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Abstract

In this study, we derive an analytical solution for expected loss and the higher
moment of the discounted loss distribution for a collateralized loan. To ensure
nonnegative values for intensity and interest rate, we assume a quadratic Gaussian
process for default intensity and discount interest rate. Correlations among default
intensity, discount interest rate, and collateral value are represented by correlations
among Brownian motions driving the movement of the Gaussian state variables.
Given these assumptions, the expected loss or the m-th moment of the loss
distribution is obtained by a time integral of an exponential quadratic form of the
state variables. The coefficients of the form are derived by solving ordinary
differential equations. In particular, with no correlation between default intensity
and discount interest rate, the coefficients have explicit closed form solutions. We
show numerical examples to analyze the effects of the correlation between default
intensity and collateral value on expected loss and the standard deviation of the
loss distribution.
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I Introduction

In credit risk valuations for loans, a lender’s potential loss is given by default probabil-
ity, recovery rate, and discount interest rate. Uncertainties related to loss include the
correlation between default rate and recovery rate, as well as the independent volatility
of these two rates. Empirical studies show a negative correlation between default rates
and recovery rates (see Altman et al. [2005]). In the recent period of financial turmoil,
regulators have paid much attention to the negative correlation associated with the
countercyclicality of default rates and the procyclicality of recovery rates.

Against this backdrop, Yamashita and Yoshiba [2010] analytically evaluate the m-
th moment of loss distribution with the square-root default intensity process, focusing
on the negative correlation between default intensity and recovery rate. The study
improves on Kijima and Miyake [2004] by keeping default intensity nonnegative. The
model adopts the square-root process, a kind of affine process for default intensity (see,
among others, Chen and Joslin [2011]; Duffie [2005]; Duffie, Pan, and Singleton [2000])
and solves the loss distribution with a zero fixed discount interest rate.

Another approach to representing nonnegative default intensity is to adopt a quadratic
Gaussian process for default intensity. Assuming a fixed recovery rate and a discount
interest rate, evaluations of the expected loss from a loan are reduced to that of survival
probability. The discount bond price for a quadratic Gaussian short-term interest rate
process can be applied to evaluate survival probability, since the relationship between
survival probability and default intensity is the same as that between discount bond
price and short-term interest rate. Most studies of quadratic Gaussian processes focus
on the term structure of the interest rate (see, among others, Ahn, Dittmar, and Gal-
lant [2002]; Chen, Filipovi¢, and Poor [2004]; Constantinides [1992]; Jamshidian [1996];
Leippold and Wu [2003]; Piterbarg [2009]; Rogers [1997]). Here, we apply the discount
bond price derived by Pelsser [1997], who assumes that the short-term interest rate
follows a square function of a state variable with a Gaussian Ornstein-Uhlenbeck pro-
cess. The author derives integral forms for the discount bond price. Kijima, Tanaka,
and Wong [2009] give explicit closed form solutions for the discount bond price.

In a study that applies the quadratic Gaussian process to default intensity, Duffie
and Liu [2001] evaluate defaultable bond prices with quadratic Gaussian default inten-
sity and short-term interest rates, fixing the recovery rate and focusing on the negative
correlation between default intensity and short-term interest rates. The defaultable
discount bond price is represented as the exponential quadratic form of the state vari-
ables, similar to the non-defaultable discount bond price of Pelsser [1997]. However,
in contrast to the explicit closed form solution for the discount bond price in Kijima,
Tanaka, and Wong [2009], the defaultable discount bond price is given as the solution
of ordinary differential equations, not as the closed form solution.

In this study, we extend the model of Duffie and Liu [2001] to incorporate stochastic



recovery rates by the stochastic collateral value process. We evaluate the expected
discounted loss and the m-th moment of the discounted loss as a general case. Solutions
are represented by an integral of an exponential quadratic form of the state vector. We
derive the ordinary differential equations satisfied by the coefficients of the form. In
particular, we show closed form solutions for the coefficients with no correlation between
a state variable of the discount interest rate and that of the default intensity.

The remainder of this paper is organized as follows. Section II describes our model.
Section III derives solutions for the expected loss and the m-th moment of the loss
for a collateralized loan. Section IV gives numerical examples of expected losses and
the standard deviations of the losses. We analyze the effects of the correlation on the
expected loss and the standard deviation of the loss distribution. Section V derives
the condition whereby the correlation between default intensity and collateral value
has the same sign as the correlation between the driving Brownian motions of the two
state variables. Section VI presents our conclusions.

Appendix 1 gives a proof of the measure-changed Brownian motions used to evaluate
the expected loss and the m-th moment of the discounted loss distribution. Appendix

2 demonstrates a simplified version of integration by partial integration.

IT Our model

Suppose that a bank supplies a collateralized loan D with maturity 7" to a firm. The
collateral value is denoted by A;. Let default time 7 be a nonnegative random variable
defined on a probability space (2, F, P).! The loss incurred by the bank at time 7 is
assumed? to be

L. =D —6A,, (1)

where ¢ is a constant denoting the portion recovered of the collateral value.

The discount value of the loss depends on the discount interest rate, default in-
tensity, and the collateral value, which to some extent are correlated. To represent
the correlation, we assume a three-dimensional state vector (y;,z;,In A;)" with the

correlated Gaussian Ornstein-Uhlenbeck process below.

Y —RyY Wl,t
d 2t = —KRyz dt + Sd WZ,t ) (2)
In A, pa —c3/2 Wiy

'Here, we assume a risk-neutral probability P to simplify the evaluation.
2Similar to Yamashita and Yoshiba [2010], this assumption implies that the recovery rate may

exceed 100% when the collateral value is greater than the loan amount. In fact, market recovery rates
sometimes exceed 100%. If we set appropriate parameters, including §, the recovery rate will rarely
exceed 100%.



where ¥ = SST is given as a constant variance-covariance matrix:

2

Uy Pyz0y0z  PyAOy0A
_ 2
Y= | py040. 02 p.a0.04] - (3)
2
PyAOyOA PzA0:0A Op

To keep discount interest rate r; and default intensity A; nonnegative, we assume that

these variables are represented as quadratic forms of the state variables

re = (g + a + Bit)?, (4)

and
A = (2 + ax + Bat)?. (5)

To evaluate the m-th moment of the loss (1), we define filtrations. Let (H:):>o
be a filtration generated by H; = o(l{;<s). Let (F¢)i>0 be auxiliary filtration F; =
o({WA WY, W? : s <t}) generated by the Brownian motions in equation (2). We also
define an augmented filtration (G;)i>o by G = F; V H;. The default time 7 is assumed
to be a doubly stochastic random variable with respect to the filtration F;, and the
default time is assumed to have a hazard rate process defined by equation (5).?

Now we evaluate the expected discounted loss of a collateralized loan. Let Ey[-] be

an expectation given filtration JF;:
El] = E[|FA) (6)
If we assume J;T | L \g|e Ji (rutAadu s s integrable, the expected loss for the bank is

E[ef f;’ TuduLT]-{t<T§T} |gt]

= DE[e_ I Tudul{t<-r§T}‘gt] _ 6E[€_ I ruduArl{t<-r§T}‘gt] (7)

T T
= 1{t<r}D/ Eyle” I (Tu+/\")du)\s]d3 - 1{t<7}5/ Eile” e (r"+A“)d“)\sAs]ds.
t t

In this setting, the evaluation of the expected loss for the bank is decomposed by
that of the discounted default probability in the first term of the right-hand side of
equation (7) and that of the expected recovered collateral value in the second term of

the right-hand side of the same equation.

IIT Solution for the expected loss and m-th moment of the

loss distribution

In this section, we evaluate components in the expected loss (7) and derive an analytical
solution for the expected loss. We also derive an analytical solution for higher moments
of the loss.

3See McNeil, Frey, and Embrechts [2005] for the technical conditions for doubly stochastic random
variables.




This section is organized as follows. Proposition 1 gives the first term of the ex-
pected loss (7), which indicates the discounted default probability. Proposition 2 gives
the term in the special case in which no correlation exists between the discount interest
rate and default intensity. In this case, the first term of the expected loss is given as a
time integral of multiples of a discount rate and a time differential of a survival prob-
ability. These components of the multiple have closed form solutions. Proposition 3
gives the second term of the expected loss (7), corresponding to the expected recovered
collateral value. Proposition 4 gives the term in the special case in which no correla-
tion exists between discount interest rate and default intensity. In this case, the second
term of the expected loss is given as a time integral of multiples of a measure-changed
discount rate and a time differential of a measure-changed survival probability. These
components of the multiple have closed form solutions. Theorem 1 gives the analytical
form of the expected loss by applying Proposition 1 and Proposition 3 to equation (7)
and by applying Proposition 2 and Proposition 4 to equation (7). Corollary 1 of the

theorem gives the higher moments of the loss distribution.

Proposition 1. The discounted default probability is given by

T T
/ E, [67 JE (rqu/\u)du)\S]dS — _ lim / d<<t; S‘Xta a,l, U}) dS, (8)
t t

w—0 dw

where ((t, s| X;, o, m, w) is an evaluation of the expectation

C(t, s Xy i w) — Eyfexp (— [ o+ mdu) e, )

with the two-dimensional state vector X; = (v, zt)T and the two-dimensional parame-
ter vector & = (., ary) ". The expectation (¢, s| Xy, &, m, w) is given by an exponential

quadratic form of the state vector
C(t, 8| Xt o, m,w) = exp(Ho(t,s) — Hi(t,s) - Xy — X, Ho(t,8)X;). (10)

The coefficients Hs(t, s), Hy(t,s) and Hy(t, s) in equation (10) are given by the solution

for the ordinary differential equations below,*

( ! + 2H,(t,s) TS Hy(t,s), (11)

Kz

dHy(t,s) lm 0

+ (Ho(t,s)T + Ho(t, ) [’By

dH,(t,s) m(o, + Brt) Ky 0
st ALY NN + Hy(t,s) + 2Hy(t, s)SHy (1, 5), 12
dt ax + Bt 0 x| Do) T2 RN S),  (12)
dHQ(t,S)

7 = m(a, + Brt)* + (an + Bat)? + tr[SHy(t, s)] — %Hl(t, S)TEHl (t,s), (13)

4The coefficients Ha(t, s), Hi(t,s) and Hy(t,s) depend on a, m and w but do not depend on Xj.
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with boundary conditions

0 0

. Ho(s,s) = wlay + Brs)2. (14)
0 w

Hy(s,s) = — [ ] , Hi(s,s) = —2w

ay + Bys

Proof. The integrand of the discounted default probability is transformed as follows:

s s d((t, s| X 1
Et[e_ ft ('ru—l—)\u)du/\s} — lim Et[e— ft (Tu+)\u)duew)\s/\s] — _ lim C( 75| t, O, >w)
w—0 w—0 dw

, (15)

Here, ((t, s|X:, a,m,w) on the right-hand side of equation (15) is the expectation
having the form of equation (9). This leads to equation (8). Since the expectation (9)
is the expectation for the two-dimensional quadratic Gaussian process, we can evaluate

this as the exponential quadratic form of equation (10). On the other hand, let
M, = Eyfe=Jo (rrotdu)dugws] — o= fy (mrathduc (4 o1 X, o, m, w). (16)

Then, M, is a martingale, and the drift of dM; is zero. By Ito’s formula, this condition

is reduced to the following partial differential equation:

olts)  0lls)  0C(hs)
o Ty, T T,

o2 9%((t,s)  o20%((t,s) 9%((t, s)

_y ) _Z ) )

2 8yf 2 823 + Pyz0y0= 8ytazt )

0=— (mr,+ M\)C(L,s) +
(17)

Substituting equation (10) into equation (17) and collecting the terms with y?, 22,

and y,2; yields the ordinary differential equation (11). Similarly, collecting the first-
order terms for y; and z; yields the ordinary differential equation (12). Collecting the

constant terms yields the ordinary differential equation (13). Since
((s, 8| X5, a,m,w) = exp(wh,) = exp(w(zs + ay + Brs)?), (18)
the boundary conditions are given by the equations (14). O]

Proposition 2. If p,, = 0, then the discounted default probability is given by

T T
/ By ethdny Jgs — / Tt slys, s B, DAT(E 52 a0, B, 1), (19)
t t

where

F(t,S’.ﬁl}t,OZ,ﬁ,m> (20)
= eXp{CO(ta S|CY, 57 H’ﬂcv’}/xam) - Cl<t7 Slavﬁ7 HI77I7m)xt - CQ(t7 S’HI’ ’yI?m)xtQ}’
with

Yy = /K2 +2mo2, 7. = /KE+ 2mo?. (21)



The coefficients on the right-hand side of equation (20) have closed form solutions.

m(eQ'Y(S*t) — ]_)

Co(t — 59
2(t, sl 7,m) (7 + £)e2G0 44 — i’ (22)
2 ’Y(S—t) — _ —’Y(S—t) _ 2
Ol(t,S|Q{,5, K;a’)/vm) = ma{(fy—i_/{)@ (’}/ /i)e K’}
Hy + )= + (y — k)e16-0} (23)

L 2mBl 4+ /) (L + ) + (3 — /) (L= yt)e™ 70 — 29{1 + ks}]
V(Y + ) 4 (y = K)em 0} ’

Colt, sl B, 5, 7,m) = —mo(s — £) — ma(s? — 2) — T =)+ K)(s = 1)

3
1 (4 k)P 4y — g m(v* — w*)G(t, sla, B, K,7)
— —1In — )
2 2y 29%{(y + k)1t + (v — K)e~1l=0}
(24)
The function G(t, s|a, §, k,7) in equation (24) is given by
G(t7 S|Oé7 67 R, 7) = (’7 - H){Oé2’}/2G1a<t, Sh/) + 2066’7G2a(t, Sh/) + ﬁ2G3a(t7 Sh/)} (25)
+ (v + £){a*V?Gu(t, s|y) + 2087Ga(t, s7) + B°Gau(t, s7)},
where
Ghralt, ) = =€~ 4 — 60 (31 29(5 — 1)), (26)
Glb(tv Sh/) = 6_7(8_” —4 + e’y(s—t)(3 - 27(3 - t))v (27)
Gaalt, s|7) = €7 (1—ys) =2(L—(t+5))+e 7 (1—7(2t+5)+77(t* — 5%)), (28)
Gaop(t,s|y) = et (14+vs)—2(1+~(t+s))+ ew(s’t)(l +y(2t+ )+t —5?)), (29)
Gsalt, s|y) = —dyt(1 — ys) — D(1 — ys)?
—(5—1) %02 | 2 L 2 3,3 3 (30)
eI 4 298 = (287 4 5T) + 577 (7 - 87)),
Ga(t, s|y) = —4yt(1+ys) + e 770 (1 4 s)’
(31)

2
+ (14 29t + 228+ 57) + 597 — 57)).

Proof. 1f p,, = 0, then

Eifexp (— /t 5 rudu) exp (— /t S )\udu> A
— Bexp (— /t S rudu)]Et[eXp <— /t s /\udu> Al (32)

— Bjex (_ / Tudu>]dEt[exp (; J; Audu)]

Kijima, Tanaka, and Wong [2009] give the closed form solution for the discount bond
price Ejle”Ji 4] by calculating the integrals shown in Pelsser [1997]. The closed
form solution is given by equation (20) and equations (22)—(31). Similarly, survival
probability Et[e*fts Mdu] s given by T'(t, s8]z, ay, B, 1), also a closed form solution.
This leads to equation (19). O



Proposition 3. The expected recovered collateral value is calculated by

T T Y
/ Et [6_ ftS (ru-i-/\u)du)\sAs]ds — _At lim euA(s—t) dC(t, 5’Xt7 o, 17 U))
¢ w—0 ¢ dw

ds, (33)

where ((t, s| X;, &, m,w) is the measure-changed expectation of ((t, 5| Xy, o, m, w) with

the Radon-Nikodym density process
n(t; A) = Ae 4t/ A,. (34)

The measure-changed expectation ((t, S|Xt, &, m,w) can be calculated as the expecta-
tion ((t, s| X, o, m, w), given that we substitute the following X, and &, respectively,
for X; and a:

Xt _ :?t _ Yt — pyAO'AO-y/’fy 7 & — é}r _ oy + pyAO'AO-y/FJy . (35)
Zt Zt — pzAO-AO-z/HZ 65 Q) + pzAO-AO-z/’fz
Proof. Under the measure-changed probability P with the Radon-Nikodym density
process n(t; A),
m:y = Wty — ,OyAO'At, Wtz = Wtz — pZACTAt, WtA = WtA — UAt, (36)
are Brownian motions,” and the state variables ¢, and Z; follow the processes
Ay = dy; = —kyyedt + pyacac,dt + o, dWy = —k,jidt + o, dW, (37)
d% = —k.Zdt + o, dW}. (38)

The integrand of the expected recovery value is given as

Ey[e” Ji rathduy 4] = F, [”(85 A) 4 G0 Jf (ot A
n(t; A) (39)
= Atel“‘(s_t) Et le” I (’"u'f‘/\u)dU)\s]’

where Et[] is the expectation under the changed probability P. Here, E, le” e (rutdu)du ) 1
is the integrand of the measure-changed discounted default probability with state vari-
ables ; and Z;. Discount interest rate r; and default intensity \; are represented using

g and Z;, respectively:
Tt = (yt _'_ Ofr + /Brt)2 —_= (gt + 657' + Brt)Q, )\t = (Zt —'— Q{)\ + ﬁAt)2 — (215 + &/\ _|_ 6At)2. (40)

Thus, the integrand of the measure-changed discounted default probability is given by
dC(t, s| Xy, &, 1,w)

[ —fts (ru+Au)du T
Eile As] &)12}] T : (41)
Equation (39) and equation (41) lead to this proposition. O

5See Appendix 1 for the proof. For measure-changed Brownian motion with Radon-Nikodym

density process and Girsanov theorem, see (for example) Shreve [2004].
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Proposition 4. If p,. = 0, then the expected recovered collateral value is calculated
by

T ‘ T

[ Bl O s = =, [ O s 5 AT 518 1 )
t t

(42)

where I'(¢, s|g;, &, B, 1) and T'(¢, s|Z;, &y, Ba, 1) are given by the closed form solution

as equation (20).
Proof. The proof is similar to the proof of Proposition 2. O]

Proposition 3 and 4 show that the expected recovery value is given by time inte-
gration of the measure-changed discounted mean collateral return to maturity, with

measure-changed survival probability as the integration measure.5

Theorem 1. The expected loss of the collateralized loan observed at time t is given

by
T
T . d¢(t, s| X, a, 1, w
E[eiﬁf TuduLTl{t<TST}‘gt:| - — 1{t<T}D llm / C( | i )dS
w—0 t d'w (43)
T <7 ~
d((t, s| X 1
+ 1{<ry6A; lim / puats— 46t X & Lw) oo
w—0 J, dw
If p,. = 0, the equation (43) is given by
. T
E[B_ Ji TuduLTl{t<‘r§T}|gt] = _]-{t<7'}D / F(tu S|yt7 A,y 67’7 1)dsr(t7 S|Zt7 Ay, ﬁka 1)
t
T
+ 1{t<T}5At / eHA(S—t)F<t’ S|gt7 dm /87“7 ]-)dsr(ta S|§t7 d)\a /8)\7 1)7
t
(44)

where four elements of I'(¢, s|zy, a, 8, 1) are given by the closed form solution as equation
(20).

Proof. We prove this theorem by applying Proposition 1 and Proposition 3 to equation
(7) and applying Proposition 2 and Proposition 4 to equation (7). ]

The higher moment of the loss distribution is also calculated by a combination
of the measure-changed integral with another Radon-Nikodym density process as the

following corollary for Theorem 1.

61f the collateral is liquid and yields no dividends, the instantaneous return of the collateral is
equivalent to the discounted interest rate in risk-neutral probability. In that case, equation (42) is
equivalent to A:{1 —T'(¢,T|2, &, B, 1)}



Corollary 1. The m-th moment loss distribution of the collateralized loan observed

at time t is expanded as follows:
E[(e_ I TuduLTl{t<T§T})m|gt] — Z anDm—n(_é)nE[e_m I TuduA:—L]-{t<T§T} |gt] (45)
n=0

The expectation of the right-hand side of equation (45) is given by

Elemm i rudu gn Lit<r<ty|Gi]
w—0 ¢ dw

where Xt(n) and o™ are defined by

X(n) _ yt(n) _ yt — npyAO—AO—y//ﬁy a(n) _ Oégn) _ ar _|_ npyAO'AO'y//fy .
! zﬁ”) % = NPaa0a0s[K; ) Oé(An) Q)+ NPzATAT: ]
A7)

If p,. = 0, then the derivative of ((-) with respect to w in equation (46) is given by

, d((t,s]Xt(n),a(”),m, w)
lim
w—0 dw

dl'(t, S|Z§n), ag\n), B, 1)

ds '
This gives a closed form solution for the integrand on the right-hand side of equation
(46).

= F<t7 Slytn)7 Oéq(ﬂn)a ﬁra m)

(48)

Proof. Equation (45) is given by the binomial expansion for the loss. The expectation

on the left-hand side of equation (46) is transformed as follows:
T
Ele™m™ i Ay o1y |G)] = 1{t<r}/ Eyfem Jr tmrcthaduy AT]ds. (49)
t

We recognize the integrand on the right-hand side of equation (49). From equation
(2), A} has the diffusion process

dAY = S ATt + o A APAW,, (50)
where ( 1o
n\n — g

py) = s+ = (51)

Let P(™ be a changed probability measure with Radon-Nikodym density process

dp(n) Ane—ugL)t
=n(t; A") = ———.

(52)

The integrand of the right-hand side in equation (49) is calculated as follows:

n(s; A™) At 6D JF tmrtAuy |
n(t; A) (53)
_ A?eui‘n)(sft)Et(n) [67 N (mru+)\u)du)\s]’

Et [ei I (mru+)\u)du)\SAZ:| — Et[

9



where Et(n) [] is the expectation with probability measure P given filtration F;. Here,
W = WA —noat, W™ = WY —npyaoat, Wi = W7 —npoaoat,  (54)

are standard Brownian motions. (See Appendix 1 for the proof.) Because discount

interest rate r; and default intensity \; are represented by

re= (e + ar + B2 = () + o + B,1)%, (55)
A = )2 = (2 + " + Bat)? 56
¢ = (et ax+Bit)” = (2 +ay,’ + Bit)7, (56)

the expectation on the right-hand side of equation (53) is given by

(n)
Et(n) [6_ fts (mru—l—/\u)dU)\ ] — _ hm dC(ta S‘Xt ) a(n), m7 w) ‘
s w—0 dw

(57)

Substituting equation (53) with equation (57) in equation (49) leads to equation (46).

If p,. = 0, equation (57) is transformed as follows:

Ef@ e I (mru+/\u)du)\s] — Et(n) e N rudu]Eén) Ca I Audu) 1 (58)
Substituting
Et(n) [e—mfts ’I"udu] _ F(t, S\yf”), OQ("n)7 By, m)’ (59)
Et(n)[e_ft )\udu)\s] _ ( :5’37& d,a)\ 7ﬁ)\7 )7 (60)
s
into equation (58) yields equation (48). O

IV  Numerical examples

In this section, we show numerical examples of the expected loss and the standard
deviation of the loss distribution observed at time 0. In particular, we focus on the
correlation between default intensity and recovery rate. For simplicity, we assume in
this section that p,, = 0.

Referring to Kijima, Tanaka, and Wong [2009], we assign the following values to

the parameters in equations (2)—(4):
Ky = 0.0, o, = 0.03, yo = —0.13, a, = 0.22, B, = 0. (61)

We assign the following values for the other parameters, referring to Yamashita and
Yoshiba [2010]:

D=A,=100, 6§ =07, T=1, ps=1%, o4 = 10%, o, = 10%. (62)

First, let 8y be zero. Then, o, denotes the square root of the mean reversion level of

the default intensity, and zy denotes the deviation from the mean reversion level. That

10



is, zop > 0 means that the initial state is worse than the mean reversion state; z5 < 0
means that the initial state is better than the mean reversion state. We consider two
patterns, (2, ay) = (—0.03, 0.2) and (2, ) = (0.03, 0.17), for the set of zy and a.”

From Theorem 1, the expected loss at time 0 is given as follows:

T
E[B_ fo TUduLTl{TST}] = _D/ F(Oa 3|?/0, Qy, 61”7 ].)dSF(O, S|ZOa Qy, /B)ﬂ 1)
° (63)

T
+ 5A0/ e"4°1(0, s|go, A, Br, 1)dsI(0, 8|20, @n, B, 1)-
0

Here, the two Stieltjes integrals on the right-hand side of equation (63) are rapidly
calculated by partial integration, based on the assumption that g, = 0 in equation
(61) (see Appendix 2 for details).®

Figure 1 illustrates the expected loss (63) with respect to the correlation p,4 in
four cases of k,: k, = 0.1, 1, 5, 10. Figure 1(a) is the case of zo = —0.03 (good state);
Figure 1(b) is the case of zp = 0.03 (bad state). In all cases, the expected loss increases
as correlation p,s decreases. The increments of the expected loss are greater when
the mean reversion speed k, is less. That is, the loss tends to increase if the mean
reversion speed is slow. The expected loss tends to be greater with greater k. in the
case of zy < 0, Figure 1(a). This is because the high mean reversion speed r, quickly
converges to an undesirable mean reversion level. Conversely, the expected loss tends
to be greater with lower k, in the case of zy > 0, Figure 1(b). This is because the
low mean reversion speed k., slowly restores good mean reversion levels. Almost all
our results are similar to those in Yamashita and Yoshiba [2010], which assumed a
square-root process for the default intensity.

Next, we introduce the trend parameter 3, for default intensity. Figure 2 illustrates
the expected loss (63) for 5y = 0.01. The other parameters are the same as those in
Figure 1. We see that the shape of the expected loss does not differ significantly from
that in Figure 1 and that expected loss increases by about 0.05.

"The parameter setting for 8 = 0 is almost equivalent to that in Yamashita and Yoshiba [2010] as
follows. First, D, Ay, §, T, and 4 are the same as those in Yamashita and Yoshiba [2010]. By Ito’s
formula, o, corresponds to op/2 in Yamashita and Yoshiba [2010]. The diffusion term of the log value
of collateral o4 corresponds to o4v/h; in Yamashita and Yoshiba [2010]. In Yamashita and Yoshiba
[2010], the initial value of default intensity ho and the mean-reversion level of default intensity h are
selected from the values of 4% and 3%. We set 04 = 10% as the level of h; = 4%. From equation (5),
zp + a) corresponds to the square root of the initial default intensity hg and a) corresponds to the
square root of the mean-reversion level of default intensity h. The value is selected from 1/0.04 = 0.2
and 1/0.03 = 0.17. We specify the value of a, considering zy = —0.03 for the good state case and

zp = 0.03 for the bad state case.
8The integrals in the following numerical examples are calculated by adaptive quadrature (inte-

grare() function in R).
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The standard deviation of the loss distribution at time 0 is given by
\/var[e_ Jo redu ], 1 <py], where

varle™ Jo ML 1 oy] = Ele? o M L2 o] — (Blem o M Lolany)). (64)

From Corollary 1, the first term on the right-hand side of equation (64) with 8, = 0 is

calculated as follows:
T
E[eﬁfgruduLil{gT}] = —DQ/ I'(0, s|yo, o, 0, 2)d,I'(0, 5|20, tx, B, 1)
. 0
+25A0D/ A5T(0, 5[50, r, 0, 2)dT(0, 5|Z0, dix, fa, 1) (65)
0
T
—(52A(2)/ 6(2“"‘“124)51“(0,s]y(()Q),aﬁz),0,2)d5F(O,s|zé2),ag\2),B,\,1).
0

Here, the three Stieltjes integrals on the right-hand side of equation (65) are rapidly
calculated by partial integration based on the assumption that 5, = 0. (See Appendix
2 for details.) The second term on the right-hand side of equation (64) is obtained
from equation (63).

Figure 3 illustrates the standard deviation of the loss with respect to the correlation
p.a. All parameters are the same as those in Figure 2. Figure 3 shows that lower

correlation increases the standard deviation of the loss. Lower x, has greater impact.

Figure 3 Standard deviation of the loss with respect to the correlation p,4 (8 = 0.01)

(a) 20 = —0.03, a, = 0.2 (b) 2o = 0.03, ay = 0.17
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Based on the numerical results in this section, we posit that risk managers must
closely examine negative correlations in terms of both expected loss and the standard
deviation of the loss when mean reversion speed &, is slow. This result is similar to
the results derived by Yamashita and Yoshiba [2010].
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V Correlation between default intensity and collateral value

The correlation p, 4 here that we specify is the correlation between the driving Brown-
ian motion of the state variable z; and that of the log value of collateral In A;. In this
section, we evaluate the correlation between default intensity and collateral value, con-

firming that the correlation has the same sign as p, 4 if we set appropriate parameters.

Proposition 5. Based on equations (2)—(5), the correlation between default intensity

Ar and the log value of the collateral In A observed at time ¢ is calculated as follows:

20.4(1 — e =T oy + BT + ze =Tt

(66)
2k (T —t)(1 — e72r:TD)|ay 4 BT + ze—r=T-8)]|

corry(Ar,In Ap) =

Proof. The covariance between the state variable zp and log value of the collateral

In A7 at time T observed at time ¢ is given by

4 T— PzA0y0 A T
covy(zr,In Ar) = ayaA/ —HT=9)p ads = e e re( ’t)). (67)
t Rz

The covariance between 2% and In Ay is given by

T
covt(z%,ln Ar) = QIOZAO-ZO-Aztem(Tt)/ o (T=5)
t

68
2pZAgZO-Aztef/€z(Tft)(1 _ efnz(Tft)) ( )

Rz

Thus, the covariance between the default intensity Ay and the log value of collateral

In Ar is given by

covy(Ap, In Ap) = covy (22 + 2(ay + BaT)zp, In Ap)
 2p.a0.04(1 — e TNy + BT + ze =T0} (69)
K '

The variance of default intensity Ay at time T observed at time ¢ is given as

var,[Ar] = covy(22 + 2(ax + BT ) zr, 25 + 2(ax + BT zr)

(70)
= var[27] + 4(ax + BaT)*var[zr] + 4(ay + BT )covy(zr, 27).
Here, each term on the right-hand side of equation (70) is given as follows:
T 201 _ =2k (T—t)
1
var[zr| = ag/ e~ 2= (T=9) s — o= ‘ ), (71)
¢ 2K,
T 201 _ o—2k2(T—t)\ o —kz(T—t)
1
covi(yr, yy) = 22,07 / e—2ne(r=s) g — T2l = € e . (12
¢ Kz
T 2 _ o=2k(T—1)\ 52 -2k, (T—t)
207(1
varyy] = 4{ze )20 / e = 2L = € e (73)
¢ Kz
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Substituting equations (71), (72), and (73) into equation (70) yields:

202(1 — e 2=(T=0 {a, + B\T + ze *=(T-D}2

Ar] = 74
vary [ Ar] i (74)
The variance of the log value of collateral In A7 is given by
T
var[ln Ap| = 0124/ ds = o4 (T —t). (75)
t

The correlation between default intensity Ay and the log value of the collateral

In A7 observed at time ¢ is calculated as follows:
COVt<>\T, In AT)
\/ var[Ar| \/ var,[In Ar] '

Substituting equations (69), (74) and (75) into equation (76) yields this proposition. []

corry(Ap, In Ap) =

(76)

Corollary 2. Based on the assumption that s, > 0, the conditional correlation (66)

has the same sign as p, 4 if
ar + BT + ze=T7D > . (77)

At time ¢t = 0, the condition (77) holds if we set 5y to be nonnegative and if a + 2o
is positive. The negative correlation between default intensity and the collateral value
is represented by setting p,4 < 0, B\ > 0, and a;, + z9 > 0.

The latent variable y; follows an Ornstein-Uhlenbeck process in equation (2), and

the variable may assume a negative value over time. When z; takes a value such that
2 < —(ay+ BaT)em=T, (78)

the conditional correlation between default intensity and the log value of the collateral
takes the sign opposite the sign of p,4. The condition (78) will rarely hold if we set
appropriate parameters (including x, and o,), since z; converges to the zero mean
reversion level.

In cases in which p,4 < 0 is a realistic setting, it is not necessarily unrealistic to
assume that default intensity and the collateral value have a locally positive correla-
tion satisfying condition (78). In fact, the default intensity becomes small just before
ze =T 4 o + BT becomes negative. A negative correlation between default in-
tensity and collateral value may not be clear if the firm is in a good state, with small

default intensity. This implies that our model considers locally positive correlations.

VI Conclusions

Our analysis evaluated the discounted loss distribution of a collateralized loan, focusing
on the correlation between default intensity and collateral value. For the default inten-

sity process and the discount interest rate, we assumed a quadratic Gaussian process

15



to keep their values nonnegative. The correlations among default intensity, discount
interest rate, and collateral value are represented by the correlations among the three
state variables p,., pya, and p, 4.

The m-th moment of the discounted loss distribution is given by a time integral of
an exponential quadratic form of the state variables. The coefficients of the form are
generally given by the solutions of ordinary differential equations. The solutions can
be calculated rapidly by numerical methods, such as the Runge-Kutta method. If we
can assume p,, = 0, the ordinary differential equations will have closed form solutions,
and no numerical methods need to be applied.

Numerical examples for the expected loss and the standard deviation of the loss
distribution show that a decrease in correlation p,4 yields increases in the expected
loss and in the standard deviation of the loss. The impact is greater when «, is lower.
Similar to Yamashita and Yoshiba [2010], we posit that risk managers must closely
examine negative correlation p,4 in terms of both expected loss and the standard
deviation of the loss when the mean reversion speed k. is low.

Our main contribution is to obtain an analytical formulation of the m-th moment of
the loss distribution of a collateralized loan under correlated stochastic default intensity,
collateral value, and discount interest rate. In certain cases, the formulation becomes a
closed form solution, and the value can be rapidly calculated. In other cases, solutions

can be obtained by numerical methods.

Appendix 1 Correlation of Brownian motions and measure

change

In this appendix, we confirm equation (36), the transformation equation of the Brow-
nian motion in the probability measure P. More generally, we confirm equation (54),
the transformation equation of the Brownian motion in the probability measure P™

by the following lemma:

Lemma 1. In the probability measure P with Radon-Nikodym density process (52),

WtA(n)

, Wty(n) and Wtz(n) defined in equation (54) are Brownian motions.

Proof. We must demonstrate the following three points to prove W; is a Brownian

motion:

(a) (continuity) W; is continuous, and Wy = 0.

(b) (stationary normality) For any 0 < £y < &y < --- < ty, each W, — W, (j =
1,...,N) has a normal distribution N(0,¢; —¢;_;) independent of the history until
ti_1.

<
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(c) (independent increment) Forany 0 <ty <t; <--- <tn, W,=W;,_, (j =1,...,N)

are mutually independent.

Here, equation (54) clearly indicates the (a) continuity of W Alm) Wty(n) and Wz(n).
From equation (52) and equation (2),

(n)
. AN APl e Ha tj
n(t], A ) . t; 7n20-124(tj7tj,1)/2+n0'AWt‘?7nO'AWt‘?_1. (A—l)

(b3 A" Ap e

A(n

we can demonstrate (b) the stationary normality of W} ) by the equation

B [expiz (W™ = W) = exp(—22(t; — tj-1)/2). (A-2)
for any z € R. In fact, from equation (54) and (A-1),

L An) iz(WA-WA  —noa(t;—t;_1))
E( n) WA(n) _ WA(n) - 77( J U U Altj—ti—1
[exp(iz( )] tj*l[—n(tjfl;A”)e i ]

—n20% (tj—tj_1)/2— naAW e naAWt‘?eiz(Wt‘;‘_th‘;‘_

=e I 1Et

2,2 VA
_ e—n JA(tj—tj,l)/2—nUAWtj71—lanA(tj—tj,l)—letj71Et

. *naA(tj*tj—l))]

[e(NJA-HZ)W{?]

(A-3)

j—1

6_n202A (tj—t;— 1)/2—naAW{?71 —izno 4 (t; —tj_l)—ith‘?71

« e(TLO'A+iZ)Wt‘?_1+(n0A+iz)2(tj7tj,1)/2

= exp(—2*(t; — tj-1)/2).

we can demonstrate (c¢) the independent increment of WtA(") by the equation

N

W™ = W] = T B®lexpliz (W™ = Wi))] (A-4)

J=1 J=1

exp i

Mz

From (A-2),
N
An
eXp Z tjfl)))]
N—1
= EM[E [exp(iay (Wi — W) exp(i Y z(W; ™ — wi )]
= (A-5)

N-1

= e R B oxp(i ) (W = W))]

tj—1
7=1

N
= et = T B lexpliz; (W, — W),

j=1 j=1

=

Thus, WtA(n) is a standard Brownian motion.
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Similarly, for Wty(n) and any z € R, from equation (54) and (A-1),

(n) v y(n)\y N(t;; A") (W -WY —npyacalti—t;1))
By lexp(iz(Wy) _Wtj—l))]_Etjfl[me b~ Wi TPy Al i)

A A ?
o 7n20‘24(tj7tj71)/27nGAWtj_1Etj_l [enaAij elz(Wtyj —Wtyj_l—npon'A(tj_t‘j—l))]

2 2 A : : Yy A Yy
_ e—n UA(tj_tjfl)/z_no'AWt]-_l_1znpon'A(tj_tjfl)_lzwtj_lEt_ ) naAWtj—&-letj]
G-

e

1

_n20'124(tj —tj—l)/z—nO'AW{;_l —iZTprAO'A(tj —tjfl)—iZW{j__

% e(WAW{?,I+iZW§“;_1)H(WA+iPyAZ)2—(1—P§A)22}(tj—tj—l)/2
= exp(—2°(t; —t;-1)/2).

This demonstrates (b) the stationary normality of W™ The stationary normality
of Wtz(") is also demonstrated in the same way. Similar to equation (A-5), we can
demonstrate (c) the independent increment of WY™ and W/™. Thus, W™ and

W™ are standard Brownian motions. O

Considering Lemma 1 in the case of n = 1, we can confirm equation (36) in the

probability measure P.

Appendix 2 Partial integration with the assumption g, =0

This appendix shows that the integration of the left-hand side of equation (A-7) with
the assumption of 3, = 0 is easily calculated.

By partial integration,

T
/ et DA (0, 5]y ol B, m)d, (0, 515, 0l By, 1)
0

= "rat=DR/2TP (o Ty o g m)T(0,T|2™, o, By, 1) — 1
6"<MA+(H_1)0124/2)8F<0, s\yt("), afﬂ”)) Bm m)F(O, S‘Ztn), ag\")’ ﬁ)\, 1)

T dC O,soz,(nn), s Koy Yo, T
[T ] = i SRR R ) s
! B (n)dcl(O,s|a7(a"),,8r,/<;y,'yy,m) B m)2dCa(0, s|ky, vy, m)
yO dS yO dS
(A-T)

Here, if 5, = 0, then dCy(0, s)/ds and dC4(0, s)/ds are simple closed form equations as
equations (A-8) and (A-9). The numerical integration of the left-hand side of equation
(A-7) with 5, = 0 is easily calculated.

dCy(t 0 (s=t)
0(,S|O[, a’iv’%m):_ma2+(7+"<’)_ ’}/(’}/+/€)6

ds 2 (7 + 1) D £ (v — k)e D
ma(? — ) [ (1 + Rt - (3 = me ) — 2k
7 O+ R + (7 = R)e 0

(A-8)
+
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dC,(t, s|a, 0, k, v, m) “{(y 4+ K)e™ — (v — k)e 7D} 4 2(y + k) (y — k)

=4
ds ma {(v + k)e75=1) + (v — k)e (-1} 2
(A-9)
dCy(t, s|k,y,m) 27y 2
= . A-1
ds m (7 + k)10 + (v — g)e (=1 (A-10)
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