' as the invoice currency. In this case, the firm ¢ sets the price

PL, (i) in units of currency F to solve the following problem:

BE (e P, (1) &
max Ey_1 Q-1 (P (1) & — MCry) g (Cre + Xy) | -
{Pgt(l)} PTt

The first-order condition is

Ph, (i) &

PE ()& 1
Ei {Qt,tl (Cre + X1) & [g ( B Ht(l)t)
t

) + (Pf, ())& — MCry) ¢ ( Pre PTJ} =0. (A.44)
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Log-linearizing this condition yields
ﬁgt (i) = By [—F (ﬁﬁt (1) + e — dlog PTt) + mcery — et] .
Because dlog Pr: = pr¢, this equation can be written as
Pir (i) = Bi—1 [(1 — a) mere + apre — ) = Eve1 (P (1) — ) - (A.45)

A price setting problem of the corresponding firm ¢* in country F' is symmetric to that in country H.

In the case of its own currency as the invoice currency, the log-linearized price p}, (i) is given by
Pre (1) = Ei1 [(1 — a) mepy + appy] = B (P (1)) - (A.46)

In the case of the H-currency pricing, the log-linearized price for p3! (i) = p%, (i) + e, is given by

Pt (i) = Erea [(1 = a) mepy + apiy + €] = Bey (B (i) + e). (A.47)

Nominal rigidities: P}y, (i) and Pp, (i) Next, import (export) prices are considered. In terms of an
invoice currency, there are three cases: producer currency pricing, local currency pricing, and dominant
currency pricing. Dominant currency pricing is given by the combination of the other two types of pricing.
In the case of producer currency pricing, the Home firm i sets the price Pyt (i) = Py, (i) & in units of
currency H to solve the following problem:

Py (i)
P&

{PI?S?)} Ei 1 |:Qt1,t (Pl (i) — MCy) g (

)civxn).

The first-order condition is

P\ P (i) 1
E,_ _ * X Ht P*H - M ! Ht = 0.
e [o (G )+ it o - (G ) ]} =0

Log-linearizing this condition yields

Pift (i) = Byt [(1— a) mere + o (ppy + €1)] = Ee—y (B (1) + ), (A.48)

where pi, (i) is given by equation (19). Symmetrically, the price set by the Foreign firm ¢* in the case of

producer currency pricing is given by
P (1) = 1 [(1 = @) meqy + a (pre — e)] = Er1 (pre (i) — ) - (A.49)

In the case of local currency pricing, the Home firm i sets the price for P, (¢) in units of currency F'

to solve the following problem:

_ ) P*F i . .
max By | Qe (P ()6~ brCr) o (D) (0,4 x7).
{PyE (i)} Tt
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The first-order condition is

B { Qs €3+ X0) g (B )+ (B3t 06— aremy o (D) ] <o
Tt ¢

Log-linearizing this condition yields

Pitr (1) = Ee1 [(1 = @) (mere — e0) + apipy] = Erex (5, (4)) (A.50)

Symmetrically, the price set by the Foreign firm ¢* in the case of local currency pricing is given by

P (i) = Ey1 [(1 — ) (mcpy + €0) + apri] = Er1 (Bre (1)) - (A.51)

Price indices From equation (A.10), the price index for the consumption bundle in country H in units
of currency H is given by p; = Ynpnt + (1 — ¥5)pre. Under the assumption that a fraction Ay of the
non-tradable goods firms set the prices using currency H, the price index of the non-tradable goods is
given by

pne = AnDne + (1= An)(Pive + €1).
where py; and pk;, are given by equations (A.38) and (A.39), respectively. Similarly, given that a fraction

A (Ar) of Home (Foreign) tradable goods firms set the prices using currency H, the price index of the

tradable goods is given by

1—7, /n (i) di+ Yr /ln (i) di
= 1) de 1) de
prt " . PHt 1-nJ, DPFt

= (L—=7) [Aupme () + (L= i) (Phe (1) + €0)| + 7 [NeDre () + (L= Ap) (Phy (1) + e1)]

where Py (i) is given by equation (A.43), p&, (i) is given by equation (A.45), pry (7) is given by equation
(A.51), and pk, (i) is given by equation (A.49). Under the assumption of i.i.d. shocks, the prices, Py,
ey e (1), Py, (1), pre (i), and ph, (i), are equal to their respective steady state values. Then, the price

indices can be written as

pne =(1 = An)e, (A.52)
pre =[(1—77) (1= Am) + 77 (1= Ar)] e, (A.53)
Pr={(l = AN) + (1= 7) [(1 = 77) (1 = Agr) + 77 (1 = Ap)]} e (A.54)

Similarly, the price index for the consumption bundle in country F' in units of currency F is given by

Pf = YnPe + (1 — vn)ph,. The price index of the non-tradable goods is given by
Pive =An (BNt — ) + (1= An)Pie,

where the prices pil and py, are given by equations (A.41) and (A.40), respectively. The price index of
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the tradable goods is given by

n

* 1_,77' t=n * . . Yr * . .
P = 1—”/0 th(Z)dZ‘F; ; P (1) di

(=) [\e (P (1) = ee) + (1= Xp) Dy (0)] + 7 [Ny (P () = e) + (1= Nip) P (9)]

where p3 (i) is given by equation (A.47), Py, (i) is given by equation (A.46), pifl (i) is given by equation
(A.48), and pj, () is given by equation (A.50). Similar to the price index for country H, under the

assumption of i.i.d. shocks, the price index for country F' is written as
pi = —{mAy + (L= m) [(1 = 77) AR + 77 i} e

A.3 Equilibrium

Exchange rate Under the assumption of log utility of consumption (i.e. 0 = 1) and per capita nominal

spending as a monetary policy instrument, equation (A.6) can be written as

Eit1 % _ My 1

5t Mt* Mt*+1

From this equation, the exchange rate in the initial period ¢ = 0 is given by

Mjl M()
80 - <M_1gl> mv

where (M /M ,1) E_4 is constant. Without loss of generality, the constant initial condition is set to unity,

so that the exchange rate is given by.
M

= M

&

Market clearing A labor market clearing condition is L; = Ly; + Lpy, where Ly = fon Li(j)dj is the
aggregate labor supply, Ly: =n fol Ly¢(i)di is the aggregate labor demand in the non-tradable sector, and
Ly = fon Lr(i)di is the aggregate labor demand in the tradable sector. Because population in the Home

country is n, the labor market clearing condition can be written in per capita terms as
Ly = Lyt + Ly,

where L; = (1/n)L;, Lyt = (1/n)Ln¢, and Lyy = (1/n)Lry.

The total quantities of tradable good ¢ demanded in countries H and F, Yy, (i) and Y, (i), are
given by equations (16) and (17), respectively. The supply of tradable good i is given by the production
function (13). Then, a market clearing condition for tradable good ¢ is written as Y. (4) = Yi(4) + Y71, (4).

Aggregating this condition over 7 yields

L 1_¢T X br
Yo =4 (1 —T;T) ( J)
n

1-— Yr Prrs (Z) . ’Y* /” 19>‘< t (’L) .
= Cre + X di+ -~ (Cr, + X} d A.55
(Cr¢ t)/o g ( Pry 1 n (Cre ¢) o g P, 2, ( )
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where Cry = [ Cry (j) dj, X = Xne + Xpy = nfol Xni (i) di + [ Xy(i)di, CF = ol_n Cy (j)dj, and
X=Xy +X0=0-n) fol X, (3) di + folin Xri(i)di. From equation (A.9), the quantities of the

aggregate tradable goods consumed, Cr; and C%,, are given, respectively, by

PT -1 P -1
Cry = (t) (I=)C:, Cp = ( P:,;t) (1 =7)CY, (A.56)
t

where C; = [" Cy(j)dj and C} = 01_" Cr(5)dj.

A market clearing condition for non-tradable good i is given by Yy (i) = fOJ Cni(4,1)dj, where the
supply Yn: () is given by the production function (12) and the demand Cn¢(j,%) by each household j is
given by equation (A.11). Aggregating this condition over 4 yields

_ Ly 1oon XNt %_ " ( Py (4) o
o) ()= (B

where Cyy = fon Cnt(j)dj is given by equation (A.8) as

_ ( Pni -
Cny = ( ) ) nCh.

Cnt, (A.57)

A.4 Steady State

For simplicity, the following assumptions are imposed: log-utility (o = 1); symmetric production technolo-
gies (¢, = ¢, ); subsidies that remove markup distortions in steady state. For normalization, per capita
nominal spending, which is a monetary policy instrument, is set at unity: M = M™* = 1; the technology
level is also set at unity: A = A* =1.

In steady state, the exchange rate is £ = 1. As shown below, the steady state is consistent with unitary
prices: P, = Pyt = Pni(i) = Pry = Pyi(i) = Pre(i) = 1. The corresponding Foreign prices are also unity.
These unitary prices imply that per capita consumption is unity as well, C' = 1, because C' = M/P.

From equations (A.31) and (A.32), the marginal costs are given by
MCy=W'% MCp=W'9%.

Under the assumption that subsidies remove markup distortions, the marginal costs are unity: MCy =
MC7r = 1. Factor price equations (A.27) and (A.28) imply
)EVN _ (bn XT _ (b‘r

Ly 1—¢, Ly 1—¢,

From the household problem, the labor supply is given by L = (1/1)*C¥ = (1/1)" under the assumption
that subsidies remove markup distortions. Without loss of generality, v is set at unity so that L = 1. The
labor market clearing condition is L = 1 = Ly + Lp. The total intermediate input in per capita terms is

given by
Pn

1- ¢n
under the assumption of ¢, = ¢, = ¢. From equation (A.56), Cp =1 — 1, and C5 =1 — ;. Then, the

¢ ¢

(1*ET)+1_T¢TLT: 1_¢5

52



market clearing condition for tradable goods (A.55) can be written in per capita terms as

Lt
1_¢‘r

:(1_(1_77')77)(1_7%"')?)+(1_n)’7(1_7n+)2*)a

:1_7”)_(:1_””*1% +(1¢T¢> _1% )ET’

where symmetry between countries H and F' is imposed on the second equality. Then, under the assumption

of ¢, = ¢, = ¢, the above equation can be solved for Ly as
ET =1- (1 - ¢)7n

The market clearing condition in the non-tradable sector (A.57) implies Ly = (1 — ¢)v,. Hence, these
labor supplies satisfy the labor market clearing condition, 1 = Ly + L. The per capita output in the

tradable sector is given by

Yr = <1i¢>1¢ (;>¢ @;YLT = (1;5) [ - (1— ¢)y]

Similarly, the per capita output in the non-tradable sector is given by
Y= o) \Iy) "7

B Invoice-Currency Choices

B.1 Invoice Currencies for Prices

For analytical tractability, this analysis assumes a log utility of consumption (0 = 1) and a linear labor
disutility (¥ = o0). It considers two cases about exogenous shocks in solving invoice currency choice
problems. The first case considers an exogenous shock to an exchange rate and no monetary policy shock,
following Mukhin (2018). The second case considers the case of monetary policy shocks only. In the second
case, standard deviations of monetary policy shocks are assumed to be identical between countries H and
F.

B.1.1 No nominal wage rigidity

First, the cases of no nominal wage rigidity are considered.

Invoice currency for Pp; (i) Consider the Home tradable goods firm ¢, which chooses an invoice
currency, either currency H or F, in setting the price in the Home market. Let T, = (pp (i) denote the

profits made in the Home market by the Home firm ¢ that sets the price in units of currency H, which is

written as

ePHt(i)) 1—7,

%, (pme (1) = (eth(i) - MCTt) g < Pre

(CTt + Xt) .
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To the second-order approximation with respect to pg; () around the flexible price pgy (), the profits can

be written as
05, (pae (1) = Moy (Pre (1)) + Wity (Bae (i) (pae (6) — pae () + %HZQ’ (Bre (1) (pre (3) — Prre (4))°.

Since &, (5 (7)) = 0, TEY (ppy (1)) < 0, and ppy (i) = Ey—1 (Pue (1)), the discounted expected profits
are given by
Etletft,tHgt (pat (1) < —Ei1 (pE¢ (1) — PHY (2))2 ==V (Pm: (7)), (B.1)

where V' (P (¢)) is the variance of pgy (7).
Similarly, profits made in country H by the firm ¢ that sets the price in units of currency F' is written

as »
ePa() g,

F F . — pgt(i) _ _
I,y (th (l)) = (6 & MCTt) g ( Pre

) (CTt + Xt) ’

and the discounted expected profits up to the second-order approximation around pgy (i) — e; is given by

Er 1 Qi1 115, (phyy (1)) o —Ei1 (he (1) — pae () + €0)” = =V (Bas (1) — e2) (B.2)

From equations (B.1) and (B.2), the tradable goods firm i chooses currency H as the invoice currency
in the Home market if and only if V' (pgy (1)) < V (Pay (i) — e¢). From equations (A.32), (A.25), (A.36),
and (A.53), the flexible price pg (i) can be written as

Pre (i) = (1 — a) mery + apry
(I—a)(—ar+ (1 =¢r)w) + ((1 —a) or + ) pre
=—(l-a)a+1-a)l—¢-)me+ (1 —a)dr +a)[(1 =) (1 = An) +79- (L= Ap)]er. (B.3)

In the case of a shock to an exchnage rate only, V (py¢ (1)) <V (pm¢ (i) — e;) holds if and only if

1— )\ Ap>1— . B.4
(1 =) Au + 77 AF 21— )b, + ) (B.4)
In the case of monetary policy shocks only, the above equation for pg¢(i) can be written as
pue(i) = —(1-a)a+{(1-a)1—-¢-)+((1-a)¢r+a)[(1 =77) (1 = An) +7- (1 = Ap)]} my
— (1 =) ¢ + ) [(1 =7r) (1 = An) + 77 (1 = Ap)]my.
In this case, V (pu¢ (1)) <V (Puy (i) — e¢) holds if and only if
1
(1 =30)Am + 9 Ap 2 5 (B.5)
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Invoice currency for Py:(i) The Home non-tradable goods firm ¢ sets the price using currency H if

and only if V(pn+(i)) < V(Pni(?) — er), where the flexible price py¢(i) is given by

Pne(?) = meny = — ar + (1 — ¢p)wi + dnpre,
=—a;+ (1 - ¢n)ms + ép [(1 —7-) (1 _)‘H)+77(1_>‘F)]et'

In the case of a shock to an exchange rate only, V(pn¢(i)) < V(pn+(i) — e;) holds if and only if

1
(1 =9) A5 + 9 A <1 - g (B.6)

In the case of monetary policy shocks only, the above equation for py(i) is written as

Pne(i) = —ar +{1 = ¢ + ¢n [(1 —77) (1 = Am) + 77 (1 = Ap)]} e
_¢n[(1_’YT)(I_/\H)+’YT(1_)‘F)]m:'

Then, V(pn+(i)) < V(pni(i) — e;) holds if and only if

)

DN | =

(1_77)(1_)‘H)+7T<1_)\F) S

which is exactly the same as condition (B.5) for the Home tradable goods firm i.

Invoice currency for Pp; (i) Consider the Foreign tradable goods firm 4, which chooses either currency
H or F as the invoice currency in setting the price in the Home market. The firm i chooses currency F' if

and only if V (Pt (1)) > V (Prt (1) — er), where the flexible price ppy (i) is given by

pre(i) = (1—a)(mcp, +e) + apr
= (1—-a)(—af + (1 —¢;)wf + ¢rp7y + €r) + apry
= —(1-a)a+1-a)1—-07)m{
F{l-a+al(l=7)1=Au) +7 (1 =Ap)] = (L = @) &7 [(1 —77) A + 77 A5 ]} e

Assume that the Foreign firm i chooses its own currency as the invoice currency in its own market, i.e.

A5 = 0. In the case of a shock to an exchange rate only, V (pp¢ (1)) > V (pp: (i) — e;) holds if and only if

* * 1
& (17 (1= i) + 77 Ar) 2 @+ (1= ) (1= 63 Ny) — 5. (B.7)
In the case of monetary policy shocks only, the optimal price pp; (4) is written as

pre(1) = —(A—a)ay —{a[(1 =)@ =Ar)+7 (1= Ap)]+ ¢ (1 —a) (1 =7 Ay)}my
H{al(l=97) (1= Am) +9- (L= Ap)] + (1 = a) (1 = ¢ry7 Apy) } s

Then, V (prt (1)) > V (prt (i) — e4) holds if and only if

20 [(1 - ’77') (1 - )‘H) +r (1 - )\F)] + (1 - a) (1 + (br - 2(257"7;/\?{) > 1. (BS)
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Invoice currency for Pj;, (i) The Home tradable goods firm 4 sets its export price in units of currency

H if and only if V (P, (¢) +er) <V (P (¢)), where the flexible price pj;, (¢) is given by

P (1) = (1—a)(mere — e) + appy
= (1—a)(—at+ (1 — ¢r)wi + drpre — €1) + appy
= —(1-a)ar+ (1 —a)(1—¢;)m:
{1 =a)[or A=) (1 = Au) + dryr (1 = Ar) = 1] —a[(1 = 77) Ak + 7 AL} er

Assume A} = 0. In the case of an exchange rate shock only, V (p%y, (4) +e;) < V (piy, (4)) holds if and only
if
1 -2« aYENY

¢T(1_(1_'VT))‘H_'YT)‘F)§2(1_a) 1—a

(B.9)
In the case of monetary policy shocks only, the optimal price p};, is written as
P =— (10 —a)ar +{(1 =) [¢r (1 =7r) (1 = An) + ¢r7r (1 = Ap) — &) — [(1 = 77) Ak + 7 A ] me
{0 =) [pr 1 =77) (1= Am) + é77- (1 = Ap) = 1] = [(1 = 77) Ap + 7 AR} myf

Then, V (pi; (2) + er) <V (Piy (¢)) holds if and only if

QYENY 1-2a

Or (1= (1 =v2)Ag — v Ar) < 1—a 2(1 — «)

- % (1—¢,). (B.10)

B.1.2 Nominal wage rigidity

Next, the cases of nominal wage rigidity are considered. In this case, as shown below, there is no difference

between the case of an exchange rate shock only and the case of monetary policy shocks only.

Invoice currency for Py, (i) With nominal wage rigidity the wage is given by equation (11). In this

case, the flexible price Py (1) can be written as

put (1) = (1—a)mer + apry
= (l1-a)(-a+ 1 —=9¢r)w)+ (1 —a)dr +a)pre
—l-a)a+{1-a)1-0¢:)(1-Aw)+((1—a)gr +a)[(1 =) (1= Am) +77 (1 = Ar)]}er

Because the flexible price depends only on e, there is no difference between the case of an exchange rate
shock only and the case of monetary policy shocks only. The firm i chooses its own currency as the invoice

currency in the Home market if and only if V (py+ (1)) <V (Pue (i) — er) holds or

1=a)1=07) A= Aw)+ (A=) dr + ) (1= (1 =) Ag —7rAp) <

N | =

If the Home wages are set in currency H, i.e., A,, = 1, the condition is reduced to

1
2(1-a)é; +a)’

(I_FYT)AH_F’YTAFZl_
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which is the same as condition (B.4) with no nominal wage rigidity in the case of an exchange rate shock
only. This condition holds in the economy with no strategic complementarities & = 0 and no intermediate
input ¢, = 0. In general, this condition is more likely to hold than condition (B.5); that is, in the case of
monetary policy shocks only the firm 7 is more likely to set its price using currency H if the wages are set

in units of currency H one period in advance.

Invoice currency for Py;(i) With nominal wage rigidity, the flexible price pn¢(i) can be written as

pne(i) = —ap+ (1 — dn)ws + dnpre
= —a+ {(1 - d)n)(l - )\w) + ¢n [(1 - 77’) (1 - )\H) + v (1 - )‘F)]}et

Then, the non-tradable goods firm ¢ chooses the Home currency as the invoice currency if and only if
V(pne(i)) < V(Dne(i) — er), or

(1=0n)(1=Ap) + 0 (1= (1 =792)Ag — 7 Ar) <

[N

In the case of A\, = 1, the condition is reduced to

1
1= v A+ dp > 1— ——
(1 =9 )Au + 9 F > 50,

which is the same as the condition (B.6). This condition holds for any ¢, < 1/2.

Invoice currency for Pr; (i*) With nominal wage rigidity, the flexible price pr: () can be written as

pre (i) = (1—a)(—af + (1= ér)wi + ¢rppy + €r) + apry
—(I-a)ai +{1-a) (1= (1=97)\,)
+all =)L =Au)+7 1 =Ap)] = (1 =) ¢- [(1 —77) Ak + 7 Ak} e

Then, under the assumption that the Foreign firms set prices in country F' using their own currency, i.e.,
A% = 0, the Foreign firm 7 chooses its own currency as the invoice currency in the Home market if and
only if V- (pr (i) = V (pre (i) — €), or

@[l =) (L= Aar) 9 (1= Ap)] + (1= ) (1= (1 = 6) s = riAE) 2 5.

If the nominal wage in country F is set in advance in terms of the country’s currency, i.e., A}, = 0, the above

condition is reduced to condition (B.7). In the case of monetary policy shocks only, condition (B.7) with

nominal wage rigidity is less tight than the corresponding condition (B.8) with no nominal wage rigidity.
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Invoice currency for P}, (i) With nominal wage rigidity, the flexible price p};, (i) can be written as

P (1) = (1—a)(—ar+ (1 —ér)we + drpre — €1) + appy
= —(1-a)a+{1-a)[1-0¢7) A=) + - [(1 =) (1= Ag) + 7 (1= Ap)] — 1]
—a[(1=77) Ap + 77 gl et

Then, the Home tradable goods firm ¢ chooses its own currency as the invoice currency in country F' if and
only if V (95, (4) + er) <V (P (¢)) holds, or

—_

Ck[(].—’y:))\} +’7:)‘*H]+(1_a){1_(1_¢T)(1_>\w)_(br[(l_’YT)(l_/\H)+’YT(]-_>\F)]}2 5

Under the assumptions of A}, =0 and A, = 1, this condition is reduced to condition (B.9). In the case of
monetary policy shocks only, this condition with nominal wage rigidity is less tight than the corresponding

condition (B.10) with no nominal wage rigidity.

B.2 Invoice Currencies for Wages

Similar to the invoice-currency choices for price setting, a Home household chooses currency H as the
invoice currency for wages if and only if V(w;) < V(s — et), where the flexible wage, w;, is given by
equation (A.25). Under the assumption of o = 1, the flexible wage is given by w; = (1/v)l; +my. If v = 00
as assumed in the currency choice problems for price setting, the household would always choose currency
H in the case of an exchange rate shock only because 0 = V(w;) < V(w; — e;). Hence, in this analysis, a
general case of v < oo is considered. But, for analytical tractability, the model with no non-tradable sector
is considered.

With no non-tradable sector, a goods market clearing condition is given by equation (A.55) with

subscript T omitted. Up to the first-order approximation, the market clearing condition is written as:

at + ¢ (e — 1) + 1 = (1= 7)) (1 = dr)ce + drle) + 97 (1 — ¢ )cf + 717

where the left-hand-side corresponds to the Cobb-Douglas production technology and the right-hand-side
suppresses price dispersion terms because they are zero up to the first-order approximation. Equations
(A.28) and (A.30), with subscript T omitted, imply that the ratio of intermediate input to labor is given

by ¢ — l; = w; — p; and similarly for country F'. By using this ratio, the above equation can be written as
at +vrér [(wr = pi) — (Wi = pp)]+ (1 — (L= 7)d7) I — b7l = (1= @) [(1 = 7 )er + 7]

For country F', a symmetric condition holds:
a; + 7707 [(wi —pi) — (we —po)] + (1 = (L =7)¢7) If =70l = (1 = &7) [(1 — 7))t +77ce].

Assume that prices and wages in country F' are set in units currency F' only, so that p; = w} = 0. For
country H, the price is given by equation (A.53), with subscript T suppressed, as p; = [(1 —v-) (1 — Ag) + 7 (1 — AF)] s,

and the wage is given by w; = (1 — \,)eq. Substituting these equations into the above two goods market
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clearing conditions and solving for I; yield

(1 - ¢T) [(1 —Yr — d)‘r(l — ’7::)) ((1 — '77')(1 — >‘H) +77'(1 - AF)) + 77¢T(1 - )\w)]

I, = —
! 1- (1 _77)¢T - (1 _’Y;k)(bT + (1 — _’7:)¢‘2r

Ct.

Given that m; = 0 in the case of an exchange rate shock only, the flexible wage in units of currency H
is given by w; = (1/v)l; and that in units of currency F is given by @} = ; — e;. Then, currency H is

chosen if and only if V(w;) < V (@}, or

(1 — (b‘r) [(’V‘r + qb‘r(l — ’Yi) — 1) ((1 — 77)(1 — >\H) +’YT(1 — )\F)) — P)/‘rqb‘r(l B )‘wﬂ
v [1 - (1 - '7T)¢T - (1 - 7:)9257' =+ (1 -7 = 7?)9173}

< (B.11)

1
5
With v, = (1—n)¥ and v} = n¥ kept in mind, the denominator of the left-hand-side of equation (B.11) can
be written as 1 — ¢ (2—5— ¢-(1—%)) > 0 as long as ¢, < 1. Then, in the case of A, = 1 (full H-currency
wage setting), a sufficient condition for condition (B.11) is that the numerator of the left-hand-side is
negative:

¥+ o —ny(1+¢,) < 1.

This condition is more likely to hold for a large country i.e. a large value of n. Conversely, this condition
is more likely to be violated so that currency F' is chosen as the invoice currency for wages in a smaller
country with a higher degree of trade openness and a larger share of intermediate input. In a small open

economy (n = 0) with A, =1 and Ap < Ap, the left-hand-side of (B.11) is increasing in 7.

C Extended Model

Consumption and saving A solution to the consumption and saving problems of the households in

countries H and F' is characterized by the Euler equations:

1 = E B(_Ct ) oLl (C.1)
Ct+1 41

1 = E g(f} ) Ift , (C.2)
Ci Ty

where C; and C; denote per capita consumption in countries H and F, respectively.

Wage setting First, consider the Home household j’s wage setting problem with currency H as the

invoice currency:

Hgt = {vanﬁji)} E; ; (5574;)5 |:At+8 (4) W, (4) Lt+s\t (4) - T %Lt+s\t (j)H; )

subject to the labor demand curve

=\ =0
. 1 (Wi (g v
Lt+s|t (j) = n (M;ti )) Liys.
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The first-order condition with respect to W; (j), with index j omitted, is

. [
Wy 1+ _ 0., Vth (C 3)
wy O — 1 Vs’ )
where
0o r 7610(1+l)
s [ WI P RS Y
Vwie = Ei Z (BEw) (Wrt Pti ) Lti;a
s=0 t+s s
0o 1-6
s wy Pt s . =
Vwer = Ei) (Béw) ( L > Atts () Wi Liys,
; Wits Prts e

Here Wt’” = Wt/Pt is the real wage set in period t, W] = W, /P, is the real wage, and Et+s =n"1L;,is

the per capita labor supply. The auxiliary variables Vi, + and V2 + can be written recursively as

r o\ —Ow(1+2)
#1411 1 W v
Vw - L v w E Vw ’ C4
1t ¢ U+ BE t <7Tt+1 Wt7:i-1> MH] (C4)
WTE/ 1 wr 1-04
Vw2,t = _ti ¢ —|—ﬁ£wEt [( WTt ) Vw2,t+1] . (05)
Cy Te+1 Wipa

The discounted sum of utility by setting the wage in units of currency H is written as

Trr 1—0., 17T _aw(l"l‘l)
W Y W v
el t Vv t Vo, .
- ( ) w2,t 1 1/1/ (Wtr> wl,t (C 6)

For country F, the optimality conditions are symmetric, given by

_ Ow
(Wtr*)lﬂ ¥ Vi

T = ) C.7
Wy O —1 V5o, (©.7)
where
T —Qw(l-i-l)
* —*1+%} 1 W v *

wlt — Lt + /Bf’w Et (71';(+1 Wthr*l) le,t+l ’ (CS)

y Wr*f/* 1 Wr* 1-0, .
w2,t T f*;t + B&wEr <7r* Wﬁ* ) Vw2,t+1] . (C.9)

t g t+1 t+1

Next, consider the same problem for the Home household but with the wage set in units of currency

F:
= s . = . . '(/J . 1
Hit = {I/%/I:Fai?) E; Eﬁo (BEw) [AtJrs (4) 5t+sWtF (4) Lt+s|t (4) — 1.1 T %Lt+s|t (J)H”] )

subject to the labor demand curve

L (WE ()&
Litge (j) = ” (%M) Liys.
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The first-order condition with respect to W} (j) is

9w
(WFT5T> 1+T _ 9w1/J Vuf’l,t
w; 0w —1VE

w k)

(C.10)

where

VF _ E i(ﬂf )S WtT gtr-‘rs Pt* 70w<1+%) El""%
wl,t - t w W[_;’_S gr P;i;’_s t+s

s=0
W 87“ s P* ew , _
szQ,t = Etz BEw)® Meys (4 )<Wrt ; P*t ) Py s Wi sLiys,
s=0 t+s t t+s

Here W™ = WF /Py, and El s = Eps P,/ Pits is the real exchange rate. The auxiliary variables V[ ,

and VI, + can be written recursively as

i1 1 &, Wr w(1+3)
VEe = L7 + 8¢ | B ( et ) Vil (C.11)
1,t t 7Tt+1 5[ Wt+1 1,t+1
-6
wy Lt 1 &y wr '
Vo = + BEw By ( e T Vi . (C.12)
2 Ct T & Wi 2ot
The discounted sum of utility by setting the wage in units of currency F is written as
1
WE 10y " WEr —0w(1+1)
HF — r r 1
L= (Tee) Vb o (e Vi (©13)

Wage indices The wage index Wy = [(1/n) [;' Wy(j)} =% dj]*/(1=%) can be decomposed as

_ 1—-6,, 1—0,
W% =, (W) T+ (1= ) (EW) T,
where WH and W/ denote indices of H-currency wages and F-currency wages, respectively. In real terms,

the wage index is written as

1—0, 0w

(W) 0 = X, (W) 0 4 (1= ) (7Y 0 (C.14)

where WH™ = WH /P, and W™ = W} /Py. The indices of H-currency wages and F-currency wages are

written recursively as

—0w

Hr
(W) =1 gt 1 (R (.15
1—0,,
(W) =1 - &) (W)™ 1 e, (W;t ) (C.16)

For country F', because all households are assumed to set wages in units of their own currency, the law
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of motion for the real wage is given by

r* 1—0.,
(W)=t = (1= &) (W) " 4 &, ( ) (a7

Marginal costs and factor prices From equations (A.31) and (A.32), the real marginal costs MCY,

and MC7, are given by

MCy, = & (W) (P (C.18)
1 _
MCr, = (W) (P (C.19)

Equations (A.27)-(A.30) can be combined for each sector and can be written as

Wy 1— ¢, <Lm>1

- ~ , C.20
Pjr“t ¢n XNt ( )
Wy 1— ¢, (m)l

- 2N I C.21
Pjr“t ¢T XTt ( )

where variables with upper bar denote those in per capita terms. For country F'| similar equations hold:

1

MCY, = A* (W) (i)™ (C-22)
MOy, = A* (W)= () (C.23)
Wt*T _ 1 —¢n (I’>,1<\fz‘/)_17 (0.24)
Pf; on i)

W*’r‘ 1_ - L*

e ) 2

Non-tradable goods firms price setting The non-tradable goods firms set prices in units of either
currency H or F. First, consider the case of currency H as the invoice currency. The price setting problem
can be formulated as

Py(i)
PNtJrs

—0
s A no_
Iy, = max Etz (B&p)° == (PNt()—e”’“MC'NHS)( ) Vitts:

{Pv0} 3 Ae

where YNHS = Cnits + Gnirs and Apyy = 1/(Pt+sCtié) The first-order condition is

> Ao { Pye(i)\ 7 Vet MCnoss
= Bi) (&)~ ( Nt(”) Vi {(ennwne-.“ﬂ,
s5=0

t \ Pnits P (1)
or
= s (Pi/Piss\ " Py, (i) -
0 = (B&p)° inJr ( —(0, — 1)="1= 4+ 0" MClyyy | -
SZO ! Ctlf; PRiys P/ Py Nt
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This equation can be solved for Py, = Pk, (i) as

75 an an t
Py, = : C.26
Nt en -1 Vn2)t’ ( )
where
Viies (Po/Peas\ ™ .
Vare = Etz BEp)° oo\ P% " MCyys,
t_;'_". Nt+s
9] —0,
s (Pi/Pivs\ " P
Vn2,t = (65 )é inJF ( T :
§ TG\ Pl Prts
The auxiliary variables V1 and V,2; can be written recursively as
_ 9,
YNt 1 vt T 6
Voo = (L e MChy + 06 By (1041 Vi ) (C.27)
C, Nt
Y (1N 6,1
Vigr = — ( - ) + B¢, E, (w "= vng,m) . (C.28)
coe\ry,) B
The profits of the firm that has chosen currency H as the invoice currency are given by
= jugsd Sr \1—6, =\ =6,
H%t = ]\it/g = Vn2,t (P;ft) - an,t (P]:it) <C~29)
P.C,

Next, consider the case of currency F' as the invoice currency. The price setting problem can be

formulated as

Iy, = max | I Z B&)° o ot (PF, (i) Erps — e+ MC )(PJ}\;t(i)gt'f'S)e" v
Nt Nt 1)} t 52 At Nt t+s Nt+s PNt+s Nt+s>

The first-order condition is

3 PO (PE0E\ " G o
A t Yiops (1= 0n)Eeia + € MChy o0/ Py (i)]
t; P Pt+sctlia Pyniys Nt+[ t+ tt Nt }

or

d &r P* —0.,, ~ P
0= B, ) (55)° i““( o ) [—(en—wsr JPEI () S + et MCRy 0,
SZ(] Y CH7 \PRigPris NP et

This equation can be solved for PLT = PET (i) as

_ g, VE
Fr __ n nl,t
Nt — an - 1 VnI;7t7 (C.30)
where
V& (SN . \On
vhe = e (5 ) M+ 55 ((wi)" Vi) (©31)
v, (En' « \On—
VnFQt = L 7t o T B&E: ((Wt+1) Vn2 t+1) (C.32)

CH (PR~
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The profits of the firm that has chosen currency F as the invoice currency is given by

F
HNt

) Yorad

—0,

_ — —0,, e
Hirt = = VnFQ,t (PJI\?tT)l - VnFl,t (P]I\;t)

(C.33)

For country F', the non-tradable goods firms set the prices using currency F only. Their price setting

is characterized by

5 977, V;l t
Py, = : C.34
Nt 6n _ 1 VTTQ,t’ ( )
where
* Yd* 1 O v *7 * On *
nlt wﬁ,tg r e MCY, + BE By ((ﬂ—t+1) nl,t+1> ) (C.35)
crtle \ Py,
t
* }_/d* 1 79" * 9n_1 *
n2,t = —*JI’/tU (P*r ) + BfPEt ((ﬂ—t+1) n2,t+1) . (036)
C, Nt

Tradable goods aggregator The tradable goods aggregator G (-) is given by

0r—1—c

0, € €| == 0,

The function g (-) = G’ (-) and its derivatives are computed as

0 x= (0= _¢
g(x) = 0 —e

g (@) = =070,
0, (1+0, —e)x~ 2079

'~
N
—~
&
~

With this functional form, in steady state, the demand elasticity is given as 8, = —¢’ () x/g () |»=1 and the
superelasticity is given as € = 6. (z) /0, (z) |z=1. The parameterI' = —¢" (1) /0, (1 — 6,)+(14+6,)/(1—6,)

can be written as
€

T 1-0,

Then the parameter of strategic complementarities « =T'/ (1 4 T') is written as

r

B €
T e+6, -1

Then, e=a (0, —1)/(1—a).

Tradable goods firms price setting: (Goods, Market, Currency) = (H,H,H) Consider a price
setting problem in which the Home tradable goods firm i sets its price in the Home market using currency
H:

= S A S D . .
Ij, = max E, Z (BEp) Xr (Pr¢ (i) — €+ MCriys) Y s (i)
{PHt(i)} s=0 t
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subject to the demand curve

P (1)
PTt+S

YH,t+s\t (i)=g < > (1—-7,) Yit’it-&-s?

where qut+s = Crirs + Xtvs + Griys. The first-order condition with respect to Py (i) is

o) A )
Etz B&)° H Y’Z('j'lt—&-s

S=

" (g (PHt ) Py (i)g, (PHt (Z)> _ eUH'SMCTH-sg/ (th (U))
PTt+S PTtJrs PTt+s PTt+S PTt+s ’

or

oo 0r—e—1
Tt+s r O, (Prys |7 _0 (I1+e—0:)
go ng C—g_-’/—z- (PTt+S) < Pt ) { € — 97_ PHt ( )

0r—e¢
€ P\ r (0-—¢) 1460, —c Piis Qvits -
o — (Pt+s> (Press) Pp, (4) +0-—— P, MO

where PF,. . = Priys/Pits, Pl (i) = Puy (i) /P, and MCY,, . = MCryqs/Piys. With index i omitted

for notational simplicity, this equation can be written as

97— 1-’-6—97 = € =r \1+60-—¢€
¥Vh1,tpm + ——Viot (Pipy) - = 0:Vh3 i (C.37)
e—0, 0, —¢€
where
Yd 0 —c Pt 14+e—0,
Vie = B (85 et o (p)
s=0 CtlJ{s PH_S
Y. . P,
Vhoy = BEp)° —ite
t ;( 4 Ctliz Pt+s
> S Yd 0,—¢ P 0 v T
Vst = Ei Z (ﬂgp) Eplt;,s (Plr“t+s) <P : > e t“MOTt-&-s-
s=0 Ct+s t+s

The auxiliary variables Vj1.¢, Vi, and Viz, can be written recursively as

v d
YTt

e 1 1+e—0,

Viie = Cg/g (Pre) + BEE (T"H—l) Vitts1 |, (C.38)
Y4 1

Vi = =1L +BEE ( —Vizas ), (C.39)
C, Tt4+1
v, 1\

Vise = 71/0 (PTf)G " eV MCr, + BEEy () Vis.e+1 (C.40)
C, Ti+1
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The value of the firm that chooses currency H as the invoice currency is given by

=g _ g 1
e = PC’l/“ 1~
oo (9 ) 14+e—0, 1+ p
_ Et ﬁf ;Tt+s Pr . —€ < ) p €e—0Ur
; p Ctl_"/_z ( Tt+ Pt+s Ht
97 s Yd s 0 —€ eV (6-—€)
- 9 — eEt Z (ﬁgp) Tf;; (PTt+s <P ) t+bMCTt+S (PHt) 9
T s=0 Ct+s t+s
(oS d d
B () e R R () Hurs gnrericry,,
TTC 0 Ciis - Cite
97’ DT S5r \€—0r € DT
— - (Vhl,tPHt - VhB,t) (PHt) — 0 < (VhQ,tPHt — Vh4,t) , (C,41)
where
= Yﬁt+s e? T
Viae = Be Y (86)" —fjme"+ MCry ..
=0 t+s

The auxiliary variable V34 ¢ can be written recursively as

v d
C*lT/t" e MClhy + BEYE Vi 41 (C.42)

t

Vha =

Tradable goods firms price setting (Goods, Market, Currency) = (H,H,F) Consider a price
setting problem in which the Home firm i sets its price Pk, (i) = Py (i) /& in the Home market using

currency F:

s N ;
I, = {max)} E; Z (B&p)” [tj (5t+5PHt( ) — €' MCrits) Y tspt (i)

subject to the demand curve

gtJrSPII;t (Z)

S

) (1—7) quws-

The first-order condition with respect to P, (i) is

o0 A s
0 EtZ B)" L Vi

S=

« <g (EH-S Ht )) + 8t+8P§t (i)g' <5t+spgt (Z)) _ et MCrpips g/ <Et+sPI§t (Z))> 7

PTt+s PTt+s PTt+s ,PTtJrs PTt+s

or

> Viisor P f 0 +e—0) (&, PPN "7 o
By 06 A ] { G (Gl A

t+5 t+s €— 97— ,P'_?t-i-s P;;S
Vits r r * — (1460, —¢
_ (pgtr (i))1+0775 + 6.,—6 + MCTt+s ( 5t+s Pt ) ( ) )
0, —c¢ Py s Priys Prvs
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With index ¢ omitted for notational simplicity, this equation can be written as

0 (14+e—0,) I 140, —c
_—HVhFLtPgt + 9 Vh2 t ( ) = efvhlg,ta (C.43)
e—0p -
where
[o%e} . Yd . 9. —c P* 1+e—0
Vite = E) (84)" =17 (Pruys) &l 7
C, 17 P
t+s
0o Yd P*
Vh}; ¢ = Ei Z (551}) Tfts 5[+€ *
s=0 CH{S Pt+s
F Vi 0, —e Py O\
Vize = Etz BE)° /o (P§t+s) (gg+spt>:_ ) et MCry .
t+é §

1. . F F F . .
The auxiliary variables Vi1 ;, Vj5 4, and Vj 5, can be written recursively as

Yd ) ) 1 1+e—0,
r \0r—e ror\l14+e—0-

VhFl,t = _1T/tc, (Prs) (&) * + BEpEy ( " ) VhFl,t+1 ) (C.44)

(Oh Tl
F YT{“jt T 1

Vior = 61/05 + BEp B = — Vil A1 (C.45)
yd o 1\

Vhlg,t = 1T/fg (Pre) ™ (N o e MCry + BEpEy <7r* > VhF3,t+1 (C.46)
C, t+1

The value of the firm that chooses currency F' as the invoice currency is given by

_ I 1
F_ Ht
Hae = PCYT1=r
o0 d * r pFr
s P 5t+sPHt Py
= B> (96" A (PR - ey, ) (S ),
92:0 P C’%Z “ tPt+s o Privs Prys

S i P* U T
- tz (B&)° T]_t?;' ( N H P*t —¢ tH]WOTtJrs)
t+s

t+s

r pFr * —(0-—¢)
0 (5t+spgt Pt ) —€
,P;tJrs Ptﬂ-s ’

97_ — — e—0.- =
= ﬁ (VhFl,tP;:I‘;f - VhFB,t) (Plgl:‘;;) - ﬁ (th,tPII;: - Vh4,t) . (047)

Tradable goods firms price setting (Goods, Market, Currency) = (F, H, H) Consider a price
setting problem in which the Foreign tradable goods firm ¢ sets its price in the Home market using currency
H: - ~
Iy, = max EtZ(pr) i*s (1?(2)
t+s

- it MCh ) Vi ()
{PFt(i)} e it

s=0

subject to the demand curve

: Py 1)\ rn
Yrqsie (1) =g ( Prece ) T nYTt+s
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The first-order condition with respect to Pry (i) is

* d
AtJrs YTtJrs

E, Z Y

gt—i-s

" (PFt @) L Peli) (PFt <i>> | Eineie My, (Pﬁ <i>>> |

PTt+s PTt+s PTt+s PTt—i—s 7)Tt+s
or
- 1 Y’lglt-&-s 0 (1+e—0;) Or—e
_ r ¢ pr
go ﬁgp *1/0- gtr.t,_s € — 91) (PTt+s) Ft ( ) < Pt

€ Pt
0; — e Py

This equation can be written as

0 (14+e—6,)

e—0,

=r € Sr \1+0-—€
ViriPp + 7_€Vf2,t (Pfe) = 0-Vis,

0,

where

) Yd s 1 - [ — P SR
Vite = EtZ(ﬁﬁp) —T*i—}_agr (Press) (Pt_,t_,) ’

s=0 Ct+s
> Y4 1 P

Vine = By (88) i & :

f 2. %) G B e

Vise = i(ﬂfp) 774]‘1—‘_@ Vite sMCTyy (PJT“H-S)QTe( i >EGT.
s=0 C:+é PH_S

These auxiliary variables can be written recursively as

Yd 0 14+e—6

Vite = C”*T;U & (Pr)™ 4 BEE: () Vit 41,
t
Yyed 1

1% = i _— E 1%

f2,t orlo & + BEp Bt (m ) £2,t+15

7’1415 v 0,—e o

Vise = —1/0 € tMCOT; (Pry) "+ BE By Vs vt

The value of the firm that chooses currency H as the invoice currency is given by

7, (1-n)
P*O*l/a ny,
9

-~ :e (Vfl,tP}T«“t - VfS,t) (Pgt)e

T H —
nf, =

-0,

- 9TE_ . (Vi2,tPpy — Viay)

where
yd 7 d

) V&
Vi —Etz B)° Tt €' MOy = @*1/ ¢’ MOF, + B&EiVia e

~*1/o
t+s t
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0,r—e—1
PtJrs >

0,—e
pr (\1+0:—¢ r v T Or—e Piys ’
Ppy (1) * +0:E e MCry (PTt+S) < ;tr ) 1 :

(C.48)

(C.49)

(C.50)

(C.51)

(C.52)

(C.53)



Tradable goods firms price setting (Goods, Market, Currency) = (F, H, F)

setting problem in which the Foreign tradable goods firm i sets its price in the Home market using currency

F:

oo

Hgt = {1%1{%(?)} E; ; (5510)

The first-order condition is

0 = E Y (8&)

s=0

A*g & PE, (i
t+ YTt+9 <g( t+ Ft()>

A: (Pgt(i)evz“MC;t+s>g< Pros

PTt-i—s

5t+sp1§t (1)> Yrn
1—

L Bl )
Prits

or

, <€t+5PFEt (Z)> Erpselits MCrys <gt+SPI};t (4)
- g
Prits Prits

Prits

_ Y’lét-&-s
- Et Z ng **1/0
f+9

€ Py
— P
9 <Pt*+s>

This equation can be written as

where

r e—0, * e—0-
(=60 [ &y PENTTT pr
€— 97’ ,P%:tJrS Pt*+s Ft

A o
1+0,—¢ t+s

0., Vits MO,

AU T““(%H) (P*

F pBF € F (pFr\ltor—e
Vi Prd + 7_6Vf2,t (P&l)

9 - 97— VfFS,t

gr e—0.- P 1+e—0-

Tt s t+s

VfFlvt = Etz ’ng **1-}_0 ( 7"+ ) (P*t ) ’
t+s

VF - E = s Yiu"lt+s IDt»<
f2,t - tZ(ﬁgp) 6*1/0. Ptﬁ, )
s=0 t+s s
Er €e—0- P e—0,
T s v s
Vfgvt = Etz ﬁfp ~ i}_o e MCTt+S <'P7t+ ) (P*t ) :
t+6 Tt+s t+s

t-’r s PTt+S

These auxiliary variables can be written recursively as

Vq t = qut
1, C,:l/a’

Yd

VF _ _ Tt
f2.t C:l/a

. _d
Vfg,t = C—,*l/o

t

gr e—0.- 1 1+e—0- .
¢ E, | — V,
(P%t) +5§p t <7T;<+1> flt+1o

1
+ BE By <7r*> Vfg,tJrlv

t+1

57« e—0, 1 e—0,
Ut MC < > + 5€pEt (ﬂ_*> Vflg,tJrl

PTt t+1

69

t+s

Consider a price

(C.54)

(C.55)
(C.56)
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The value of the firm that chooses currency F' as the invoice currency is given by

_ HF (1 — 'fl 1 Tt s P r v} *T
My, = P*C’ii/a " = Etz (8&)° 7_%, Pr. PEl — et MOy,
Ay (SQSPEJ Py ) o
T = ” — €
PTt+s Pt+s
07’ SFr =Fr\€—0r € —Fr
= 0. — ¢ (VfFl,tPI{j‘t - Vflg,t) (Plft ) - ﬁ (Vfg,tPFFt - Vf4,t) : (C~58)

Tradable goods firms price setting (Goods, Market, Currency) = (H, F, F) Consider a price
setting problem in which the Home tradable goods firm i sets its price in the Foreign market using currency

F:
e’} A .
I3 = (s By (86)"

Ht Z) s=0

(5t+3151’}t (1) = "+ MCrets) Yip pg (0)

subject to the demand curve

Py, <z’>) =)o
t+s

Yé,t+s|t (i)=g ( D
Tt+s

where Vi, . = Chy, + X7y + Gy, The first-order condition is

> . Ydx s [ P Pr(i) Py
0 = B 06) | it (e 5
—0 t+s t+s Tt+s t+s
Pt* P () (15}}’;(') by )_ e””“MC%Hsg/ (1513’2 (1) Py )}
Prys Prigs Priys Piys Pr Priys B
or
> Vi 0, (1-60,+¢ ( Pr\'"" & _
0 Z (BE,)° Tlt-i-é {_ T T < t ) Apﬁ” (1)
/o _ * e—0, t
s=0 Ciis €0 Pirs (PTt+s)
P* _ evtts M CF P\ 0
e PP e, e (ST
0 Pt+5 ('P,;:Q_,'_S) " Pt-i-s

This equation can be written as

0, (1—0-+¢€)

* DT € * Hxr | 0r+1—€ *
-y Vi1 P + ﬁth,t (PHt) =0:Vis 4, (C.59)
e—0p . —€
where
* Y'lé* 5 (c/‘r s Py et
Vi = B () e ()
Cits (PTt+S) t+s
§ [e'e} Y/]ql* s o P*
Vh2,t = tZ(ﬁfp) _f;, gtJrsP*t )
s=0 Ct+s
. X Vi et MO P\
Vi = B () et Ml (L),
s=0 Ct+s (PTt+5) t+s
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These auxiliary variables can be written recursively as

ydx Er 1 1+e—0
thkl == Tta 75 + /65 t <*> V};kl 19 (C.GO)
)t Cl/ (,PEFZ) 0 p T S+
Vier = C’l/ —=& + BEEy a Vioi+1s (C.61)
Y v \fOr 1 e—0-
Vi = LM e (=) Vi (c.62)
! C (P BN "

The value of the Home tradable goods firm ¢ that chooses currency F' in country F' is given by

M o= "
R (=)
1 i Vi P , P P\
_ E s s T t Vtts N[ OT 9 Ht t _
0. —¢ ; (B&p) ‘C_’tlfs, N Py € Tt+s Pirs Pivs €
97‘ * KT * Sk e—0., € « =7 «
= ﬁ (Vhl,tPHt - VhB,t) (PHt) - ﬁ (th,tPHt - Vh4,t) ) (C'63)
where ; d
* - S Y ‘. S ). Y ;
Vine =B (86) i7" MChyy = Gl MOk + BBV i (C.64)
s=0 t+1

Tradable goods firms price setting (Goods, Market, Currency) = (H, F, H) Consider a price

setting problem in which the Home tradable goods firm 7 sets its price in country F' using currency H:

. - Mivs (5l /v » P (i) JEs\ vE (1 —
HHbt[ = max E, Z (8&,)° t+ (PHIg (i) —e HSMCTHS) g ( Htp(*)/ i+ ) 75 ( )YTt+s
{ 5 (4) s=0 Tt+s n

The first-order condition is
00 Yd* . P, p*Hr . gr s P

0 = EtZ(/ng) Tlt/t, L {9( He ()/ s . )
s=0 Ct+s t+s PT*"'Q Pt+s

+P1§IZ” (i) /Efys P ,<PI§§” (i) [Efrs P )_ evt+sMC§’t+s/€g+sg/<PI>fI}tLlr (1) [Efrs P )}
Privs  Pits Privs  Pigs Prits Privs  Pits

or

i Yd*SP 0, (1+¢—0, 1 PN
B Y (96) 41 ‘f{— ( )( _ ) i (i)

€—0p PTt+sgwsr+s Piys

P*Hr( )1+0 —€ +07—e’ut+sMC,§,t+S/ (5{+S)6797 < P, >6071 |
(7)%?;+S>6_97 Pt—i-s

This equation can be written as

0. (1+e—0;)

e—0,

* r pxHr 140, —€ *
th 4 Vth( H) :HTVmﬁ (C.65)

=
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where

0o Yd* 1 Pt 1+e—6,
Vil = tZ%)S —Tff 0 ( ) 7
s=0 Ctn{s (P’Fw;—&-sg;rs) ’ Pt+6
o0 Yd* Pt
Vidh = Ee) (&) 21
wm R R
e Yd* N eVt+s MO s P e—0,
il = 53wy e MO (YT
5=0 Ciis (PTt+sgt+s) t+s
These auxiliary variables can be written recursively as
Yd* 1 14+e—0,
v = Tt +8 E( > Vi C.66
Rt C’tl/” (P}Qé’[)e_e’ EpEr P R1,t41 ( )
1 E 1
Visy = C_’tl/o-f'ﬁprt —_— Vishits (C.67)
Vi MOy 1\
i, = I Tt + B¢E ( > Vil C.68
hat Otl/g (7)%25{)6707 BE _— h3t+1- ( )

The value of the Home tradable goods firm ¢ that sets the price in country F' using currency H is given by
H}ﬁ n
pc7 (L=n)v;
> —(0-—¢)
L Yiie (pente i Pl /gl P\
= B (06) e (P ey, ) (o, = e
0r — € ; ! C’tlﬁ ' P o Privs DPrts
0,

-0,
- ﬁ(vﬁkﬁt P Vh3t)( E{Ijr)g -
B

rxH
HHt

€

o (Visi P = Viive) - (C.69)

Tradable goods firms price setting (Goods, Market, Currency) = (F, F, F) Counsider a price
setting problem in which the Foreign tradable goods firm 4 sets its price in country F' using currency F.
This problem is symmetric to that for the Home firm ¢, so that the solution is characterized by similar

conditions, given by

0, (1+e—196;)

* DT € * Hxr) 1+0-—€ *
c_ 9 Vfl,tPFt + ﬁVth (PFt) - QTfo),t? (C?O)
P T
where
R Yd* 0. —c 1 14+e—0, .
Viig = —*711;,, (Pry)" ™"+ BEp By <*> Vit | (C.71)
C, i1
) Yy 1,
Vf2,t = 0:1/0_ + ngEt ?HVfQJH,l s (072)
* Yit’i;k 0r—e ovf 7 1 o *
Vis, = ey (Prt) e’ MCTy + BBy || —— Vis i1 (C.73)
C; Tit1

Since we assume that the Foreign firms set their prices using their own currency in country F, i.e. A\ =

0, neither the firm’s problem with H-currency pricing nor the invoice-currency choice problem is not
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considered.

Price indices of non-tradable goods The price index of the non-tradable goods is given by (A.12)

and it can be decomposed as

—6

(Pr) ™% = aw (PED ™" + (1= ) (€7 PED) ", (C.74)

where P and PET are price indices of the non-tradable goods in real terms in the cases of H-currency

pricing and F-currency pricing, respectively. These price indices can be written recursively as

- ) B pHr 1-0,
(PE " =1 - &) (PR) "+, (ﬁ) , (C.75)

Fry1=0n Sy 10 P\
(Pni) =(1-¢&) (Pni) +&p T ; (C.76)

For country F, because an invoice currency is assumed to be currency F' only, the price index is given by

P*r 1-6,
NH) . (C.77)

*
Ty

(PO = (1= &) (PE) ™" +6, (

Price indices of tradable goods The price indices for the tradable goods, Pr; and Py, are given by

equations (A.16) and (A.17), which are reproduced here for convenience:

< oo el ()
1= G B di + —— G ——t= di,
n 0 g Pry 1—-nJo g Py

L=y (™ o0 (PR @Y, v [ e o (PRGN
Pro= 220 [ (B2 )i 2 [ p o (D) a

Pr, 1—n Pr,

where Pj;, (i) = Pyy (i) /Py, Ppy (i) = Pry (i) /Py, Pry = Pri/ Py, and Py, = Pr/P,. These two equations

can be expanded as

e+1— 1- T " Ne+1— . T t=n . — .
PR = 2 [ e 2 [ P

n —-nNn

r 07’ r € 1 — VT n r . . Yr o r - -
PTt = ﬁPTt—ﬁ |:/ PHt (Z)dl"‘ 1 A PFt(’L)d’L:| .

First consider the initial equation of the above two equations. It can be decomposed as

(P =0 = (PEN T (e PEN T (C.78)

where Pﬁr and PL” denote the price indices of the tradable goods in real terms in the cases of H-currency
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pricing and F-currency pricing, respectively. These indices can be written recursively as

Tt

1 B L ) e PHT e+1—0,
(PE) ™ =1 =) [(L=1m)Au (Pr) "+ 2ehe (PR) ] 46, (“) . ()

. e, e, pEr N\
(PE) ™" == &) [(L =000 = ) (P) 7 (1= ) (PED) ] +ep< = ) ,

t

(C.80)
Next consider the second equationso the above two equations, which can be written as
T 97 T € H r AF
Pr, = 9 Tt g . (A% +EA%,), (C.81)
where
H _ DT DT A571
Ay =(1-¢&) [(1 — ) APy + 'VT)‘FPFt] +& p ) (C.82)
5 5 Adi s
AL =(1- 6) [(1 =21 = AP+ (1= M) P +6 (2, (©9)
t

The corresponding price indices for country F' are symmetric to those of country H except that the

F-currency is used exclusively in country F:

*7 e+1—-6,
*r\etl—0r * Hxr\ €+1—0- % ( Hrr\€etl—0- Pri_
(PTt) R (1- gp) (1- 'YT) (PFt) + (1 - fp) Y (PHt) +&p (Tt*l) ) (C.84)

Ty
*7 97’ *7 € *
Py =Py - Ay, (C.85)
where
* *\ KT * kKT AQt—l
Ay =(1- fp) (1- %—) Ppy+ (1 - fp) VP + &p - <C~86)
t

Price indices of the total consumption bundle The price index of the total consumption bundle in

country H is given by equation (A.16). In real terms, it is written as
L= (PR)" (Pg)' (C.87)
For country F', an equation for the price index is similary given by

L= (PR (Prp)" . (C.88)

Market clearing for non-tradable goods The supply of the non-tradable goods bundle in per capita

7 1—¢n Y Pn
Ve = Ay (f_ﬁ;) (ﬁ”ﬁ : (C.89)

terms is given by
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Market clearing requires that the supply is equal to demand, which is given by equation (A.57). Then, the

market clearing condition can be written in per capita terms as
_ B 0, <
Ynie = AN?” (PNe) Y]%ta (C.90)

where
Vi, = (P;\nrt)_l Y (Cr + Gy)

Here, G, is the exogenous government spending in terms of the consumption bundle. In the main text, the

govenment spending is omited so that Gy = 0. Also, the price dispersion Ay in equation (C.90) is given
1

by Ane = [(1/n) [y Pi(i)~%di] ", which can be decomposed as

_ 0., - —0,
AV = v (AR) T+ - ) (E7AR) T, (C.91)
where AL, and AL, are given by
H =0 5r \—0n A%tq o
(ANe) =(1-&) (Phe) " +& | —— ) (C.92)
Tt
F \=0n 5Fr\—0n Aﬁi_l o
(ANt) :(1 - gp) (PNt) + gp — ) (C~93)
t

In country F, it is assumed that currency F' is exclusively used. Equations pertaining to market

clearing for the non-tradable goods in country F' are then given by

T 1—¢n V Pn
- L3 X3
Y oY ) ( Nt> , C.94
Nt t <1 _ ¢n ¢n ( )
Yie = (A) ™" (PR YA, (C.95)

Y = (PR (CF +GY).

A* —0n
NH) . (C.96)

"
Tt

(A ™" = (1= &) (P) " +6 (

Market clearing for tradable goods The supply of the tradable goods bundle in per capita terms is

- N
1_/thz‘lt(lLT;T) ();::t> . (C.97)

A market clearing condition for tradable goods is given by equation (A.55), which can be written in per

given by

capita terms as

_ —. 1" PHt(i)> oA =n) ol M (P ()
Yy = (1— TYdf/ ( di+ - yd Hi di, C.98
Tt = ( Y ) Tt , . g Pre " Tt o g = ( )
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where Yq‘ft and Yﬁf, are given, respectively, by

v d
YTt

o dx
YTt

(Pir“t)il (1 —7n) (Ct + Gt)

where X; = X7+ + Xpn¢ and )_(;* = )_(;t + )_(}k\,t The two integral terms in equation (C.98) can be explicitly

written as
1 n
2]l
n Jo
1 n
2]l
n Jo
where
i 1
(Arme)S = —
nJo
_ 1
A* e—0, _ 1
( lH,t) n

" o o\€—Or 7. e—0, r €e—
/ (Phy (i) di = Ay (A2, )7 + (1= Aw) (€7 AT, )",

€ — 0. (Mg /P
€e—0,

Py (1)
Pry
Py, (i)
Pry

)

€e—0: (ATH,t/Pt*r)eieT )

ol
ol

€e—0,

0,

| oy ai
0

Keeping in mind that F-currency pricing is exclusively used in the Foreign country, the price dispersion

terms can be written recursively as

(Al )"
(AL )"

(D) "

5 e—0 A{{Htfl o
= =6 (Pr)" " +6 | —— ) (C.99)
B o AF e—0,
= (1-6)(Pi) *+£p<ﬁ“> : (C.100)
t
—er\€E—0r ATH t—1 o
- (E) e (T (©.101)

For country F', a market clearing condition regarding the tradable goods is symmetric, given by

€0, (Ajp,/PrT) "

r

€= b (Dure/P)" Dy (C.102)
i .

e—0,

YT*t:<

€—0, 1—n

)(1—7*)Y76‘l:+< >7
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where

T 1-¢r or
\* * L* X
Y, =A! <1 _T;b ) ( Tt) (C.103)
% e—6, —
(Alpy)” 7 =(1-8&) (Pr) 7 +& ( i 1) : (C.104)
(A1) ™ =(1 = Ap) (E7AT )T + A{fm)“ef ,
e—0,
AF VT g pEryeor Afria C.105
( 1F,t> =(1-¢&) ( Ft) +&p g ) (C.105)
t
e—0
_ _ _ AH i
e—0, r\ €—0r t—
(AfR) T =0-&) (PE) +& (ﬁ”) . (C.106)

Complete asset markets Under the assumption of complete asset markets, price equalization in the

state-contingent claims leads to the risk-sharing condition (A.6), which can be written as

(@) (&)
g\Gr) & \T,

Combined with the assumption of initially zero net foreign assets and with the assumption of an exogenous

shock to the exchange rate z.¢, the above equation is reduced to

1 (G, g
N i 2 Zet | C.107
&(@)e (0.107)

Equilibrium conditions To summarize, the system of equations for this economy consists of:

e Households problem: 2 equations (C.1) and (C.2) with C; and C;.

e Wage setting problem: 15 equations (C.3)-(C.17) with W[, V14, Vi, I, Wi, Vs Viva.ts
WtFT le ts Vw2 ts Hwt7 Wi, WtHrv WtFra and W™

e Firms’ cost minimization problem: 8 equations (C.18)-(C.25) with MC%,, MC%,, Ly, L1i, MC3,
MC3%, Ly, and Li,.

e Non-tradable goods firms price setting: 11 equations (C.26)-(C.36) with P%,, Va1 ¢, Vaa, U4, PET,
V;LFLta Vf;,t, ﬁﬁﬁ ]5]"\‘,“ V:l,tv and Vﬁkz,t

e Tradable goods firms price setting: (Goods, Market, Currency)

— (H, H, H): 6 equations (C.37)-(C.42) with P¥,,Vhit, Va2, Vas.t, Vaa, and T,

— (H, H, F): 5 equations (C.43)-(C.47) with P47, Vi ., Vi ., ViE |, and TIf;,.
)-(C.53) with P;-t, Vieres Vioe, Vs, Viayr, and ﬁgt
— (F, H, F): 5 equations

54)-
59)-(C.64) with pI"}T,57 V}:} ) VhikQ tr V}j&},tv V};k4,t7 and ﬁﬁl‘ﬁ

(C
(C.
— (F, H, H): 6 equations (C.48
(C.
— (H, F, F): 6 equations (C.
(C.

(C
(C.
(C.53)
(C.58) with PET, Vfli,t, Vfgtt, Vfgt, and IIE,.
(C.64)

— (H, F, H): 5 equations (C.69)

65)-(C.69) with Pyt Vh1 b th b V,;"glﬁ, and I3
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— (F, F, F): 4 equations (C.70)-(C.73) with P, Vi e Viag, and Vi .
e Price indices for non-tradable goods: 4 equations (C.74) and (C.77) with Pk,, P, PEr and Pyy,.

e Price indices of tradable goods: 9 equations (C.78)-(C.86) with Pr,, PH" PEr m, AL AL Pir.

my, and A3,.

e Price indices of consumption bundles: 2 equations (C.87) and (C.88) with P, and Pj7.

e Market clearing for non-tradable goods: 8 equations (C.89)-(C.96) with Y, Ane, AR, AL, X,
Y., Ak, and X5,

o Market clearing for tradable goods: 10 equations (C.97)-(C.106) with Y7, Xr¢, Afhy ,, Ay, Aty
YT*t, X}t, A’{F,t, AfF,t, and A{{F,t'

o FEzchange rate: 1 equation (C.107) with &7 .

e Monetary policy rules: two equations (31) and its counterpart for country F' with R, and R}

o Shocks: the stochastic processes for the neutral technology a;, the monetary policy shock €, ¢, the
exchange rate shock z.;, and corresponding stochastic processes for country F. Additional shocks
include the government spending shock 7y ; and the cost-push shock vy and corresponding shocks

for country F.

Welfare measure The welfare measure for country H is given by the average expected household utility,

given by

) Y A — 1 ! 0 1
SWo=— [ E ! Ci(j) 77 — L) v ) dj
o= [ B (0 - nG) ) 6

=Y o (e - o (5 ] Borta)).
t=0 o v

The consumption is the same across households, C;(j) = C, thanks to the state-contingent securities on

wage change opportunities, but the labor supply is heterogeneous. The average of the labor disutility can

be written as

r 1
L[ w0 )
— [ L()Hvd = f/ —0 dj| L,
n/o )T = | 7 j | Ly
0w (1+1 —0u (142 —0u(1+2)| 7141
e ){Aw(wft) () (1= ) (W) ™t )}Lt”v,
r _ 1 _ 1
R Wi ew(1+y)+(1 . W 0uw(1+1) i
- w Wtr w) Wtr t 9

where W1 and W[, are auxiliary wage indices for the H-currency and F-currency wages, respectively, and

Wff = Wlf{t /P, and WVF [ = WVF +/P;. The social welfare and wage dispersions can be written recursively

78



as

—0u (14++ ” P\ 0w (145
1 11 ’l/) Wuli‘r ( ) Sf, Wy};‘ ( ) 14l
SW, = o A | 2t (1- ) : LYY 4+ BESW,.1,
Wt Wt

1
v

—0u(1++
(WHT)few(l‘F%) _ (1 B fw) (Wtr)—ew(l‘f‘%) +§w (VVVIZI[_l> ( + ) s

(i) ) = 1) (W) ) g, (

Similarly, the social welfare for country F' can be written as

1 w WFT‘* 79“’(1+%) L
* Yk 1_; vt T * 1+E *
SW; = (C7) R ( W ) (Ly) " + BESW 4,

rx 76w(1+%)
(ng*)—ew(uﬁ) —(1—&) (Wtr*)—ew(ug) vy (Wjo) |

Tt

Steady state In steady state, the inflation rates are # = 7* = 1. The nominal interest rates are
R = R* = 1/8. The real exchange rate is also unity: £” = 1. As shown below, under the assumption of
symmetry between countries H and F, per capita variables in country H — C, L, Ly, Lt, Yn, Y7, Xn,
X1 — become the same as those in country F.

In steady state, Py, = Py, = PE" = Ay and Pf. = Pl = PE" = Pr. = PE" = Pr. = Ay = Ay = Ayp.

From the corresponding price setting equations, the prices Py and Pr are given by

ro_ On ro_ On r\1—¢n T\ Pn
Pr= HT MCr = 97’ 19744 1—¢- Pr or
T — 97_ 1 T — 07_ 1 ( ) ( T) .

n—1
From equation (C.87), the price P} is given as P}, = (P})w% . By using this, the above two equations

can be written as

Tn
Tn(1—dn)—1
¢

Solving for W" and Pr yields

o, \UEET g, -1\
velem) ()
Pr 97_ %’Y% Qn_l Yn
() (M)

If 0, = 6,, = 0, the relative price P is given as P = [0/(0—1)](¢7=¢n)m/(1=¢7) 1f the share of intermediate
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input is greater for the tradable sector than the non-tradable sector (i.e. if ¢, > ¢,,) as well, then P} > 1
and P} < 1. From equations (C.20) and (C.21), the ratios of labor to intermediate input are given by

Iy 1-¢a( 6, \T%
XN_ ¢n 97'_1 ’

El_l_¢r 07’ ﬁ
XT_ ¢'r 97_1 ’

From equations (C.89) and (C.97), the supplies of the non-tradable goods bundle and the tradable goods

bundle in per capita terms are given, respectively, by

_ 0. T
YNA(OT_1>
_ 0, 1Y -

a5 (5)

From the market clearing conditions (C.90) and (C.98):

1—¢n
0. A T N Yn(1+ng)
A(20) T (L) s r - mlnle 109
A 0- 1 Xr=Yr = w@jL (Xn + X1), (C.109)
0, —1) \ 4, Py

where G = 7,C' and a symmetry between countries H and F is used in the second equation. In the main
text, the government spending is assumed to be zero so that 7, = 0. These two equations have three
unknowns: Xy, X7, and C. One more equation is needed to pin down these variables. From equations
(C.3)-(C.17) about the labor supply:

1

_ F _ 1+ _ Fl4L
w - - =——-—L Y
Vi le wl 1 _ BEw
1 WL
Vo = VE =V, = — ——
2 w2 w2 1— ﬂgw C%
W= W= W — e = o
From the final equation above:
0 — 1" voAa_r =z - Ly\ o L7\ o
WY C e =L=1L Lr==—)X — | X C.110
(9w¢> ( ) N (XN> N+<XT) o ( )

where the ratios of labor to intermediate input are already given and constant. Substituting equation
(C.108) into equations (C.109) and (C.110) yields

o) () e

Cos) w7

[

—én
Py (1—m) 0, =or (1

_r
1—¢n - —

(1) _ v
On 'Yn(l + 779)
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These two equations can be solved for Xy and X¢. With Xy and X in hand, the following variables can
be derived: X, L, Ly, Ly, and C.

Instead of computing L for a given 1, it is convenient to calibrate 1) so that L = 1 for normalization.
Then, from equation (C.110), Xy = (Lx/Xn)"* — (Ln/Xn) " (L7/X7)X7. The per capita labor in the

tradable sector can be pinned down as

1—¢n
Pl (1—yn 0, \'7*r
o PJ{Z( T )A<97—1) (Gﬁ%)ﬂ
P ) 1—21;77,
0- L v (1= n 0 1=er 1
4 G) () 1) e [ (o) ™ ()

With X7 in hand, Xy, X, C, Ly, and Ly can be derived. Finally, ¢ is pinned down as

&

Oy —1

o wrC~e.

W=

The other variables in steady state are derived as follows. From equations (C.37)-(C.73),

r\Or—€ <
(Pp)"° Y{

Vit =Vii =Vp = Vi =V =Vi{T =V} =

1— 551) C1/eo’
F F * * H * 1 Y’Iql
Vig = Vi = Ve = Vi = Vo = Viyt = Vi, = 1= B¢, Ol/e
P
. . . (PR VA .
Vi = th = Vi = Vf@ = Vi3 = Vth = Vf3 = ﬁTgC’SUMCT’
P

I .
1- ¢, C/e T

Vha = Vi =Vyy =

o _ 0, L (6.—c
HH:HF:HH:HF:H*F:H*HZH _e(Vhl_VhB)(P;[) (5 )_ee_e(th_th),
r\0n  rd
_ F _ * (PN) YN T
an—an_ nl — ].—ﬁgpél/o'pMCN’
F * (P]T\’[)en }_/]%

VnQZVnQZ n2 — ]_—ﬁgpél/"p,

where Y4 = (P5)~1(1 —7,)(1 + ng)C' + Xp+ Xy and Y = (P5) "1y (1 + ng)C'.

81



