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1 Introduction

The subject of financial market imperfections is the focus of a considerable body of theoretical
and empirical analysis in macroeconomics. Financial market imperfection means the existence
of the wedge between the optimal levels and the actual levels of loan interest rates. Bernanke,
Gertler and Gilchrist (1999, henceforth BGG) first stresses that a financial market imperfection
has a significant influence on business cycle dynamics. In BGG model, this financial market wedge
is determined by the time varying leverage, in that endogenous mechanisms in credit markets
work to amplify and propagate shocks to economy (called as the financial accelerator mechanism).
Christiano, Motto and Rostagno (2007) shows that according to their Bayesian estimation results
on Christiano, Eichenbaum and Evans (2005) model with the financial accelerator mechanism by
BGG the financial market imperfection has been playing very important role in U.S. and Euro
area business cycles. Also, Ravenna and Walsh (2006) introduces a banking sector which distorts
credit conditions through higher loan interest rates into a New Keynesian model as our model and
analyzes an optimal monetary policy under this distorted cost channel. These papers, however,
assume that loan interest rates can be changed costlessly each period and do not focus on the
realistic financial market imperfection in this paper: the sticky adjustment of loan interest rates.

Several empirical studies provide strong evidence that loan interest rates do not move too
frequently. For example, Slovin and Sushka (1983) shows that private banks, on average, need
at least two quarters and probably more to adjust their loan rates. Berger and Udell (1992)
investigates over one million individual loans in U.S. from 1977 to 1988 and they conclude that
the commercial loan rate is sticky with respect to open-market rates. Also, Hiilsewig, Mayery,
and Wollmershéuserz (2007) assumes a similar staggered loan contract in a simple New Keynesian
model as our model and empirically supports that frictions in a loan market plays an important

role in the propagation of monetary policy shocks in Euro area because of incomplete pass-through



from a change in policy rates to loan rates'. Furthermore, we can find very interesting evidence
of staggered loan interest rates in Japan. Figure 1 demonstrates the movement in the Average
Contracted Interest Rates on Loans (New Loans and Stock) between private banks and firms in the
Japanese loan market. We can confirm that there are clear gaps between an average loan interest
rate for new lending and for stock (total lending). In setting loan interest rates for new lending,
private banks can arbitrarily set any interest rate. In this sense, we can interpret that loan rates
for new lending are flexible. Thus, the gaps imply that it is difficult for firms and private banks to
instantly adjust loan interest rates that have been already contracted and implemented. Moreover,
Figure 1 implies one more interesting fact about staggered loan contracts between private banks
and firms. In both cases of long-term and short-term loan contracts, the gaps gradually shrink
when the call rates were fixed at almost zero by the Bank of Japan (BOJ). This implies that private
banks can fully adjust all loan interest rates to an appropriate level under the special situation in
which the BOJ set call rates essentially to zero for 6 years. This point is more apparent in Figure
2, which shows the average loan interest rates of major city banks. In the case of long-term loan
rates (lower panel) around 2005, the lines of average loan interest rates for new loans and for stock
almost cross each other after enough time of adjustments, 6 years®. This stickiness in loan interest
rates are not only in loan contracts between firms and private banks but also in loans between
consumers and private banks. For example, Figure 3 shows mortgage loan interest rates in the
Japanese mortgage loan market. In this figure, we see clear evidence of the staggered macro level
mortgage rate. Privates banks tend to fix the interest rates on housing loans against the call rates

for some periods®. It is difficult to find such macro level data that shows the staggered property

! Their model, however, assume an ad-hoc loan demand function which is induced from a distorted aggregator
on loans (money). Thus, in their model, money has different colors and has different values in different loans. Also,
they do not investigate an optimal monetary policy under a staggered loan contract.

2Thus, by comparing Figure 1 and 2, we can say that regional banks or small banks need longer time to adjust
their loan interest rates than major city banks.

31t should be noted that contract periods of housing loan are usually much longer than those of loans for firms,
so we can not simply compare the interest rate stickinesses in housing loans and loans for firms. Moreover, when we
consider a risk premium on a market rate depicted in Figure 3 according to borrower’s character, a mortgage loan



of loan interest rates between firms and private banks because these loans are highly customized
to the firms’ risks. There, however, is no reason to assume that only loan interest rates between
firms and private banks are perfectly flexible. Thus, not only other types of financial market
imperfections but also staggered loan interest rate contracts seem to be very important factors.

The first contribution of this paper is to introduce a staggered nominal loan interest rate con-
tract with microfoundation based on agent’s optimized behaviors into a simple New Keynesian
model in a tractable way. We assume the staggered loan contracts between a bank and a firm un-
der the Monopolistic Competition. This monopolistically competitive assumption can be justified
by the fact that loan interest rates are enough sticky (but not perfectly sticky) in the real econ-
omy as suggested by the empirical papers. This staggered contract mechanism highlights a new
source of economic rigidity which adds to the pre-existing sources of stickiness in the literature.
Moreover, by introducing a new equation regarding the financial market, i.e. the loan rate curve,
we can incorporate a shock to the financial market into our model. The second contribution is
to demonstrate that, in the model with staggered loan contracts, economic fluctuations persist
longer and have greater amplitude than those in a model without staggered loan contracts.

In order to capture this staggered loan interest rate contract mechanism in a tractable way,
we assume a situation in which (1) a bank can only re-evaluate the risks associated with financing
firm’s projects when it receives a random signal, or (2) a bank can negotiate loan rates with a
firm’s project manager only when those managers randomly close old businesses and start new
ones. These situations can be justified by citing limitations on informational transactions or costs
associated with re-evaluating risks of firm’s businesses. We make use of the Calvo (1983) - Yun
(1992) framework to introduce our staggered loan contracts under the monopolistic competition.
The setting, in which (1) a private bank and a firm promise a long term contract, (2) the private

bank fixes a loan interest rate for a certain period, and (3) the firm can freely borrow money from

interest rate may be more flexible.



the private bank by the pre-agreed loan interest rate at each time, shares the properties with the
Commitment Line Contract*. A commitment line contract is a contract between a private bank
and a firm, which legally forces the private bank to extend a loan to the firm, whenever it requests
one, up to the amount that is agreed to in advance with the specified loan interest rate. Thus, the
firm obtain a loan at any time during the term of the contract, up to the amount specified in the
commitment line contract. Shockley and Thakor (1997) reports that, in the United States, over 80
percent of all private bank loans to corporations are done through this commitment line contract.
Even in Japan, the amount of the commitment line contract is rapidly increasing®. Thus, in a
baseline model, we approximate the staggered-ness of loan interest rates using the simple Calvo
(1983) - Yun (1992) framework. However, as mentioned in Shockley and Thakor (1997), on many
commitment line contracts in the U.S., the loan interest rates are variable, since they link to a
representative interest rate index, such as Prime Rate, LIBOR, Fed Fund Rate, and Treasury
Bond Rate. This indexation comes after a private bank have optimally set the loan interest rates
according to the risks in a firm’s projects or the economic situation. We permit a private bank
to adjust its loan interest rate through this indexation when the private bank does not optimally
reset its loan interest rate in a later section.

The third contribution of the paper is that we derive a new objective function for the central
bank given the friction in the financial market, and therefore investigate the characteristics of
optimal monetary policy. We show that this approximated utility-based welfare criterion holds a
specific property that is not shared by other welfare functions in previous papers such as Rotem-
berg and Woodford (1997), Giannoni (2000), Erceg, Henderson and Levin (2000), Aoki (2001),
Steinsson (2003), Edge (2003), Benigno (2004), and Ravenna and Walsh (2006). Giannoni (2000)

It is also called as Loan Commitment or Credit Line.

’Recently, the amount of commitment line contract is rapidly increaseing as mentined by the BOJ: The com-
mitment line has become widely recognized by commercial banks and their corporate clients and as a result, recent
years have seen a significant increase in the amount outstanding of commitment lines extended and in the number of
corporate clients. The data will enable users to identify changes in corporate financing and banks’ lending behavior
(on the webwite of the BOJ).



derive second order approximation to the consumer’s utility function in a model with monetary
transaction costs. Erceg, Henderson and Levin (2000) derives such an approximated welfare func-
tion in a model with a staggered wage contracts. Aoki (2001) derives an approximated welfare
criteria for a central bank in a model with heterogeneous price setting sectors, a flexible-price sector
and a sticky-price sector. Steinsson (2003) shows an approximated welfare function for a model in
which one agent behaves by following the Calvo-type price setting and the other agent sets prices
according to a rule-of-thumb, which induces a hybrid Phillips curve including both forward-looking
and backward-looking terms. Edge (2003) adds endogenous capital accumulation to the standard
New Keynesian model by Woodford (Ch. 3, 2003a) and derives the approximated welfare criteria.
Benigno (2004) extends the discussion of welfare criteria to an international macro framework.
Ravenna and Walsh (2006) derives a welfare criteria and investigates an optimal monetary policy
under a cost channel, flexible loan contracts between firme and private banks. In contrast to these
papers, under the model with staggered loan interest rate contracts, we show that the approx-
imated welfare function includes the first-order difference of loan interest rates, which induces
reduction of the magnitude of interest-rate changes in a social objective itself to shocks such as
price shocks and demand shocks. As a result, optimal monetary policy has the characteristic of
interest rate smoothing. These outcomes explain the fact that a central bank changes its policy
rates through a series of small adjustments in the same direction as mentioned in previous papers,
such as Goodfriend (1991) and Woodford (2003b). Thus, it is the staggered property of financial
market that induces the central bank to optimally smooth interest rates. However, at the same
time, a central bank has to quickly change the policy interest rates to smooth the loan interest
rates against financial shocks such as a loan rate shock. Thus, a central bank should change its
responses to economic disturbances according to types of shocks.

The rest of the paper is organized as follows. The following section sets up a baseline model. In

Section 3, we show the impulse responses of the model under a Taylor rule. In Section 4, we derive



a second order approximation to the consumer’s utility function and comment on its properties.
In Section 5, we derive an optimal monetary policy rule and show the properties of this optimal
monetary policy. In Section 6, we extend our baseline model by allowing the loan interest rate to

be indexed. In Section 7, we conclude the paper.

2 Baseline Model

We introduce staggered nominal loan interest rate contracts between private banks and firms into
a model based on a standard New Keynesian framework built by Clarida, Gali and Gertler (1999)
and Woodford (2003a). The model consists of four agents: a consumer, a firm, a central bank,
and a private bank (see Figure 4).

A representative consumer plays four roles: (1) it consumes differentiated goods determined
through a cost minimization problem given an aggregate consumption level, (2) it chooses the
optimal amount of aggregate consumption, bank deposit, and investment into risky assets given
the deposit rate set by the central bank, (3) it provides differentiated labor services and, because
of its monopolistic power, decides the wage of each differentiated type of labor, and (4) it owns
both the bank and the firm, and so receives dividends in each period.

A representative firm consists of three layers: a president, a continuum project groups popu-
lated on the [0, 1] interval under the president, and a continuum business units populated on the
[0, 1] interval in each project group. Here, we assume that the business unit & in each project
group is characterized by differentiated type of labor h. The firm plays two roles: (1) the pres-
ident decides the amount of differentiated workers to hire, which is determined through a cost
minimization problem in which a fraction of the labor cost must be financed through an external

loan from a private bank. To clarify, each project group uses all types of workers and all types



of loan in the same proportion®, (2) under the monopolistic competition (an individual demand
curve on differentiated consumption goods offered by the consumer), each project manager sets a
differentiated goods price and produces one good using the external loan assigned by the president
to finance parts of the labor costs” in order to maximize its profit. We assume a staggered price
setting by Calvo (1983) - Yun (1992) framework.

A representative private bank consists of two layers: a president and a continuum of working
groups populated over [0, 1] under the president. A private bank plays two roles: (1) the president
receives the deposit from the consumer® and allocates the deposit to each working group, (2) un-
der the monopolistic competition, each working group lends to the firm by setting differentiated
nominal loan interest rates according to the loan’s demand curve. As explained below, we assume
that each working group can set the differentiated nominal loan interest rate according to the
properties of the business units, characterized by the differentiated labor type. We assume stag-
gered nominal loan contracts between the firm and the private bank in the sense that the private
bank perfectly fixes loan interest rates for a certain period. In the baseline model, we replicate
the staggered property of loan interest rates, through the Calvo (1983) - Yun (1992) framework
without indexing the interest rates. In section 6, however, we relax this assumption. As mentioned
in the last section, this relation between the private bank and the firm is a kind of commitment
line contract.

Finally a central bank sets the deposit rate according to a Taylor rule. Thus, in contrast to the

staggered contracts between the firm and the private bank, the contracts between the consumer

®Erceg, Henderson and Levin (2000) assumes the same situation on employment. In other words, all project
groups solve the cost minimization problems under a same situation, especially under a same labor index in this
model. About (1), we can assume a representative labor aggregator, i.e. an employment coordinator, as in Erceg,
Henderson and Levin (2000), instead of a president in a firm. In this case, it is natural to assume many independent
different firms that produce different goods using differentiated labor service exist instead of one firm.

"The same assumption is in Christiano, Motto and Rostagno (2004).

8The same assumption is in Bernanke, Gertler and Gilchrist (1999). We can also assume that many different
private banks that lend loan to each project group in a firm or to differenr firms exist instead of one private bank.
In this case, each private bank receives a deposit from consumer and lends that whole deposit to a firm. Thus, total
amount of each private bank’s deposit should be eventually equal to a total deposit of consumer.



and the private bank is flexible. In this sense, for the private bank, the flexibility of its contracts
are different between inflow and outflow. The details of the optimization problem, derivations of

the first-order conditions, and log-linearizations are in Appendix A.
2.1 Cost Minimization

In this model, we have two cost minimization problems. The first determines the optimal allocation
of differentiated goods for the consumer. The second determines the optimal allocation of labor
services, given the loan rates and wages for the firm’s president.

For the consumer, we assume that the consumer’s utility from consumption is increasing and
concave in the consumption index, which is defined as a Dixit-Stiglitz aggregator as in Dixit and

Stiglitz (1977), of bundles of differentiated goods f € [0, 1] produced by firm’s project groups as

L 17
OtE |:/0 Ct(f)9df:| y

where C} is aggregate consumption, c¢;(f) is a particular differentiated good along a continuum
produced by the firm’s project group f, and 6 > 1 is the elasticity of substitution across goods
produced by project groups. For the consumption aggregator, the appropriate consumption-based

price index is given by

1
-6

p= [ / lpt(f)”df] |

where P; is aggregate price and p.(f) is the price on a particular differentiated good ci(f). As
in other applications of the Dixit-Stiglitz aggregator, the consumer’s allocation across differenti-
ated goods at each time must solve a cost minimization problem. This means that the relative

expenditures on a particular good is decided according to:

al(f) = Cy [pt(f)]g. (2.1)



An advantage of this consumption distribution rule is to imply that the consumer’s total expen-
diture on consumption goods is given by P;C;. We use this demand function for differentiated
goods in the firm sector.

On the firm’s side, the president optimally allocates labor services from the consumer to each

project group according to another cost minimization problem. The labor index L; is given by

L= [/01 lt(h)eeldh} j (2.2)

where [;(h) is the differentiated labor supply of type h € [0, 1] that goes to the firm’s business unit
h within each project group. Thus, we assume that the differentiated labor types are not perfectly
substitutable. In this paper, we assume that each project group uses all types of workers and loans
in the same proportion. Also, we assume that the labor index, Ly, is used for production. Given
this model’s setup in which the firm must finance a fraction of the labor cost of business unit h,
ywy(h)l;(h) (where 0 < v < 1)Y, through loan from the working group h in the private bank, the
cost minimization problem of the president is given by
1
min | (1m0 ()

subject to Eq. (2.2), where r(h) is the nominal loan interest rate to the business unit A, which is
set by the working group A in the private bank, and wy(h) is nominal wage for labor supply to h
business unit of all project groups, which is set by the consumer. Thus, we assume that the private
bank can set different nominal loan interest rates for different business units, each characterized
by the type of labor. Importantly, this implies that the private bank interprets the differences
in types of labors as the differences in risks of business units. It is this perspective that induces

the banks to set different loan rates to each business unit. In this sense, the private bank holds a

In the actual economy, the ratio of the external finance should change according to the economic stuation in
the individual firm levels. In terms of the macro level, however, we can think that the ratio of the external finance
is almost constant at least during several years. The analysis in this paper is focusing on such a time span.



monopolistic power in deciding loan interest rates. Given this interpretation, the relative demand

for each differentiated type of labor, which is decided by the firm’s president, is given by:

(h) = L [“ + 'm<h>>wt<h>}

Q

1
1—e

Q, = [ /0 1((1+7rt(h))wt(h))1_edh} . (2.4)

Then, we have

/1(1 +re(h))wi(R)li(h)dh = Qi L.
0

Using the assumption that a specific fraction of the firm’s labor cost due to labor type h is financed

through a loan, then the amount the firm needs to borrow per labor type is

qt(h) = ywi(h)li(h).

Then, we also have

it =i [(LE DN

By defining Q; = fol qt(h)dh, we have

e —€ wy 1—e
qt(h):[(lJrv (h)gﬁ( (h)) ]Qt, (2.5)

where Qf = fol(l + yr¢(h))¢(we(h)) ~¢dh. This is the demand function for loans by business
units of type h in the firm. Due to the differentiated type of labor, the demand for loans is
differentiated without assuming any restrictions on aggregate loans and loan rates. In contrast
to Hiilsewig, Mayery, and Wollmershéuserz (2007), we derive the demand function for loan from

firm’s optimized behavior. We will use this demand function in the private bank side.
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2.2 Consumer

We consider the representative consumer who derives utility from consumption and disutility from

a supply of work. The consumer maximizes the following utility function:

Jo = Ei {iﬂ” [U(OT, vr) — /0 V), VT)dh} } :

T=t

where Fj is an expectation conditional on the state of nature at data t. The function U is increasing
and concave in the consumption index as shown in the last subsection. The budget constraint of

the consumer is given by

1 1 1
P,Ci+Ey [ Xt t41Bir1]+ Dy < B+ (1 +’it—1)Dt—1+/ wt(h)lt(h)dh+/ HtB(h)dh+/ Hf(f)dfa
0 0 0

(2.6)
where By is a risky asset, D, is the amount of bank deposit, i; is the nominal deposit rate set by
the central bank from ¢ to t + 1, wy(h) is the nominal wage for labor supply, l;(h), to the firm’s
business unit of type h, IIP(h) is a nominal dividend from owning the h working group in the
bank, ITf'( ) is a nominal dividend from owning the f project group in the firm, and X;;;1 is the
stochastic discount factor. We assume a complete financial market for risky assets. Thus, we can
hold a unique discount factor and can characterize the relationship between the deposit rate and

the stochastic discount factor:

1
1+

= By [Xt 1] (2.7)

Given the optimal allocation of consumption expenditure across the differentiated goods, the
consumer must choose the total amount of consumption, the optimal amount of risky assets to
hold, and an optimal amount to deposit in each period. Necessary and sufficient conditions are

given by

11



P,
P’

Uc(Cr,v) = B(1 4+ i) By |Uc(Cig1, Vig1)

Uc(Cy, 1) _ B P
Uc(Cry1,ve41)  Xepy1 Pva

Together with Eq. (2.7), we can find that the condition given by Eq. (2.8) expresses the intertem-
poral optimal allocation on aggregate consumption. Assuming that the market clears, so that the
supply of each differentiated good equals its demand, ¢;(f) = y:(f) and Cy = Y3, we finally obtain
the standard New Keynesian IS curve by log-linearizing Eq. (2.8):

A~

Tt = EtIL‘t+1 — U(it — Et7Tt+1 — ;“?), (29)

where we name x; the output gap, w41 inflation, and 7' the natural rate of interest. 7}* will be
an exogenous shock. Each variable is defined as the log deviation from its steady states (except
x¢ and 7. Also, the log-linearized version of variable m; is expressed by m; = In(m;/m), where
m is steady state value of my.).

In this model, the consumer provides differentiated types of labor to the firm and so holds
the power to decide the wage of each type of labor as in Erceg, Henderson and Levin (2000). We
assume that each project group hires all types of workers in the same proportion. The consumer
sets each wage wy(h) for any h in every period to maximize its utility subject to the budget

10

constraint given by Eq. (2.6) and the demand function of labor given by Eq. (2.3)'". Then we

have the following relation

wy(h) _ € Vi(le(h), vy)
Pt e—1 Uc'(Ct,Vt> ’

(2.10)

In this paper, we assume that the consumer supplies its labors only for the firm, not for the private

bank. We use the relation given by Eq. (2.10) in the firm side.

'0We assume a flexible wage setting in a sense that the consumer can change wage in every period.

12



2.3 Firm

In this paper, the representative firm consists of three layers: the president, a continuum of project
groups populated over [0, 1] under the president, and a continuum of business units populated over
[0,1] in each project group. As explained above, firstly, we assume that the president determines
the amount of workers employed through a cost minimization problem in which a fraction of
the labor costs must be financed through external loans from a private bank. Secondly, in a
monopolistically competitive goods market, each project manager sets a differentiated goods price
and produces one good. Each project manager employs all types of workers, borrows all types of
external loans, and re-sets its price with some intervals.

Under the Calvo (1983) - Yun (1992) framework, the f project manager re-sets its price with

probability 1 — o and maximizes the firm’s present discounted value of profit:

By Za XtT [pt )yt,T(f) - QTLT(f)] >

where we define y; 7(f) = Yr [%{f)} " from Eq. (2.1) under ¢;(f) = y:(f) and use C; =Y} for any
t. Here we use the consumer’s (shareholder’s) marginal rate of substitution, Xy 41, for each firm’s
project group. Importantly, the price set by a firm’s project group is independent of the loan rate

chosen by a bank’s working group. Then, the optimal price pj(f) in this Calvo environment is

E: Y () Uc(Cr,vr)yer(f)

[pr(f)}

T—t 0 Pr

— - Tt _c ' r 1—e W(lt,T<h)7VT) 8LT(f) 1—e 1i€
= EtTZ::t(aﬂ) UC(CT7VT)yt,T(f) [6_1 {/0 (I +~rr(h) < Uy (Y7, v7) &Ut,T(f)) dh}

where we assume that the firm’s production function is given by y:(f) = A f(L:(f)), where f(-)
is an increasing and concave function and Eq. (2.10) has been substituted to simplify Eq. (2.11).

By log-linearing Eq. (2.11), we have

13
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= T ~
pi(f)=E> (af)"™"| > 7r+ORy +merr(f)| (2.12)

T=t T=t+1

where we define a real marginal cost as meyr(h, f) = W[(Jl;(T}%hl)/ty)t) 3{5;5}{ ) and meer(f) = fol meer(h, f)dh,

we define 1 + Ry = 01 %(1 + r¢(h))dh and /p%:(f) = pfp({)7 and © is a positive parameter. The

chances of re-setting prices are randomly assigned to each project group with equal probability,

which implies we can take the average across f. Then, Eq. (2.12) becomes

[e) T

I =5 Tt 1/ 5
Tt = B () e + ORn) + 3 |

where we define (pf)'=¢ = fol P (f)'=0dh. We have also defined the average real marginal cost as

mer(h) = %g—% and me; = fol mc(h)dh and we make use of the relation of meyr(f) =
T

mer —wpﬁ(;?’t(f) - Z 7)1, where wy, is a positive parameter. In the Calvo (1983) - Yun (1992)

T=t+1
setting, the evolution of aggregate price index P is described by the following equation

1 1 1
J et =a [Cneat a0 [
0 0 0

— P =aP S+ (1—-a)(p)" (2.13)

This implies that the current aggregate price is equal to a weighted average of changed and
unchanged prices. Since the opportunity to reset prices are randomly assigned to each firm with
equal probability, then the price change at time ¢ should be evaluated by an average of individual
price changes by all project groups. This is true even for the unchanged price. By log-linearing

Eq. (2.13) and manipulating the resulting equation, we have the following relation

1'Unit marginal cost is same for all project groups under the situation in which each project group uses all types
of labor and all types of loan with a same proportion. Thus, all project groups set a same price if they have chances
to reset their prices at time ¢. Thus, we acutually do not need to take average across f in Eq. (2.12).

14



Tt = KTt + éfit + /BEtﬂ-t—Q—la (214)

where k and £ are positive parameters. In contrast to the standard New Keynesian Phillips curve,

this augmented one includes the loan rate.
2.4 Private Bank

The representative bank consists of a continuum of working groups populated over the [0, 1] interval
that handles the job of financing each firm under a president. Each working group manager
can reset its loan rate with probability 1 — ¢. We assume that each working group can set
different loan rates that depend on the business units’ labor type. In this sense, the private bank
holds a monopolistic power in deciding the loan rates to each project. Under a monopolistically
competitive loan market, we can define the maximization problem for the working group h, where

the objective is to maximize the present discounted value of profit:

[e.9]

Ery 0" Xyr[(ri(h) —ir)aur(h) — 2z (h)], (2.15)
T=t

(Atrre(h) < (wr(R))' €
O

where we define ¢, 7(h) = [ Qr from Eq. (2.5), 7:(h) is the nominal loan
interest rate set by the working group h in the private bank, ip is the deposit rate which is set
by the central bank and is same for all working groups, and zr(h) is the cost associated with
the bank’s working group h handling the financing of the firm’s business unit h. We use the
consumer’s (shareholder’s) marginal rate of substitution, X, for each working group of the bank.
For simplicity, we assume that the cost of the bank’s working group is constant, specifically zero.
We can interpret this fixed cost as license expenses to run banking. Also, in equilibrium, we

assume that the supply of deposits equals the demand: Dy = Q. Thus, the president of private

bank implicitly allocates deposit to each working group. Lastly, r4(h) is the interest rate at time

15



t12. We can transform Eq. (2.15) as follows

B> o o O b (1)) — i)
T—t ot

Then, the optimal loan interest rate, r¢(h), in this Calvo setting solves the equation

7 Bt Uc(Cr,vr) re(h) —ir

Eth::t(g’ﬁ) Pr m%ﬂh) 1- EVW =0. (2.16)

Working groups that are allowed to reset their loan rates will set the same loan rate, so the solution
of r¢(h) in Eq. (2.16) is expressed by 7. On the other hand, we have the following evolution of

the aggregate loan rate index R :

1+ Ry = (1 + Re-1) + (1= ) (1 +17). (2.17)

By log-linearizing Eq. (2.16) and Eq. (2.17), we can characterize the relationship between the

loan rate and the deposit rate:

Rt = M EiRiv1 + MaRi 1 + Asir, (2.18)

where A\; > 0, Ay > 0, and A3 > 0'>. Each variable is defined as the log deviation from steady

state. We can call this equation the loan rate curve.
2.5 Closed System of the Model

To close the model, we have to describe the central bank. In this paper, we assume the central

bank sets a deposit rate, i.e. policy interest rate, in every period by following a simple Taylor rule:

121f we interpret that r+(h) is the interest rate from ¢ to ¢+ 1, the divident from the private bank in the consumer’s
budget constraint is given by f01 112 (h)dh. However, even in this case, the model does not change.

3 After I finished writing this paper, I found that Kobayashi (2008) also have done a similar study completely
independently. He assumes a complete monopoly in lending/borrowing relation between banks and firms, which can
be justified in a situation where a loan market is geographically segmented.
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/Z'\t = UpTt + LT, (219)

where p,. > 0 and p, > 0. With this equation, we have completely closed the model, which
consists of Eq. (2.9), Eq. (2.14), Eq. (2.18), and Eq. (2.19). The system includes the output gap,

inflation rate, loan rate, and deposit rate'®.
3 Impulse Response under Taylor Rule

In this baseline model, we characterize the properties of this model with staggered loan contracts
in terms of its impulse response functions.

We borrow our parameters from Rotemberg and Woodford (1997), as shown in Table 1, except
v (ratio of external finance) , ¢ (loan contract rigidity), and e (substitutability of differentiated
types of labor)!?. In addition to shocks from the natural rate of interest, we introduce shocks to
the Phillips curve, given by Eq. (2.14), and the loan rate curve, given by Eq. (2.18). Here we
assume preference shocks on the parameters  and € in Eq. (2.14) and Eq. (2.18) respectively!S.

Given these shocks, we can write

Tt = Kxy + ERy + BEmi1 + Wy,

Ry = MERyy1 + MRy 1+ Asiy + Yy,

where ¥; and Y, which we will call the price mark-up and loan rate shocks, respectively. A key
contribution of this paper is to incorporate shocks to the financial market, specifically shocks to the

loan interest rate contracts, into an otherwise standard New Keynesian model. We can interpret

!4Behind this closed system, all variables in the model are determined.

'5In this €, we have relatively high steady state value of loan rate as R = 0.31 to ¢ = 0.01. Thus, it may be better
to set higher e. For example, Altig, Christiano, Eichenbaum and Linde (2002) assumes € = 21. In this case, we have
R =0.11 to i = 0.01. We, however, do not have a clear diffrence in any impulse response by setting different e.

'5We can assume different sources of shocks in many ways.
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the loan rate shock in two ways. First, the loan rate shock could represent a change in the bank’s
lending attitude, coming from more or less risk-averse behavior. The change in a bank’s attitude
may include contract length changes. Second, the loan rate shock could also represent the private
banks’ changing responses to monetary policy shocks. This interpretation implies that monetary
policy shocks are not the result of only the central bank’s behavior, as in Christiano, Eichenbaum
and Evans (2005)'7, but rather are affected by both the central bank and private banks.

In this section, we set policy parameters in Taylor rule as p, = 2 and p,, = 0.25 as in Woodford
(Ch. 4, 2003a), and assume ¢ = 0.66 (loan contract rigidity is equal to price rigidity) and v = 1
(all labor costs are financed by loan). A reason of ¢ = 0.66 is that the empirical papers suggest at
least two quarters and perhaps more to adjust the loan interest rates'®. Also we show simulations

119

of the standard New Keynesian model’” and compare the results to those of our loan contract

model.
3.1 Loan Rate Shock

We assume an unexpected 1% positive loan rate shock with shock persistence 0.9 in AR(1)

process?’. Figure 5 shows simulation outcomes. To show effects of the staggered loan contract, we

"They show that a monetary policy shock is one of the most important source of economic disturbances.

18For example, in Japan, the report by the Bank of Japan, Financial System Report (March 2007), shows that
average durations of fixing loan interest rates are about three quarters for major city banks and about five quarters
for local banks.

19We assume the model in Woodford (Ch. 4, 2003a) as the standard New Keynesian model. Tt consists from three
equation as

T = kTt + BB + Yy,

~

- ~n
Ty = Et$t+1 — U'(Zt — EtTFt+1 — Tt ),

ji\t = M Tt + Myt
These are Phillips curve, IS curve, and monetary policy rule, respectively. We use the parameters in Table 1.
20We may express it as

~N o 1
ry = 0.9r;_1 + vy,

where v, is i.i.d shock process.
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also demonstrate a case of ¢ = 0 and v = 1. A shock to the loan rate increases inflation rates due
to increase in cost, then raises policy interest rates. In turn, a high policy interest rate induces
a negative output gap. This tendency is clearer in the case of staggered loan contracts than in
that of flexible loan contracts. We can confirm that the loan rate shock induces a significantly
large and persistent economic fluctuation by a staggered mechanism of loan contracts. Thus, the
staggered-ness of loan contracts can play an important role in explaining economic fluctuations

and in amplifying economic disturbance.
3.2 Natural Rate of Interest Shock

For our impulse responses, we assume that there is an unexpected 1% positive shock to the
natural rate of interest with persistence equal to 0.9, using an AR(1) process. Figure 6 shows the
simulation results. As in the standard New Keynesian model, each simulation shows that both
inflation rate and the output gap increase, which leads to higher policy interest rates and loan
rates. Specifically, the model with staggered loan contracts is characterized by fluctuations that

have greater persistence and amplitude than the standard New Keynesian model.
3.3 Price Mark-Up Shock

In this section, we assume that there is an unexpected 1% positive price mark up shock with
shock persistence 0.9 in AR(1) process. Figure 7 shows simulation results. As in the standard
New Keynesian model, each simulation shows that the inflation rate goes up, which implies that
the policy interest rate rises in the staggered loan contract model. In turn, these changes induce a
negative output gap in the both models. Again, we can confirm that the impulse responses in the

staggered loan setting are longer and larger than those in the standard New Keynesian model.
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4 Analysis on Welfare Function

In this section, we first derive a second order approximation to the welfare function (all details
of these derivations and explanations are in Appendix B). Second, we demonstrate that this

approximated welfare function leads the central bank to smooth policy interest rates.
4.1 Approximated Welfare Function

Assuming that the goods market clears, which implies that Y; = C; and y(f) = ¢(f) for any f,

a discounted loss of the consumer is given by

Jo = Ep {ZﬁtUt} ; (4.1)

t=0
where the welfare criterion Uy is given by

Ut = U(Yt, l/t) — /01 V(lt(h), Vt)dh, (42)

and

1, e
YtEUo yt<f>edf} ,

where U (Yy; v4) is an increasing and concave function of Yz, V (I¢(h); v¢) is an increasing and convex
function of /;(h), and 6 is a preference parameter on differentiated goods. We log-linearize Eq.
(4.2) step by step to derive the approximated welfare function.

First, we log-linearize the first term of Eq. (4.2).

_ ~ 1 ~ ~
U(Yisve) = YUe |Yet 5(1 - o WY2 + 07 g Y, | + tip+ Order(]| € |?), (4.3)

where U = U(Y;0), Y, =Y, — Y, t.i.p means that there are additional terms that are independent

of monetary policy, Order(]| £ ||®) indicates that there are additional terms of higher order than
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Ucth

two, o is the intertemporal elasticity of substitution for private expenditures, and g; = i

To replace Y; by V; = In(Y;/Y), we use the Taylor series expansion on Y;/Y in the second line as
Vi)Y =14 Y, + 3Y2 + Order (|| € |%).

Second, we log-linearize the second term of Eq. (4.2) in a similar way.

! o~ 1 1 ~
/ V(l(h);vy)dh = LV, [Lt + = (1 + I/)L vveLy + 5(1/ + 6)varhlt(h)] + t.i.p+ Order(|| € |?),
0
(4.4)
where we use the relation

€
e—1

)ezldh:| ,

Lt:[/ollt(h

and varyly(h) is the variance of I;(h) across all labor types. We have also defined L; = In(L;/L);

v is an elasticity of desired real wage with respect to the quantity of demanded labor, € is a

preference parameter on differentiated labors, and v; = —%. To replace Ly by Y;, we invoke
125

the market clearing condition for labor:

Lt:/OLt ydf = /f A

where we have used the production function y;(f) = Arf(L:(f)). By log-linearizing Eq. (4.5) and

(4.5)

substituting it into Eq. (4.4), we have

1 — |~ 1 ~ ~ 1 N 1 1 ~
/ V(li(h);ve)dh = ¢, LV, |V + 5(1 + W)Y —wgY + 5(1 + wpl)Bvargpi(f) + §¢ZI(V + E)UCWhlt(h)
0

+tip+ Order( || €|, (4.6)

where ¢; is a vector that includes shocks given by 7; and productivity shocks given by A, varp;(f)

is the variance of py(f) across all differentiated goods prices, ¢, is the inverse of the elasticity of
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output with respect to additional labor input, w, is the negative value of the elasticity of the
marginal product of labor with respect to aggregate output, and w is the sum of w, and the
elasticity of the real wage under a flexible-wage labor supply with respect to aggregate output.
Also, we use the demand function on each differentiated goods to replace varpy;(h) by varsp:(f),

which can be derived from a consumer’s cost minimization problem as

pt(f)]e_

n(h) =1 |2

By log-linearizing Eq. (4.7), we have

varyIny(f) = 92varf Inpi(f).

To evaluate varhz;(h), we use the optimal condition of labor supply and the labor demand function
given by Eq. (2.3), Eq. (2.10), and Eq. (2.4). By log-linearizing these equations, we finally have

a following relation

vary Inli(h) = Zvary In(1 + r¢(h)).

where = is a positive parameter. Then we can transform Eq. (4.6) as

1 _ ~ 1 ~ ~ 1 1
/ V(li(h);ve)dh = ¢, LV |Y; + 5(1 +w)Y? —wgY + o Ixvar s Inp(f) + 5 rvaTh In(1 +7r¢(h))
0

+t.i.p+ Order( || 5”3), (4.8)

where 7, and 7, are positive parameters.

To express an approximated loss function in terms of the output gap which is defined as
difference between the output and the natural rate of output, we specify the natural rate of
output according to Woodford (Ch. 6, 2003a). The real marginal cost function of the firm, m(-),

to supply the good f is given by
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1
€ ! Vi(le(h), ve) 1=e OLy(f)
m Yirgvy) = —— 1+ yr (b)) 6 (S 2y ey, ,
(D) Yiriv) =~ | [ oy (GEGE) s
and the natural rate of output Y;” = Y™ (v;) is then defined by
n oon S 0—1 € —
(Vi o) = ot = (AR - 9, (1.9

where a parameter ® expresses the size of the distortion to the output level, induced by firm’s

Vi(le(h),vt) OLi(f)
Uy (Yi,vt) 9ye(f)

1
price mark up through [ fo Y1 =<dh 17¢that would exist in an economy with flexible
prices and no role for monetary policy. We assume that monetary policy has no impact on the level
of natural rate of output. Also, we assume that ® is of order one, Order(|| £ ||), as in Woodford
(2003a). By assuming that there is a proportional tax on sales 7 with the implication that
0—1

— € —
m(Y Y Riv) = —— (1= 7) = —5 (1 +9R)(1 - @),

we see that @ is of order one?'. Thus, without loss of generality, we assume that the ® is of order

one. Moreover, by log-linearizing Eq. (4.9), the natural rate of output is actually given by

o g +wg

~ Y.
}/tnEh’ljt: 1
Y ot tw

(4.10)

Then we can combine Eq. (4.3) and Eq. (4.8),

1
U, = —§YUC [(0_1 +w)(zy — a:*)2 + npvaryInp(f) + nvary In(1 + rt(h))] +t.i.p+Order(]| & H3),
(4.11)

where z; = }/}t—f/t" and z* = In(Y*/Y). Here Y* is called an efficient level of output as in Woodford

Vl (ls(h),ve 3Lt(f))1 edh}

Uy (Ye,ve) Ytﬂ/t Oy (f) - Here we

(2003a), which follows from having no output distortion: { fo

use Eq. (4.10) and the assumption that ® is of order one.

2130 we assume that the government carries out a tax policy to realize a low distortion of the output level, induced

Vi(le(h),ve) OL¢(f) \1—e =
UY(Yt vit) ayt(f)) dh] ’

by firm’s price mark up through [fo
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The remaining work to derive the approximated welfare function is to evaluate vary Inpi(h)

and varp, In(1 + r¢(h)) in Eq. (4.11). Following Woodford (2003a), we define

Ft = Ef lnpt(f),

Ay = varyInpy(f).

Then we have

Ft - ﬁt—l = (1 - Oc)Ef [lnp;f(f) _?t—l] y

and so we can have

o i —
At = CYAt_l + E(Pt — Pt—l), (412)

where p}(f) is the optimal price set by the firm’s project group h. It is clear that all project
groups that are able to change their prices will reset their prices to the same price p; at time ¢
because the unit marginal cost of production is the same for all project groups. This implies that

the law of motion for the aggregate price is

Ptl_e = O‘Ptl:le +(1- a)(P:)liq

Also, we have a following relation that relates P; with P

Py =P, + Order(| € |*),

where Order(|| £ ||?) represents the terms that are of order higher than the first order approxima-
1
tion. We have made use of the definition of the price aggregator P, = [ fol pe(f )l_edf] "’ Then

Eq. (4.12) can be transformed into
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a

Ay =aly_1 +
11—«

Tty (413)

where m; = In Pil‘ From Eq. (4.13), we have

t
At = Oét+1A_]_ + Zatis (10() 775,
-«

s=0

and so

= tA o = t 2 . 3
;5 Ay = o0 —af) ;ﬂ 72 + ti.p+ Order(|| € ||%). (4.14)

To evaluate vary, In(1 + r¢(h)), we define R; and AF as

Ry = EpIn(1 4 r¢(h)),

AR = var, In(1 + r4(h)).

Then we have

Ri—Ri1=(1—¢) [In(1+7rf(h) — Ri1], (4.15)

and so we have

A= oA+ %(Et — Ri1)%. (4.16)

This equation indicates that all working groups that are allowed to reset their interest rates, will
optimally set the same loan interest rate rf at time ¢ because the cost of lending is same for all

working groups. Thus, the law of motion governing the aggregate loan interest rates is

1+ Ry =1+ Re1)+ (1 — @) (1 +1]).
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As in the discussion on price, we have

Ry = In(1+ Ry) + Order(]| € ||?), (4.17)

where we have made use of the definition of the aggregate loan rate 1+ R; = [ ! qt 1 +ri(h))dh.

t

Then, from Eq. (4.16) and Eq. (4.17), we have

A= AT + 17(Rt Ri1)?, (4.18)

where Ry = In 11%%' From Eq. (4.18), we have

¢
s 2 3 -~
Af = PTIAE 4 Z‘Pt <1—80> (Rs = Ry—1)%,

and so

;ﬁ%t = =90 =70 ;ﬂt (R — Ry—1)? + t.i.p + Order(]| € |°). (4.19)

From Eq. (4.11), Eq. (4.14), and Eq. (4.19), we finally have

[o.¢] o0
S BT~ —AY B ()\WTF? N (ze — %) + Ar(Ry — Rt_1)2) ,
t=0 t=0
where A, )\, and Ag are positive parameters. Thus, by approximating the welfare function to the

second order, we have the following approximated microfounded-welfare function.

Ut = )\71-7'['? + )\x(l‘t — $*)2 + )\R(ﬁt — §t71)2- (420)

The welfare function includes a quadratic loss of the first order difference in loan rates in addition

to quadratic losses of inflation and the output gap.
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In the case of flexible loan contracts, the welfare function only includes quadratic losses of
inflation and the output gap, i.e. Agr = 0?2. This welfare function is consistent with one in
Ravenna and Walsh (2006). Thus, in a model with staggered loan contracts, the central bank
should also pay attention to the loan rate fluctuation, specifically to the first order difference of

loan rates®3.
4.2 Policy Interest Rate Smoothing

In reality, central banks often change their policy rates through a series of small adjustments in
the same direction, as mentioned in previous works, such as Rudebusch (1995), Goodhart (1996),
and Woodford (2003b). Woodford (2003b) suggests that optimal commitment policy can induce
this gradualism in policy, i.e. the history dependent property of monetary policy. However, in
Woodford’s model, the central bank does not have a term that measures the change in interest
rates in its objective function. We show that in a staggered loan contract setting, the central bank
does indeed have this additional term, which implies that the central bank has the incentive to
smooth policy rates.

As shown in Giannoni (2000) and Woodford (2003a), an interest rate term can be theoretically
introduced into the central bank’s objective function by assuming monetary frictions. Often, these

frictions imply the loss function

Ut = )\7|—7Tt2 + )\xl'? + )\z(/l\t — Z'*)Q,

where )\; is a positive parameter. This loss function includes the quadratic loss of the nominal
interest rate deviation from its steady state value, but does not include a term for the change in

interest rates over time. As such, this loss function is not consistent with the fact that central banks

22Even in the case of no loan contract between a firm and a private bank, we have Ag = 0.
23The relative values of Ag to Ar and )\, increase as the staggered-ness of loan rate contracts rises. Also, the
relative values of Ag to A\ and \; increase as the ratio of the firm’s loan finance increases.
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try to smooth interest rate changes and do not try to minimize the interest rate deviations from it
steady state. Discussing this difference, Woodford (2003b) refers to the delegation problem, which
yields equilibrium paths to shocks similar to those associated with the optimal commitment policy
in a regular welfare function®® under a situation that a central bank acts as day-by-day minimizer
of its assigned loss function, called a discretionary policy defined in Woodford (2003b). He shows
that a central bank can achieve exactly same equilibrium brought by the optimal commitment
policy in delegation problem by assuming a loss function that has imposed an additional term

measuring the change in interest rates:

Up = A2 4 Ao®? 4 Az + A (i — 10—1), (4.21)

where A\ is a positive parameter®®

. However, he shows that this desirable outcome holds only
in a specific environment. Thus, in delegation problem, the loss function given by Eq. (4.21) can
not generally induce equilibrium responses achieved by the optimal commitment policy under the
regular welfare function.

In contrast to the discussion in Woodford (2003b), a model with staggered loans directly
modifies the central bank’s welfare function in a way that induces it to smooth interest rates over

time. Using the loan rate curve given by Eq. (2.18), we can transform (R; — R;_1)? in the welfare

function given by Eq. (4.20) as

(Ry— Ry_1)? = ([)\flzfl(l — 2 F)7 (1 = L)Y {Ag@ )+ (Yo — TH)})Q :

24 This regular welfare function is given by
Ly = Aey + Aoy

> We set i* = 0.
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where L expresses a lag operator and F' expresses a forward operator. Also, we have z1 420 = /\1_1,
21729 = —)\flAg, and z3 = zfl. If there is no shock in the loan rate curve, i.e. Y; = 0 for any
t, stabilizing the loan rate implies that the central bank stabilizes policy interest rates. Thus,
when faced with shocks to the mark-up and the natural rate of output, the central bank has the
incentive to minimize the changes in the policy rates?®. In other words, a central bank conducts
monetary policy generating realistic time paths of interest rates in an environment with staggered
loan contracts. This staggered property of the financial market is absent in the literature. As
a result, other papers cannot introduce a term which induces the policy interest rate smoothing
in the central bank’s welfare function. Interestingly, on the other hands, a central bank has to
react quicly to the shock in the loan rate curve. In this case, a central bank aggresively change
the policy rates to smooth the loan rates. We confirm these policy properties under an optimal

monetary policy rule in the next section.

5 Optimal Monetary Policy Analysis

5.1 Optimal Monetary Policy

We consider an optimal monetary policy scheme in which the central bank is credibly committed to
a policy rule in the Timeless Perspective®”. In this case, as shown in Woodford (2003a), the central
bank conducts monetary policy in a forward looking way by paying attention to future economic
variables and by taking account of the effects of monetary policy on those future variables.

The objective of monetary policy is to minimize the expected value of the loss criterion given
by Eq. (4.1) and Eq. (4.20) under the standard New Keynesian IS curve given Eq. (2.9), the
augmented Phillips curve given by Eq. (2.14), and the loan rate curve given by Eq. (2.18).

The optimal monetary policy is expressed by the solution of the optimization problem which is

20T we assume shocks in the loan rate curve, policy interest rates can be more volatile, though loan rates are still
stabilized enough. In this case, policy interest rates respond to loan rate shocks to minimize the changes of loan
interest rates.

2"The detailed explanations about the timeless perspective are in Woodford (2003).
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represented by the following Lagrangian:

o
L= Ey {Zﬁt {Lt + 251 [$t+1 —o(ig — Tp1 —14) — xt} + 2Ey; [Hﬁﬁt + &Rt + B — Wt] }}
P

+Ey {Z Bt {25316 [)\lEtEt-H + )\QEt_l + )\37[,5 - ﬁt] }} ,
t=0

where =1, Zo, and =3 are the Lagrange multipliers associated with the IS curve constraint, the
Phillips curve constraint, the loan rate curve constraint, respectively. We differentiate the La-

grangian with respect to m¢, x4, ]?Et, and ?t to obtain the first-order conditions:

Aey 4 B 0811 — Egp 4 Eg-1 =0, (5.1)
Ao(zt — %) = B1 + B Bt + KE2 = 0, (5.2)
Ar(Ry — Ri_1) — BAR(ERi11 — Ry) + €59y — S3 + 8" MiZsr-1 + BAaEiEsr1 = 0, (5.3)

Egt - )\glaElt =0. (54)

These four conditions, together with the IS curve, the Phillips curve, and the loan rate curve
equations, are conditions governing the loss minimization for ¢ > 0. In other words, the sequence
of interest rates determined by these conditions is the optimal path interest rate.

For simplicity, we can better understand optimal policy by reducing the number of conditions

to

(1= 21L)(1 — 23L) | AR(ARy — BE,AR1) — kYA (2 — o) (5.5)
= Fy[—2324(1 — z5L)(1 — 26 F) (kAx7t + A Dxy)]

where 21, 22, 23, and z4 are parameters, satisfying z1 + 2o = 14+ 3+ ko371, 21290 = f71 (71 > 1,
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A 1 1 A -1
0<2z2<1), 23= —B/\zg, za25 = oo (% — %), Za+ 25 = _g(% — %), and 26 = z; . We can

confirm that the central bank has the incentive to pay attention to the first order difference in loan
rates, as well as the standard concerns of the output gap and the inflation rate. This property
is induced by the staggered loan contracts. Moreover, as shown in Subsection 3.2, the first order
difference of the loan interest rates can be replaced by the first order difference of the policy
interest rates, so the central bank has the incentive to smooth changes in the policy rates. There
are both forward-looking and backward-looking terms in the optimal policy. Thus, not only does
the optimal rule imply history dependence, but it also has the pre-emptive property (precautionary
property). This pre-emptive property comes from the inertia in the loan rate curve. In the case of

flexible loan contracts, i.e. ¢ = 0, Ag is zero, and so the optimal monetary policy rule reduces to

k1N (1 — 21 L)1 — L) (xy — %) = E; [(1 — 23L0) (1 — 24F) (kAemy + ApAy)] . (5.6)

Under flexible loan rate contracts, the central bank does not have incentive to pay attention to
the loan interest rates. Thus, we can see how the staggered loan contracts changes the behavior of
the central bank. In a model in which no part of the labor cost must be paid through a loan, i.e.
~v = 0, the optimal monetary policy rule reduces to the optimal one in a standard New Keynesian

model?® as

kAT + AgAxy = 0.

This equation implies that the central bank does not have the incentive to minimize the change

in the interest rate.

28Gee Footnote 19.
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5.2 Impulse Response under Optimal Monetary Policy

We use the parameter values listed in Table 1. As in Section 2, we assume three types of shocks:
natural rate of interest shocks, price mark up shocks, and loan rate shocks.

Here, we compare the impulse responses from two different monetary policies: the optimal
monetary policy given by Eq. (5.5) and the non-optimal monetary policy given by policy Eq.
(5.6). Thus, under the rule of Eq. (5.6), a central bank does not care about the staggered loan
interest rate contracts®”, i.e. Ag = 0, and so does not have an incentive to smooth loan interest
rates and policy rates in the welfare function. On the other hand, under the rule of Eq. (5.5),
the central bank has an incentive to smooth loan interest rates and policy rates as explained in

Subsection 3.2.
5.2.1 Natural Rate of Interest Shock

We assume that there is an unexpected 1% positive natural rate of interest shock with shock
persistence 0.9 in an AR(1) process. Figure 8 shows the simulation results. In the case of the
optimal monetary policy, the output gap responds positively to the natural rate of interest shock,
then to stabilize inflation, and the central bank sufficiently increases policy interest rates. In the
case of the non-optimal monetary policy, however, the output gap responds negatively to the shock,
though the shock itself has a positive effect on the output gap in IS curve thanks to a sufficient
increase in policy rates. Given the higher policy rates, loan rates also increase. Thus, the two rules
proscribe different responses. Specifically, as discussed in Subsection 3.2, both the loan interest
rate changes and the policy interest rate changes are smaller under the optimal monetary policy

rule than under the non-optimal rule®’. The simulation results therefore support the discussion

29The central bank misunderstands that there is no staggered loan interest rate contract and conducts the optimal
monetary policy under such a misunderstanding.

30In this case, the differences in interest rates are not so large, but we can make larger differences by assuming
bigger € or ¢. For example, Altig, Christiano, Eichenbaum and Linde (2002) assumes € = 21. Moreover, in a more
realistic case in which the indexational loan interest rate change is assumed, we can find clearer differences in interest
rates.
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in Subsection 3.2.
5.2.2 Price Mark Up Shock

We assume that there is an unexpected 1% positive price mark up shock with shock persistence 0.9
in an AR(1) process. Figure 9 shows the simulation results. The inflation rates increase because
of the shock, but the policy rates and loan rates decrease. The reason why policy interest rates fall
is that the real interest rate is still positive®!, which implies that the output gap is negative. The
biggest differences between the two monetary policy rules occurs in the responses of the policy

rates and the loan interest rate smoothing.
5.2.3 Loan Rate Shock

We assume that there is an unexpected 1% positive loan interest rate shock with shock persistence
0.9 in an AR(1) process. Figure 10 shows the simulation results. The shock to the loan interest
rate raises the inflation rate due to the increase in production costs. Then, the output gap responds
to the shock in different directions in the first few periods according to real interest rates under
different monetary policy rules. The fluctuations in the policy rate are larger in the case of the
optimal monetary policy than those in the case of the non-optimal monetary policy as suggested
in Subsection 4.2. Thus, we can confirm that the central bank has to aggresively react to the loan

rate shocks to smooth the loan interest rates.

6 Model with Indexational Loan Rate Change

In the baseline model, we assumed that each working group of the private bank can reset loan
rates with probability 1 — ¢ and that the working groups not selected to change loan rates keep
the same loan rates as the previous period. However, since many commitment line contracts link

the loan interest rates to a representative interest rate index, it is more natural to assume that

3By assuming slightly smaller & or slightly larger w,, the policy interest rate positively responds to the price
mark up shock.
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the private bank ties its loan rates to the movements of aggregate loan rates, even though they do
not actively re-evaluate the risks of projects®?. Thus, in this section, we assume that each working
group of the bank optimally resets its loan rates with probability 1 — ¢ and with probability ¢
automatically revises its rate given the change in the index value. Thus, there is a constant margin
of difference between a private bank’s rate (when it is not allowed to reset its rate) and the market
interest rate index. When working groups of the private bank optimally change their loan interest
rates, they change the size of that constant margin. This adjustment scheme is standard in a
commitment line contract, as reported in Shockley and Thakor (1997). However, in the sense
that the bank does not optimally reset its offering loan interest rates but merely follows the index
movements, we maintain our perspective that the loan interest rate contracts between the firm
and the private bank are still staggered.

Specifically, we assume that the private bank adjusts its loan interest rates according to one
lag of changes in aggregate loan rates. Thus, we assume that publicly known interest rate indices,
such as Prime Rate, LIBOR, Fed Fund Rate, and Treasury Bond Rate, in a financial market
are determined by financial transactions in the previous period. This assumption is quite natural
because publicly known market interest rates can be determined only after some actual transactions
among agents have been done. Moreover, if all private banks can optimally reset their loan interest
rates in every period just refering to the changes of aggregate loan interest rates from last period,
who wants to reset the loan interest rate by paying costs of re-evaluating risks of firm’s project

instead of indexation?
6.1 Augmented Model

With probability ¢, the working group A is not chosen to optimally reset its loan rate. However,

these working groups, using an index as their guidelines, do follow a systematic rule in revising

32Woodford (Ch. 3, 2003a) introduces an indexational price change on firm’s price setting behavior and derives
the Hybrid-Phillips curve.
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their rates. This rule is written below (see the details of derivation in Appendix C).

In(1 + re(h)) = In(1 + re_1 (k) + ¥(n(l + Ry_1) — In(1 + Ry_o)). (6.1)

where 1 (0 <9 < 1) is a measure of the degree of indexation®? to the most available information
on aggregate loan rates®!. In this case, the optimization problem of the working group h is given

by

7+ £t Uc(Cr,vr)

G v
E; Tz::t((;pﬁ) PTW [q@T(h)((l +7¢(h)) [m] —1- ZT)] )

where the working group h sets r¢(h) to maximize the discounted value of profit. We have defined

4+Rp_11¥ —e 1—e
1+y((14re(h -1 wr (h
qr(h) = (L (e ))[IJFRB;] ) Hlor ) Qr and Qr = fol gt 7(h)dh. Then, the optimal

loan rate, r4(h), is endogenously determined in the equation

P
1+R1_1 .
7—¢ P Uc(Cr,vr) 1+ RT_I]’” | — ey (1+7e(h)) |:1+Rt71 } —1l—ir .

o0
EY (¢8) A~ ar(h) [
Pr Uc(Cy, ’ 14+ Ry 1Y
Tt T C( t Vt) + R 1+’7((1+’r‘t(h)) [1111;?_11} 71)
(6.2)
Just as before, all working groups that are allowed to reset their loan rates will set the same loan
rate, so the solution of r;(h) in Eq. (6.2) is expressed by rf. This yields the following law of

motion for the aggregate loan rate index R

14+ Ry 4

¥
1+&4}+a_@u+ﬁy (6.3)

14+ R =p(1+Ri_1) {

By log-linearizing Eq. (6.2) and Eq. (6.3) and manipulating the result, we have a following relation

33The loan interest rate contract is still staggered evwn when ¢ = 1 thanks to the lag indexation.
31 To simplify the derivation, we assume Eq. (6.1). But we can assume another rule of indexational change as

Inri(h) =Inri—1(h) + Y(In Ry—1 — In Ry_2).
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Et == ATEtEH-l + )\Sﬁt_l + )\gﬁt_Q + AZ/Z\t (64)

Thus, under indexational changes of loan rates according to changes of aggregate loan rates, we
have introduced a new term, ﬁt_g, into the loan rate curve given by Eq. (2.18). Additionally, the
sensitivities of the variables are different from ones in Eq. (2.18). When ¢ = 0, the augmented

. . |4
loan rate curve reduces to the original loan rate curve?®.

6.2 Impulse Response under Taylor Rule

In this model, the augmented loan rate curve is given by the fourth order difference equation of
loan rates. Thus, we can presume that the new loan rate curve implies that economic fluctuations
will last longer and so makes the economy more unstable.

We use the parameter values listed in Table 1. In this case, the loan rate curve is given by

R, = XfEtﬁtH + )\E}A?tﬂ + /\§§th + )\Z/i\t + 1.

As in the previous sections, we set the policy parameters in Taylor rule to p, = 2 and p, = 0.25

35We may think a different way of indexational loan rate change. In the case in which each working group of the
bank indexationally reset loan rate according to the change of policy rate (deposit rate) i, with probability ¢, the
working group h that is not selected to optimally change the loan rate changes the loan rate in a following way.
In(1+7:(h)) =In(1 +ri—1(h)) + Y(In(l +¢—1) — In(1 + i¢—2)).
By taking a similar procedure as shown above, we have another augmented loan rate curve.
R, = >\1Et13ut+1 + Ao Ri 1 + Aty + MAiy + )\5A€t—1,
where Ay = —%w, and A5 = ﬁw. Thus, under indexational change of loan rate according to policy rate

change, two adjustment terms, Ny and Aiy_1, are introduced into the loan rate curve given by Eq. (2.18). Again,
when 9 = 0, the augmented loan rate curve turns back to the original loan rate curve.
Moreover, if we assume another indexation of

In(1+4r:(h)) =In(1 4+ re—1(h)) + (In(l +4¢) — In(1 + 44—1)),

then we have a different loan rate curve.

R, = AlEt§t+1 + AoRe_1 + Asiy + A4EtA/i\t+1 + As Aiy.

In this case, we may assume that the policy interest rate is available for any agents without any cost.
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and assume ¢ = 0.66 (so that the loan contract rigidity equals the price rigidity) and v = 1 (so
that the entire labor cost must be financed by a loan). We show the results of the simulations

when 1) = 0 (no indexational loan rate change) and 1) = 0.05%6.
6.2.1 Loan Rate Shock

We assume that there is an unexpected 1% positive loan rate shock with shock persistence 0.9 in
an AR(1) process. Figure 11 shows the simulation results. As discussed in the last section, the
shock to the loan rate increases the inflation rate due to rises in the production costs, which then
raises policy interest rates. In turn, a high policy interest rate induces a negative output gap.

This response is more clear in this indexed environment compared to one without indexation.
6.2.2 Natural Rate of Interest Shock

We assume that there is an unexpected 1% positive natural rate of interest shock with shock
persistence 0.9 in an AR(1) process. Figure 12 shows the simulation results. As discussed in
the last section, each simulation outcome shows that both the inflation rate and the output gap
increase with the shock, which implies that the policy interest rate and the loan rate also rise.
Specifically, we can see that, except for the output gap, all impulse responses with the indexational
loan rate are larger and longer than those without this indexation. For the output gap, we can

see that the responses are quite different between with and without indexation.
6.2.3 Price Mark Up Shock

We assume that there is an unexpected 1% positive price mark up shock with shock persistence
0.9 in an AR(1) process. Figure 13 shows the simulation results. Each simulation outcome shows
that the inflation rate goes up with the shock, which induces an increase in both the policy interest

rate and the loan rate. In turn, these changes induce a negative output gap. Thus, the biggest

30Here, we are not sure a proper value of ¥, but at least we should set larger values of ¥ from the actual economic
situation. For larger ¥, however, the impulse responses become more fluctuated under the assumed Taylor rule and
it is difficult to keep determiacy.
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difference between the impulse responses in a model with indexed loan rate contracts compared
to one without, is that the indexed loan rate contracts induce longer and larger fluctuations in the

key variables.
6.3 Analysis on Welfare Function

Under the augmented loan rate curve, the working group h that is not selected to optimally change

its loan rates resets loan rates in the following way

1 +Rt_1:|w

1+7r(h) =0 +r—1(h)) | —=—
1) = (14 ria(h) | !
By log-linearizing this equation and combining it with Eq. (4.15), Eq. (4.16), and Eq. (4.17), Eq.

(4.18) then (see the details of derivation in Appendix D)

Af:@ﬂa+T%?AE—wAﬁpf.

In this case, we have the following approximation to the microfounded-welfare function.

Up = M\e7? + Ap(@e — 2%)? + Ag(ARy — ¥ A Ry_1)2. (6.5)

Looking at this approximation, we see that a new term, ¥ A ﬁt,l, has been added to the original
welfare function given by Eq. (4.20). This implies that a central bank has a stronger incentive to

smooth policy interest rates.

6.4 Optimal Monetary Policy Analysis
6.4.1 Optimal Monetary Policy

Given the approximation to the welfare function, we now solve for the optimal monetary policy
when the central bank is credibly committed to a policy rule in the timeless perspective. The

objective of monetary policy is to minimize the expected loss function given by Eq. (4.1) and Eq.
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(6.5) under the standard New Keynesian IS curve given Eq. (2.9), the augmented Phillips curve
given by Eq. (2.14), and the augmented loan rate curve given by Eq. (6.4). In this case, the

optimal conditions given by Eq. (5.3) and Eq. (5.4) are replaced with the following equations

Arnt—B(LHV)AREne 1+ B2 AREing12+€S0t—Eai+8 Ny a1+ BN B iy 1+ 62 N5 ErZ3040 = 0,
(6.6)
AZEgt - O'Elt == 0, (67)

where ny = ARy — (LA Ry_1. Then, the four optimal conditions given by Eq. (5.1), Eq. (5.2), Eq.
(6.6), and Eq. (6.7), the IS curve, the Phillips curve, and the augmented loan rate curve are the
conditions that govern the loss minimization for ¢ > 0. In order to understand the properties of

the optimal monetary policy, we can simplify the conditions to

(1—27L)(1—25L) [/\R(nt — B+ Y)Eyngyr + ,32'1/)Etnt+2) — /1*15/\75(5675 — a:*)]

= By [232725(1 — 26 L) (1 — 27 F)(1 — 23 F) (kA x7e + Az Axe)]

where z1, 29, 23, and 24 are parameters satisfying 27 +25 =1 + BV +kopL, 2]z5 = B (21 > 1,

* * %k ok 1 /& oAl * * x _ 1 oBA3 * % * % * %k
0<2<1), 25 = —TX s ARG = _g(@ — ﬂ/\Z)’ 23+ 25+ 25 = g oaets 2125 + 2526 + 2% =

%(f—z — %), 25 = (25)7!, and 2§ = (2%) L. This equation helps us confirm that the central bank has
an increased incentive to smooth the policy interest rate. This additional incentive to stabilize the
loan rate is induced by the indexational loan rate changes. Moreover, as shown in Subsection 4.2,

the first order difference in the loan rates can be substituted by the first order difference in policy

rates, which means that the central bank has more incentive to smooth policy rate changes. The
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history dependent and pre-emptive properties on the policy rule are stronger in this case. When
we do not have an indexational loan rate changes, i.e. 1 = 0, this augmented optimal monetary

policy is reduced to one given by Eq. (5.5).
6.4.2 Impulse Response under Optimal Monetary Policy

Again, we use the parameter values listed in Table 1. As shown in the last section, we assume
three types of shocks: natural rate of interest shocks, price mark up shocks, and loan rate shocks
and assume two different monetary policy rules, the optimal monetary policy given by Eq. (5.5)
and the non-optimal monetary policy given by Eq. (5.6). Here we assume that ¢ = 0.1, which is

slightly bigger than one in the last subsection.

Natural Rate of Interest Shock We assume that there is an unexpected 1% positive natural
rate of interest shock with shock persistence 0.9 in an AR(1) process. Figure 14 shows the sim-
ulation results. In the case of the optimal monetary policy, the output gap positively responds
to the shock, then to stabilize inflation, the central bank increases its policy rate. In the case of
the non-optimal monetary policy, however, the output gap falls with the shock, even though the
shock itself has a positive effect on the output gap through the IS curve, because of the increase in
the policy rate. Since the policy rate increases, the loan rate also rises. There are key differences
between the two cases. As discussed in Subsection 3.2, both the loan interest rate changes and the
policy interest rate changes are smaller under the optimal monetary policy rule than those under

the non-optimal monetary policy rule.

Price Mark Up Shock We assume that there is an unexpected 1% positive price mark up
shock with shock persistence 0.9 in an AR(1) process. Figure 15 shows the simulation results.
With the shock, the inflation rate increases, but the policy interest rate and the loan rates fall.

This occurs because the real interest rate remains positive, and so the output gap is negative. The
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main differences between the two monetary policy rules can be seen in the policy interest rate and
the loan interest rate smoothing. Both the loan interest rate changes and the policy interest rate
changes are smaller under the optimal monetary policy rule than those under the non-optimal

monetary policy rule.

Loan Rate Shock We assume that there is an unexpected 1% positive loan interest rate shock
with shock persistence 0.9 in an AR(1) process. Figure 16 shows the simulation results. The shock
to the loan rate increases inflation because of the rise in the production cost. Then, the output
gap response to the shock depends upon the real interest rate. Again, we can confirm that the
central bank has to aggresively change the policy rates to smooth the loan interest rates to the

loan rate shocks as suggested by Subsection 4.2.

7 Concluding Remarks

In this paper, we introduce staggered nominal loan interest rate contracts between a private
bank and a firm into the standard New Keynesian model in a tractable way. Simulation results
of the model show that the staggered loan contracts effectively increase the amplitude and the
persistence of economic fluctuations. This means that previous papers that do not include this
financial friction may fail to introduce an important source of economic stickiness that cannot be
captured through price stickiness, wage stickiness, adjustment cost of investment, and necessary
time to build capital.

The question as to what the central bank should seek to accomplish is a primary purpose of this
paper. We show that a second order approximation to the consumer’s welfare function includes
a first order difference term in the loan interest rate. This is a novel contribution of this paper.
This property implies that the central bank wants to smooth the policy interest rate over time to
the shocks from real economy such as price and demand shocks. In reality, the central bank tends

to adjust the policy rate through a series of small adjustments in the same direction, and it is the
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staggered property of the loan rate contracts that implies that such small adjustments are optimal
theoretically. However, at the same time, a central bank has to quickly change the policy interest
rates to smooth the loan interest rates against financial shocks such as a loan rate shock. Thus, a
central bank should change its responses to economic disturbances according to types of shocks.
These findings may provide some explanations to quick responses by the Federal Reserve Board to
the sub-prime mortgage problem, which can be interpreted as a shock in financial market, occured

after fall of 2007 in US.
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Appendix
A Baseline Model

Except x; and 7y, log-linearized version of variable m; is expressed by m; = In(m;/m), where m

is steady state value of m;.
A.1 Consumer

A cost minimization problem of consumer on differentiated consumption bundle is given by

1
i /0 c(Npe(F)dlf,

subject to

1 -1 =
Cr= [/0 q(f)edf} .

By defining a following consumption-based price index

1

p= [ / lpt(f)l‘”df] o

we can derive a relative expenditure on (demand for) differentiated goods as follows

pt(f)]_e.

al(f)=C [ P,

Then the consumer maximizes the objective function

Up = {iﬁT_t [U(CT, vr) — /01 V(ir(h), VT)dh} } :

T=t

subject to the budget constraint
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1 1 1
P,Ci+ Ey [ Xt 441Bi1]+ Dy < Bt+(1+it—1)Dt—1+/ wt(h)lt(h)dh+/ HtB<h)dh+/ I (f)df-
0 0 0

The consumer chooses Cy, Byi1, Dy, and wy(h) in every period under given optimal allocation of

differentiated goods, then we have following relations:

UC(Cth) _ B Py (A 1)
UC(Ct+17 Vt+1) Xt,t+1 Pt—i—l, .
. P,
Uc(Cr,vt) = B(1+it) By [Uo(Crn, vip1)—— (A.2)

b
P

wi(h) e Vi(li(h),v)
Pt e—1 Uc(ct,l/t) ’

Under assumption of Eq. (2.7), we can find that the conditions given by Eq. (A.1l) and the one
given by Eq. (A.2) are same. Thus we use the relation given by Eq. (A.2). Before log-linearization,

under equilibrium Cy =Y; for any ¢, we interpret Eq. (A.2) as

5

, A3
P (4.3)

Uy (Y: —g¢) = B(1 + i) By | Uy (Yig1 — Ge41)

where ¢; expresses the disturbance v;. Under the definitions of 7y = In P,/ P,_; and ?t = In(1+

it)/(1+ 1), we log-linearize Eq. (A.3), then we have

o~

= Eywepg — U(it — Eymipq — ?ZL),

where 77" = o~} [(gt —Y") = Ey(gig1 — }A/ﬁrl) and 0 = —% > 0 (See definitions of z; and Y,

in the next subsection.).
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A.2 Firm

As explained, the demand function of loans by a firm is given by

(L +me(h))~“(we(h))' €
o

q(h) = Q. (A4)

Under given optimal allocation of loans by a president, the h project manager uses loan to
finance a part of wage, re-sets its price, p;(h), with probability 1—« to maximize present discounted

value of profit given by

Etza "Xir {pt Py (f) —/0 (1 +77”T(h))w:r’(h)l§(h)dh] ;

o) —0
— BY " X [mf) ERE QTLT<f>] ,

T=t Pr
where we use the outcome from the cost minimization problem and use the demand function on
differentiated goods y.,7(f) = Yr [%f)] - from Eq. (2.1) under ¢ (f) = y(f) and use C; = Y;
for any t. Here we use consumer’s (shareholder’s) marginal rate of substitution, X1, as given
discount rate for each firm’s project group. For specifying the derivation, we put f on l;(h) and

L;. In this case, in the relation of L;, we may have

1
Lt—/o Li(f)df.

It notes that the price setting of firm’s project group is independent from the loan rate setting of

bank’s working group. Then, we can transform the present discounted value of profit as

= 7—+ P Uc(Cr,vr) pe(H)17° B
Eth::t(Oéﬁ) FTW [Pt(f)[ Pr ] Yr — QrLyp(f)

We can find the optimal price setting, pj(f), in a following first-order condition:
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1

- 7+ Uy (Yr,vr) |0 I . w 1—e |7 OLr(f) | _
B3 (o) D [(1 ()~ | [ @+ ey (-<an] " S o
= B Y (af) " Uc(Cr.vr)yer(f) [Tpt;g)}

Tt
_ S Tt € ! 1—e Villz(h),vr) OLr(f) \1_c
= Eth::t(aﬁ) Uc(Cr,vr)yer(f) —— [/0 (L4 ~rr(h)) (Uy(YT,VT) 8yt,T(f)) dh]

1

1—e

)

(A.5)

due to Eq. (2.10). Here we assume that the firm’s production functions is given by y(f) =

A f(Li(f)), where f(-) is an increasing and concave function. Then we can transform Eq. (A.5)

again as
- - 0—1pi(f) P Pt Pr_,
E ™ye(C ! A6
th:t(Oéﬁ) c(Cr,vr)yer(f) [ 0 B Pr P Py (A.6)
00 _ € 1 e l—e 1—¢
= B> (@) Vo(Crovmuea (D= | [ (@ are ()< (mer (1)) an]
T=t 0
where we define real marginal cost as meyp(h, f) = Vl[(]l;’&hl)l’st) 8;;5}{ ), By log-linearizing Eq.
(A.6), we have a following equation
) e T R . T
By (o)™ Py (f) = D mr — OBy —imer +wpf(p, (f) = Y 7r)| =0, (A7)
T=t r=t+1 T=t+1

where we define 1+ R; = 01 %(l+rt(h))dh, 7i(h) = In(14r4(h))/(1+7), and Ry = In(1+Ry)/ (14

7), and so we have R, = Jo Te(h)dh and © = 71(};? Also, we define mci(f) = fol mee(h, f)dh ,

mei(h, f) = n(mei(h, £)/me), pr(f) = B and b, (f) = Wn(F; (f)/Pr)- 1t notes that log-linearized

average real marginal cost is given by mci(h) = %g—% and me; = fol meg(h)dh, and we
T
make use of the relation of me,r(f) = mer — wpb(p(f) — Z 7r), where w,, is the elasticity of
T=t+1
OL(f)

9y ) with respect to y. By transforming Eq. (A.7), we have
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1_1 Etz aﬂ

Thus, all project groups which change prices at time ¢ set the same price. Then, by taking average

T
(1+wpd) " (mer + OR) + Y wT] : (A.8)
T=t+1

of f, Eq. (A.8) can be transformed to

1— Etz Oéﬁ

where (p;)'=0 = [; L ps(£)104f, and so p, = N D, (f)df. In the Calvo (1983) - Yun (1992) setting,

T
(1+wpt) (mer + ORy) + Y WT] , (A.9)
T=t+1

the evolution of aggregate price index P is described by the following motion

1 1 1
/ p(F)0df = a / peoa()0df + (1 — ) / P 0,
0 0

0

— Pl =aP 0+ (1 —a)(p)?. (A.10)

By log-linearizing Eq. (A.10), we have

* (07
by =

1—047”‘ (All)

After substituting Eq. (A.11) into Eq. (A.9), we have a following relation

ad T
1 fa = (1-ap)E, th(OZ/B)T—t (1 + wyd)~L(mer + ORT) + :me) : (A.12)

Then, by considering of 2,7 — aBE;1%;my1 in Eq. (A.12), we finally have the augmented

Phillips curve.

= x(me, + @Et) + BEmiqa,

(I—)(1—ap)

where xy = Y )
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On the other hand, according to the discussion in Woodford (2003a), we define the natural

rate of output Y7 from Eq. (A.5) as

1

0—1 — € ! W(Z?(h)7yt) 1—e e af_l(}/tn/At) —
o eon S | [ G e] e e

where, under the natural rate of output, we assume a flexible price setting, p; (f) = P;, and assume
no impact of monetary policy, 7;(h) = R, and so hold y;(f) = Y;*. Also, [?(h) is the amount of
labor type h employed under Y,*. Thus shocks induced by v; is absorbed by the natural rate
of output. The definition of the natural rate of output is slightly different from one defined in
Friedman(1968)3” and Woodford (2003a) in terms of treatment of loan rates in Eq. (A.13). We

assume that the natural rate of output is independent from monetary policy®®. Then, we have

mey = (w+ o )Y =Y,
where Y, = In(Y;/Y), and lA/t" = In(Y"/Y), and w = wp+w,,>®. Here w, is the elasticity of marginal
disutility of work with respect to output increase in % Then, by defining x; = 57} — EA/;”,

we finally have

T = Kay + ERy + BEmiqa,
where k = y(w+ o07!) and ¢ = xO.
A.3 Private Bank

Then under given demand function of loan set by Eq. (A.4), each working group of private bank
re-sets its loan rates, r;(h), with probability 1 — ¢ to maximize present discounted value of profit

given by

3TFriedman, M. “The role of monetary policy.” American Economic Review, Vol. 58, 1968, ppl-17.

38 This is because I assume that the monetary policy can work for short run events and can not work for long run
events, such as change of productivity, technological growth, and transition of core parameters of economy.
39We can see more detailed derivation in Woodford (Ch. 3, 2003).
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EtZgo YXyp [(re(h) —ir)qrr(h) — 2p(R)], (A.14)

where we define ¢, r(h) = [(H”"(h))ﬂ*(w“h)) Qr from Eq. (2.5) and Qp = fol qe.7(h)dh, it is
T

deposit rates which is set by a central bank and is same for all working groups, and zp(h) is a cost

of bank’s working group h to handle finance to firm’s project group h. We assume zp(h) is zero,

z(h) =0 and Dy = Qr in equilibrium. Then, we can transform Eq. (A.14) as

> _+ P Uc(Cr,v7) ,
B, Zt(soﬁ)T EWT;,WT) [qer(R) (re(R) — i7)].

Then an optimal loan rate setting of r;(h) under the situation in which managers can re-set their

loan rates with probability 1 — ¢ is given by

- P Uc(Cr,vr) [ ri(h) — iT]
E Tt _t 2O T h)|l—ey———| =0. A.15
t z::t(@ﬂ) PT UC(C)‘;, Vt) QtyT( ) 71 + ’}/Tt(h) ( )
By log-linearizing Eq. (A.15), we have a following equation
1—e)(1+7) . > ~ -~
D5 = B3 ™ [rett + 0] (A.16)

T=t
Here working groups that are allowed to change their loan rates will set the same loan rate, so the

solution of 74(h) in Eq. (A.15) is expressed by 7}, and so the solution of 7(h) in Eq. (A.16) is
expressed by 7;. On the other hand, we have the following evolution of aggregate loan rate index

R

14+ Ry = p(1+ Rea) + (1— 9)(1+79). (A.17)

By log-linearizing Eq. (A.17), we have



Then, by considering of 77 — pBE;7;, in Eq. (A.16), we finally have a loan rate curve

Ry = MERyp1 + MRy 1 + Asiy,

where \; = 1f£2ﬁ’ Aoy = 1+‘:}2/3, and \3 = 1;ff — 1:;205(1 +1).

B Derivation of Approximated Welfare Function
In derivation of approximated welfare function, we basically follow the way of Woodford (2003a).
Except x; and 74, log-linearized version of variable my is expressed by m; = In(m;/m), where m

is steady state value of m;*?. Under the situation in which goods supply matches goods demand

in every level, Y; = C; and y.(f) = ¢(f) for any f, the welfare criterion of consumer is given by

Ey {ZﬁtUt} :
t=0

where

1
Ut = U(Y;g, Vt) — / V(lt(h>, Vt)dh, (Bl)
0
and

[4

Y = Uolyt(f)eoldf}“-

We log-linearize Eq. (B.1) step by step to derive an approximated welfare function. Firstly, we

log-linearize the first term of Eq. (B.1).

*"You can see Woodford (2003) about how to log-linearize a function.
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U(Kt;Vt)

where U =

Order(|| £ ||?) expresses order terms higher than the second order approximation, o

0, andgtE—

o 1. - -1
= U+UY; +Uyv; + 5UCCYt2 +UusY; + 5u;UWut + Order(| € |?)
— — o~ 1~ 1. 9 — -~ 1
= U+YU(Y; + 51/;2) + Uyvs + §UCCY2Y;€2 + YU, Y + iugUWVt + Order(|| € H3)
1 . PO .
= YUF:i+ 5 [VUe+ Y Uuc| V2 = V' Useg¥i + tiop + Order(| € |
T~ 1 . .
= YU, [Yt + 5(1 — o HY? + Ulgth} + t.i.p+ Order(|| € ||?), (B.2)
Uy; 0) =Y;—Y, t.i.p means the terms that are independent from monetary policy,

-1

YUec
U =

UC“ Yt To replace Y, by Yt In(Y;/Y), we use the Taylor series expansion on Y;/Y

in the second line as

_ ~ 14
Vi)Y =145, + 5V + Order(| ¢ |).

Secondly, we log-linearize the second term of Eq. (B.1) by a similar way.

1 . 1 ~ 1 _ ~ _ ~ »
| Vminan = VZEG®) + 3B 0)7) + ST B0 + Vi TreErlu(h) + tip -+ Order(| € )
0

[~ 1 Y o~ 1 1 ~ :
= LV, [Lt +50+ V)L? — v Ly + S+ e)varhlt(h)} +t.ip+ Order(|| € ||?)

}A/t + %(1 + w)?f — wqt?t + %(1 + wpe)gvarf Inpe(f) ]

= LV
onLVi [ —i—%qﬁ;l(y + %)Uarh Inl:(h)

+tip+Order( | €7

= YU,

(1-®)Y; + 21 +w)V? —wa Vi + 1(1+wyb)fvary Inpy(f)
+10, (v g)UCWhlt(h)

+t.i.p+ Order( || §H?’)a

where v; =

"

‘2;/1;; v= LV”, o = Lf,, wp = {7 Jf)2, ¢ = (1+w Har+w viy, ap = In Ay, vargli(h)

is the variance of lt(h) across all types of labor, and var;p;(f) is the variance of p;(f) across all
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differentiated good prices. Here the definition of labor aggregator is given by

<€
e—1

Zdh} ,

L= [/Ollt(h)e '

A(h) + Order(|| £ ||?) in the second order approximation.

and so we have L; = Ehﬁ(h) + e
We use this relation in the second line. From the second line to the third line, we use the condition

that the demand of labor is equal to the supply of labor as

Lt:/OLt )df = /f

where the production function is given by y.(f) = A¢f(Le( f)), where f(-) is an increasing and

concave function. By taking the second order approximation, we have

L= 6u(Fi — a0) + (1w — 0)60(Fi — a0 + 3 (1 + wpf)varypi(f) + Order(]| € ¥

where we log-linearize the demand function on differentiated goods to derive the relation var s Iny(f) =
0%var #Inp(f), which can be derived from the consumer’s cost minimization problem under Dixit-

Stiglitz aggregator, as

i) =vi [MO]

where the aggregate price index is given by P, = { fol e ( f)l_edf} ﬁ Also, we use the relation
of ¢pv = wy and w = wp + wy, where w,, is an elasticity of real wage under the flexible-wage
labor supply with respect to aggregate output. To the forth line, we replace ¢, LV; by (1 —®)YU...
Here, we use the assumption that distortion of the output level ®, induced by firm’s price mark

1
up through [ fo %%ﬁ:é )) )1*€dh] 7 which would exist under flexible price and no role of

monetary policy is of order one as in Woodford (2003a)*!. Thus, in terms of the natural rate of

1'We assume that the monetary policy has no impact on the level of the natural rate of output.
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output, we actually assume that real marginal cost function of firm m(-) in order to supply a good

f is given by

€ 1 t\1N),Vt)\1—
m(yt(f),Yt,Tt;Vﬂ = p— |:/0 (1 +’)/Tt<h))le(m)l ¢dh ayt(f)v

then the natural rate of output Y;* = Y™(¢,) is given by

€
e—1

_ 0—1 -
mY Y Rvy) = —= = 7 (1+7R)(1 - 2), (B-4)

where a parameter ® expresses the distortion of output level and is of order one*?.

Then we can combine Eq. (B.2) and Eq. (B.3),

_ ~ 1 -~ ~ 1 1
U, = YU, |®Y; — 5(0_1 +w)Y2+ (07 g +wq)Y: — Slmvary Inp(f) — Smvary Inl(h)
+tip+ Order( || €1°)
1= — *
= —§YUC (07" + w)(z¢ — 2%)* + npvary Inpy(f) + nuary Inly ()]
+tip+ Order( || €17,
where 1, = 0(1+wpb), m = ¢, (v +e 1), o = Y;— Y/, and 2* = In(Y*/Y). Here Y* is a solution
in Eq. (B.4) when ® = 0, which is called as an efficient level of output as defined in Woodford

(2003a). In the second line, we use the log-linearization of Eq. (B.4) as

o g + wq

¥ =y vy = A

Y

and the relation as

2By assuming a proper proportional tax on sales T as

n n o -1 )
m(Y, Y, Ryvy) = T(I—T) = i(l—l—’yR)(l—@),

we can induce ® = 0 as in Rotemberg and Woodford (1997).
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In(Y"/Y;") = —(0™! +w)® + Order(| € |),

which is given by the relation between the efficient level of output and the natural rate of output

V (le(h),vt) OLt(f) \1—e
B Gtk e

in terms of [ fo . This expresses that the percentage difference between
Y™ and Y," is independent from shocks in the first order approximation. It again notes that we
assume that & is of order one. To evaluate varhz;(h), we use the optimal condition of labor supply

and the labor demand function given by following equations

(L +re(h))wi(h) ]~
Qt ’

li(h) = Ly

wi(h) e Vi(li(h),v)
Pt e—1 Uc(ct,l/t) ’

where

1—e

1
= Tt Wt 1=e
“—Uo (1 + yre(h)ywe (h))~dh

By log-linearizing these equations, we finally have a following relation

vary Inly(h) = Zvary In(1 + r¢(h)) + Order(|| £ ||3)

where = = 6292(( _f+6)2 +1)and © = 71(_1:;:) Then, Eq. (B.4) is transformed into

1
U = —§YUc (07" +w)(2¢ — 2%)* + npvary Inpy(f) + nvary In(1 + re(h))] +tip+Order(|| € ||*),

where 7, = Zn; = ¢, 1(1 + ye)®2(( ,1+6)2 +1).
The remaining work to derive the approximated welfare function is to evaluate vary Inpg(f)

and varp, In(1 + r¢(h)) in Eq. (4.11). Following Woodford (2003a), we define
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P, = E¢Inpe(f),

Ay = varyInpy(f).

Then we can make following relations

P,— P,y = Ef[lnp(f)—Pi1]
= aBy[Inp1(f) = Pra] + (1 — a) By [Inpj(f) — Pri]

= (1—a)Ef [Inp;(f) — Pi—1], (B.5)

and we also have

ANy = warg [lnpt(f) - ?t_l]

= Ey {[lnpt(f) - Ft—ﬂz} - (Ef Inpe(f) _?t—1)2

= akEy { Inpe_1(f) — Ptqf} +(1-a)Ef { [Inp; (f) — Pt—1]2} — (P — Py1)?

= al+ (1 )By {[mp;(f) - ?Hf} — (P~ Py1)?

— aly+ (1= ) (warp(Inp}(f) = Pi1) + {Ef npi(f) = Pra]}?) = (Pr — Pra)?

= al1+ %(E ~ Py y), (B.6)
where we use Eq. (B.5) and p}(f) is an optimal price setting by the agent f following the Calvo
(1983) - Yun (1992) framework. It notes that all project groups re-set the same price at time ¢

when they are selected to change prices, because the unit marginal cost of production is same for

all project groups. Also, we have a following relation that relates P; with P

Py =1n P, + Order(|| £ H2),
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where Order(]| € ||?) is order terms higher than the first order approximation. Here we make use
_1
of the definition of price aggregator P; = [ fol pe(f )1_0df] "’ Then Eq. (B.6) can be transformed

as

At == OéAt_l +

a
1— aﬂ't, (B?)

where m; = In Pf)j -. From Eq. (B.7), we have

t
S S A
—

s=0
and so
N B = = a)?‘l —oF) S Bt? 4 tip + Order(] € |1°). (B.8)
t=0 t=0

To evaluate vary, In(1 4 74(h)), we define R; and A as

Ry = EpIn(1 4 r¢(h)),

AR = var, In(1 + r(h)).

Then, we can make following relations

Ri—Ri—1 = Ep[In(1+7i(h)) — Ri—1]
= @By [In(1+7r1(h)) — Ri1] + (1 —¢) [In(1 +r}) — Ry—1]

= (1—¢) In(1+77(h)) = Re—a] , (B.9)

and
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A = wary [In(1 + re(h)) — Re_1]
- E, { [In(1 + ry(h)) — RH]?} — (ExIn(1 + r¢(R)) — Ry1)?
= @Eh { [111(1 + thl(h)) — Rtfl]Q} + (1 — (p) [ln(l + ’I“:) - §t71]2 - (Rt - Etfl)Q

= oAf 1+17(Rt Ri-1)?, (B.10)

where we use Eq. (B.9). Also, as in the discussion on price, we have

Ry = In(1+ Ry) + Order(]| € ||?), (B.11)

where we make use of the definition of the aggregate loan rates 1 + R; = 01 qgt)( + r¢(h))dh.

Then, from Eq. (B.10) and Eq. (B.11), we have

Af=oAf + 7(Rt §t71)2,

where R, = In %}%. From Eq. (4.18), we have

t
Af _ <Pt+1A}j1 + Z(Pt—s <1f80> (R.s o Rs—1)27

and so

Y N = ST Zﬂ Ry = Ry-1)* + tip + Order(] € |).

From Eq. (4.11), Eq. (4.14), and Eq. (4.19), we finally have

ZﬁtUt ~ —AZﬁt ()\71—7['? + Az(.fCt — .’12'*)2 + )\R(Et - ﬁt_1)2> y
t=0 t=0

where A = 1Y uc, Ay = (l_a)‘gwe(uwpe), Ae = (071 4w), and A\g = e¢;1(1+ye)(71(i—:;))2((V_ie)fr

Y
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C Model with Indexational Loan Rate Change

In the case in which each working group of a bank indexationally re-set loan rates according to
the changes of aggregate loan rates with probability ¢, the working group h that is not selected

to optimally change loan rates re-sets loan rates in a following way.

In(1 +74(h)) =In(1 +r—1(h)) + ¥(In(1 4+ Re—1) — In(1 + Ry_»)),

where ¢ (0 < ) < 1) is a measure of the degree of indexation to the most available information on
aggregate loan rates. Corresponding to this indexational loan rate change rule, under the given
demand function of loan set by Eq. (A.4) and under the situation in which the managers can
optimally re-set their loan rates with probability 1 — ¢ and automatically change their loan rates
according to indexation of aggregate loan rates with probability ¢, each working group of private

bank re-sets its loan rates, r;(h) to maximize present discounted value of profit given by

SO 14+ Rpr_1]Y .
Ey " Xyr |ar(W((L+ri(h) |[=—%5—| —1—ir) —2r(h)], (C.1)
— 14+ Ry
(e () [ =] 1))~ (w ()1
where we define ¢ 7(h) = ! [HRtﬂi] a Q7 from Eq. (2.5), iy is deposit

rates which is set by a central bank and is same for all working groups, ¢;r(h) is the amount of
loan to firm’s project group h, and zp(h) is a cost of bank’s working group h to handle finance
to the firm’s project group h. We assume zp(h) is zero, z(h) = 0, and Dy = Qr in equilibrium.
Then, we can transform Eq. (C.1) as

7 P Uc(Cr,vr)

= v
Ly th(soﬁ) Pr Uo(Crv1) [%,T(h)((l + r¢(h)) [11—:_];5__11] -1- iT)] .

Then, the optimal loan rate setting of r(h) is given by
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P
1+Rp_ .
ZOO 7 £t Uc(Cr,vr) 1+ Rr 11" (L4 r¢(h)) {HRT,;} —1—ir
B2 B o @) T TR | LeRp P

= | - L () [FRE] - 1)

(C.2)

By log-linearizing Eq. (C.2), we have a following equation

Y1 —€)(14+7) .

D5 1) -2 D Ry = B S (0B [3(0 - I+ PR+ 2¢(1 + ]

Be—1 —
(C.3)
Here working groups that are allowed to change their loan rates will set the same loan rates, so
the solution of r¢(h) in Eq. (C.2) is expressed by r;, and so the solution of 7;(h) in Eq. (C.3)

is expressed by 77. On the other hand, we have a following evolution of the aggregate loan rate

index R
1 + Rt—l v *
1+ R =p(1+Ri1) | ———| + (1 —=9)(1+47r). (C.4)
14+ Ri_o
By log-linearizing Eq. (C.4), we have
A* L = 2 5 Y 5
= —— (1 _ —— _o. .
Ty l—goRt 1_@( + )Ry 1+1_(p'¢Rt2 (C.5)

Then, by considering of 7} + WRi_y — OB(Eiryq + zpﬁt) in Eq. (C.3) and by substituting Eq.

(C.5) into it, we finally have the loan rate curve

ﬁt - ATEtﬁt—&-l + )\;ﬁt—l + )\gﬁt_Q + AZ/{ta

A = PUA0)+e(l+d)+P(1+0) (pB—1)+¢° By A=

where A\

— o0 _ Al
— 1+(1+Y)e2B+YBe(1—p)* 72 = 1+(14+9) 2 8+¢Be(1—yp) 1+(14+9) 2 B+9Be(1—p)

_ 144 1—
and A1 = 15 S e agea—g (L~ 90)-
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D Approximated Welfare Function under Indexational Loan Rate
Change

Even under indexational loan rate change, the derivation of second orderly approximated welfare
function eventually does not change up to Eq. (B.8). The equation corresponding to Eq. (B.9),

however, is given by

Ri—Ri1 = Eu[In(1+7ri(h)) — Ry
= @E, [In(1+7re—1(h)) + ¥(In(1 + Ry—1) —In(1 4+ Ry—2)) — Re—1] + (1 — @) [In(1 + 7)) — Re—1]

= (1-¢) [In(1+7}) = R—1] + Yo [In(1+ Ri—1) — In(1 + Ry—3)] .

This is because the motion of aggregate loan rates is given by

14+ Ri—1

(
= — 1—@)(1+7r]
Tt - o,

1+Rt :90(1+Rt_1) |:

where 9 is a parameter associated with indexational loan interest rate changes. From Eq. (B.11),

we finally have

Rt — Rtfl = (1 — QD) [ln(l + T;) — Rtfl] + Y [Et,1 — Rtfg] . (Dl)

Also we have
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A = wary [In(1 + r¢(h)) — Re_1]
= B, { [In(1 +ry(h)) — E_I]Q} — (EpIn(1 +r¢(h)) — Ri_1)?
= 0B, { [In(1 +re_1(h)) + ¥(n(1 + Re_1) — In(1+ Ry_s)) — E,lf}
+(1— @) [In(1+7) = Ria]” = (Re — Rin)?
= AR+ 1i(AR]ﬁ VA Ri1)?

— @Aﬁ_l—i-ﬂ(ARt—?ﬁAEt_l)z,

where we use Eq. (B.11) and Eq. (D.1). Then, by taking the same procedure as shown in

Appendix A, we finally have

N B ~ —AZﬂt ( 24 (11— 2)2 + AR(AR, — 9 A Rt_1)2) .
=0
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Table 1: Parameter Values

Parameters Values Explanation

I6] 0.99 Discount factor

o 6.25 Elasticity of the output gap to real interest rate

K 0.032  Elasticity of inflation to the output gap

a 0.66 Probability of price change

%) 0.66 Probability of loan rate change

0 7.66 Substitutability of differentiated consumption goods

€ 7.66 Substitutability of differentiated labors

v 0.5 Ratio of external finance

w 0.47 Total elasticity of marginal cost with respect to y

Wp 0.33 Elasticity of marginal cost with respect to y regarding to production
o 1.33 Inverse elasticity of the output to additional labor input

v 0.11 Elasticity of the desired real wage to the quantity of labor demanded
z* 0 Output distortion from efficient level of output
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Figure 1: Call Rates (Monthly Average) and Average Contracted Interest Rates
on Loans and Discounts (Total, Monthly)
Source: BOJ, Financial and Economic Statistics, Financial Markets, Lending Rates
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Figure 2: Call Rates (Monthly Average) and Average Contracted Interest Rates
on Loans and Discounts (City Banks, Monthly)
Source: BOJ, Financial and Economic Statistics, Financial Markets, Lending Rates
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Source: BOJ, Financial and Economic Statistics, Financial Markets, Lending Rates
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Figure 5: Loan Rate Shock under Taylor Rule
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Figure 6: Natural Rate of Interest Shock under Taylor Rule
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Figure 7: Price Mark Up Shock under Taylor Rule
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Figure 8: Natural Rate of Interest Shock under Optimal Policy
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Figure 9: Price Mark Up Shock under Optimal Policy
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Figure 10: Loan Rate Shock under Optimal Policy
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Figure 11: Loan Rate Shock under Taylor Rule and Loan Rate Indexation
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Figure 12: Natural Rate of Interest Shock under Taylor Rule and Loan Rate Indexation
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Figure 13: Price Mark Up Shock under Taylor Rule and Loan Rate Indexation
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Figure 14: Natural Rate of Interest Shock under Optimal Policy and Loan Rate Indexation
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Figure 15: Price Mark Up Shock under Optimal Policy and Loan Rate Indexation
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Figure 16: Loan Rate Shock under Optimal Policy and Loan Rate Indexation



